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PREFACE. 


During the last 25 years, statistical science has made great pro- 
gress, thanks to the brilliant schools of British and American statis- 
ticians, among whom the name of Professor R. A. Fisher should be 
mentioned in the foremost place. During the same time, largely owing 
to the work of French and Russian mathematicians, the classical 
calculus of probability has developed into a purely mathematical theory 
satisfying modern standards with respect to rigour. 

The purpose of the present work is to join these two lines of de- 
velopment in an exposition of the mathematical theory of modern 
Statistical methods, in so far as these are based on the concept of 
probability. A full understanding of the theory of these methods 
requires a fairly advanced knowledge of pure mathematics. In this 
respect, I have tried to make the book self-contained from the point 
of view of a reader possessing a good working knowledge of the 
elements of the differential and integral calculus, algebra, and analytic 
geometry. 

In the first part of the book, which serves as a mathematical in- 
troduction, the requisite mathematics not assumed to be previously 
known to the reader are developed. Particular stress has been laid 
on the fundamental concepts of a distribution, and of the integration 
with respect to a distribution. As a preliminary to the introduction 
of these concepts, the theory of Lebesgue measure and integration 
has been briefly developed in Chapters 4—5, and the fundamental 
concepts are then introduced by straightforward generalization in 
Chapters 6—7. 

The second part of the book contains the general theory of random 
variables and probability distributions, while the third part is devoted 
to the theory of sampling distributions, statistical estimation, and 
tests of significance. The selection of the questions treated in the 
last part is necessarily somewhat arbitrary, but I have tried to con- 
centrate in the first hand on points of general importance. When 
these are fully mastered, the reader will be able to work out appli- 
cations to particular problems for himself. In order to keep the volume 
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of the book within reasonable limits, it has been necessary to exclude 
certain topics of great interest, which I had originally intended 
to treat, such as the theory of random processes, statistical time 
series and periodograms. 

The theory of the statistical tests is illustrated by numerical 
examples borrowed from various fields of application. Owing to con- 
siderations of space, it has been necessary to reduce the number of 
these examples rather severely. It has also been necessary to restrain 
from every discussion of questions concerning the practical arrange- 
ment. of numerical calculations. 

It is not necessary to go through the first part completely before 
studying the rest of the book. A reader who is anxious to find him- 
self im medias res may content himself with making some slight 
acquaintance with the fundamental concepts referred to above. For 
this purpose, it will be advisable to read Chapters 1—3, and the 
paragraphs 4.1—4.2, 5.1— 5.3, 6.1—6.2, 6.4— 6.6, 1.1—1.2, 7.4—T.5 and 
8.1—8.4. The reader may then proceed to Chapter 13, and look up 
the references to the first part as they occur. 

The book is founded on my University lectures since about 1930, 
and has been written mainly during the years 1942—1944. Owing to 
war conditions, foreign scientific literature was during these years 
only very incompletely and with considerable delay available in Swe- 
den, and this must serve as an excuse for the possible absence of 
quotations whieh would otherwise have been appropriate. 

The printing of the Scandinavian edition of the book has been 
made possible by grants from the Royal Swedish Academy of Science, 
and from Stiftelsen Lars Hiertas Minne. I express my gratitude to- 
wards these institutions. 

My thanks are also due to the Editors of the Princeton Mathema- 
tical Series for their kind offer to include the book in the Series, and 
for their permission to print a separate Scandinavian edition. 

I am further indebted to Professor R. A. Fisher and to Messrs 
Oliver and Boyd for permission to reprint tables of the t- and %?- 
distributions from »Statistical methods for research workers». 

A number of friends have rendered valuable help during the 
preparation of the book. Professors Harald Bohr and Ernst J: acobsthal, 
taking refuge in Sweden from the hárdships of the times, have read 
parts of the work in manuscript and in proof, and have given stimulating 
criticism and advice. Professor Herman Wold has made a very careful 
scrutiny of the whole work in proof, and I have greatly profited 
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from his valuable remarks. Gósta Almqvist, Jan Jung, Sven G. Lind-. 
blom and Bertil Matérn have assisted in the numerical calculations, 
the revision of the manuscript, and the reading of the proofs. To all 
these I wish to express my sincere thanks. 


Department of Mathematical Statistics 
University of Stockholm 
May 1945 
H:O: 
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MATHEMATICAL INTRODUCTION 
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CHAPTERS 1-3. SETS or Points. 


CHAPTER 1. 
GENERAL PROPERTIES OF SETS. 


1.1. Sets. — In pure and applied mathematics, situations often 
occur where we have to consider the collection of all possible objects 
having certain specified properties. Any collection of objects defined 
in this way will be called a set, and each object belonging to such a 
set will be called an element of the set. 

The elements of a set may be objects of any kind: points, num- 
bers, functions, things, persons ete. Thus we may consider e.g. 1) the 
set of all positive integral numbers, 2) the set of all points on a 
given straight line, 3) the set of all rational functions of two variables, 
4) the set of all persons born in a given country and alive at the 
end of the year 1940. In the first part of this book we shall mainly 
deal with cases where the elements are points or numbers, but in this 
introductory chapter we shall give some considerations which apply 
to the general case when the elements may be of any kind. 

In the example 4) given above, our set contains a finite, though 
possibly unknown, number of elements, whereas in the three first 
examples we obviously have to do with sets where the number of 
elements is not finite. We thus have to distinguish between finite 
and infinite sets. 

An infinite set is called enumerable if its elements may be arranged 
in a sequence: Xy Ls... Xm .. , Such that a) every Zp is an element 
of the set, and b) every element of the set appears at a definite place 
in the sequence. By such an arrangement we establish a one-to-one 
correspondence between the elements of the given set and those of the 
set containing all positive integral numbers 1, 2,..., 0 .. 5 which 
forms the simplest example of an enumerable set. 

We shall see later that there exist also infinite sets which are 
non-enumerable. If, from such a set, we choose any sequence of ele- 
ments 2,25... there will always be elements left in the set which 
do not appear in the sequence, so that a non-enumerable set may be 
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said to represent a higher order of infinity than an enumerable set. 
It will be shown later (cf 4. 3) that the set of all points on a given 
straight line affords an example of a non-enumerable set. 


1.2. Subsets, space. — If two sets S and S, are such that every 
element of S, also belongs to S, we shall call S, a subset of S, and 
write 

Sues or OS 8); 
We shall sometimes express this also by saying that S, is contained 
in S or belongs to S. — When S, consists of one single element z, 
we use the same notation x < S to express that x belongs to S. 

In the particular case when both the relations $, < S and S < S, 
hold, the sets are called equal, and we write 


S= S, 


It is sometimes convenient to consider a set S which does not 
contain any element at all. This we call the empty set, and write 
S=0. The empty set is a subset of any set. lf we regard the empty 
set as a particular case of a finite set, it is seen that every subset of a 
finite set is itself finite, while every subset of an enumerable set is finite 
or enumerable. Thus the set of all integers between 20 and 30 is a 
finite subset of the set 1, 2, 3,..., while the set of all odd integers 
1, 3,5,... is an enumerable subset of the same set. 

In many investigations we shall be concerned with the properties 
and the mutual relations of various subsets of a given set S. The 
set S, which thus contains the totality of all elements that may 
appear in the investigation, will then be called the space of the in- 
vestigation. If, e.g., we consider various sets of points on a given 
straight line, we may choose as our space the set S of all points on 
the line. Any subset S of the space S will be called briefly a set in S. 


1.3. Operations on sets. — Suppose now that a space S is given, 
and let us consider various sets in S. We shall first define the opera- 
tions of addition, multiplication and subtraction for sets. 

The sum of two sets S, and S, 


S =S, + Syp 


is the set S’ of all elements belonging to at least one of the sets S, 
and S, — The product 
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1.3 
8” = 8,8, 


is the common part of the sets, or the set S" of all elements belonging 
to both S, and S, — Finally, the difference 


S" —8,—8, 


will be defined only in the case when S, is a subset of S, and is 
then the set S’” of all elements belonging to S, but not to Sa. 

Thus,if S, and S, consist of all points inside the curves C, and 
C, respectively (cf Fig. 1), S; + S, will be the set of all points inside 
at least one of the two curves, while S, S, will be the set of all points 
common to both domains. 


Fig. l. Simple operations on sets. 


The product $,$, is evidently a subset of both S, and S, The 
difference S, — S, S where n may denote 1 or 2, is the set of all 
points of S, which do not belong to S, A 

In the particular case when S, and S, have no common elements, 
the product is empty, so that we have S, $, — 0. On the other hand, 
if S, = S, the difference is empty, and we have S, — $, = 0. 

In the particular case when 8, is a subset of S, we have S, + $, = S, 
and S, 8, = S, 

It follows from the symmetrical character of our definitions of the 
sum and the product that the operations of addition and multiplica- 
tion are commutative, i.e. that we have 


S, + S= 5,48, and 8,8,—5,5. 
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Further, a moment's reflection will show that these operations are 
also associative and distributive, like the corresponding arithmetic 
operations. We thus have 


(S, + Sa) + Sy = S, + (Se + Sj), 
(S1 S,) S, = S, (S, S3), 
S, (Sa + S,) = S, Sa + S, Sy. 


It follows that we may without ambiguity talk of the sum or product 
of any finite number of sets: 


Sit Itt S, and 58,8, Sp, 


where the order of terms and factors is arbitrary. 

We may even extend the definition of these two operations to an 
enumerable sequence of terms or factors. Thus, given a sequence 
Si Sa... of sets in S, we define the sum 


S,=S, +S, ++ 


-Me 


as the set of all elements belonging to at least one of the sets S,, 
while the product 


I[4255.-- 
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is the set of all elements belonging to all S,. — We then have, e.g., 
S(S, + $, +---:)= S8, + SS, +---. 


1 
yir 


Thus if S, denotes the set of all real numbers x such that 
LÀ 


find that Do will be the set of all x such that 0 < x < 1, while the product set 
1 


1 
Sra —, we 
v 


œ% 


will be empty, JI s = 0. — On the other hand, if S, denotes the set of all x such 
1 
that 0s as} the sum >) S, will coincide with S, whi i 
Sz55, » coincide with S,, while the product I Sy will 
1 1 
be a set containing one single element, viz. the number x = 0. 


o LJ 


For the operation of subtraction, an important particular case 
arises when S, coincides with the whole space S. The difference 
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1.3—4 
S*=S—S 


is the set of all elements of our space which do not belong to S, and 
will be called the complementary set or simply the complement of S. We 
obviously have S + S* = S, SS* — 0, and (S*)* = S. 

It is important to observe that the complement of a given set S 
is relative to the space S in which S is considered. If our space is 
the set of all points on a given straight line L, and if S is the set 
of all points situated on the positive side of an origin O on this line, 
the complement S* will consist of O itself and all points on the 
negative side of O. If, on the other hand, our space consists of all 
points in a certain plane P containing L, the complement S* of the 
same set S will also include all points of P not belonging to L. — 
In all cases where there might be a risk of a mistake, we shall use 
the expression: S* is the complement of S with respect to S. 

The operations of addition and multiplication may be brought into 
relation with one another by means of the concept of complementary 
sets. We have, in fact, for any finite or enumerable sequence 5, Sp, . . . 
the relations 
"m ($ + Sy to) = SPST, 

(S,$, -) = Si + Si. 


The first relation expresses that the complementary set of a sum is the 
product of the complements of the terms. This is a direct consequence: 
of the definitions. As a matter of fact, the complement (S, +---)* is 
the set of all elements x of the space, of which it is not true that 
they occur in at least one S,. This is, however, the same thing as 
the set of all elements z which are absent from every S, or the set 
of all z which belong to every complement Sy, i.e. the product 
StSt--. The second relation is obtained from the first by substituting 


St for S,. — For the operation of subtraction, we obtain by a similar 
argument the relation 
(15919) Si — Sa = 8,81. 


The reader will find that the understanding of relations such as 
(1.3.1) and (1.3.2) is materially simplified by the use of figures of the 
same type as Fig. 1. 


1.4. Sequences of sets. — When we use the word sequence without 
further specification, it will be understood that we mean a finite or 
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enumerable sequence. A sequence Si, Ss- Sn,... will often be 
briefly called the sequence {Sn}. 
When we are concerned with the sum of a sequence of sets 


SESS 


it is sometimes useful to be able to represent S as the sum of a 
sequence of sets such that no two have a common element. 
This may be effected by the following transformation. Let us put 


E 


Za =S 8; --- Sy—1 Sy, 


Thus Z, is the set of all elements of S, not contained in any of the 
preceding sets $,,..., S,—,. It is then easily seen that Z, and Z, 
have no common element, as soon as 74». Suppose e.g. u <7; 
then Z, is a subset of S,, while Z, is a subset of Si, so that 
Z, Z, = 0. e 

Let us now put S' == Z, + Z,-:-. Since Z, < S, for all v, we 
have S’< S. On the other hand, let x denote any element of S. By 
definition, z belongs to at least one of the S, Let S, be the first set 
of the sequence S, S,,... that contains x as an element. Then the 
definition of Zn shows that x belongs to Zn and consequently also to 
S'. Thus we have, both S< S' and S' — S, so that S' = S and 


SES di Vois 


We shall use this transformation to show that the sum of a sequence 
of enumerable sets is itself enumerable. If S, is enumerable, then Z, 
as a subset of S, must be finite or enumerable. Let the elements of 
Z, be z5125».... Then the elements of S= Z S, = I Z, form the 
double sequence 
Wu Xi Tig'i 


Hq, Lag Weg 


Ts, Tsa Tsg: 


1.4-5 


and these may be arranged in a simple sequence e.g. by reading along 
diagonals: £in Z5 X, 21g, Tan Tsy .... It is readily seen that every 
element of S appears at a definite place in the sequence, and thus S 
is enumerable. 


1.5. Monotone sequences. — A sequence $,,8,... is never de- 
creasing, if we have Sn < Spi: for all n. If, on the contrary, we have 
Sn > S,41 for all n, the sequence is never increasing. With a common 
name, both types of sequences are called monotone. 

For a never decreasing infinite sequence, we have 


& = 5. 
1 


and this makes it natural to define the limit of such a sequence by 
writing 


no 


©. 
lim $, = 23 S,. 
è 1 


Similarly, we have for a never increasing sequence 


a Ta 
1 


and accordingly we define in this case 


£» 


© 
lim Sn = II Sy. 

Thus if Sn denotes the set of all points (x, y, z) inside the sphere a* 4 y! 3- 
+= 12% the sequence Sı, Sz,... will be never decreasing, and lim Sn will be 
the set sean palate inside the sphere <? + y* + 2° = 1. On the other hand, if Sn denotes 
the set of all points inside the sphere a* + y+2=l+ L the sequence will be 


never increasing, and lim Sp will consist of all points belonging to the inside or the 


surface of the sphere z* + y*+27=1. 
Tt is possible to extend the definition of a limit also to certain types of sequences 


that are not monotone. We shall, however, have no occasion to use such an extension 
in this book. 
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1.6. Additive classes of sets. — Given a space S, we may consider 
various classes of sets in S. We shall make an important use of the 
concept of an additive class of sets in S. A class G of sets in S will 
be called additive!), if it satisfies the following three conditions: 

a) The whole space S belongs to G. 

b) If every set of the sequence S,, S, ... belongs to ©, then the 

sum S,+ S,--:- and the product S,S,... both belong to ©. 

c) If S, and S, belong to ©, and S< S, then the difference 

Sı — S, belongs to G. 


If G is an additive class, we can thus perform the operations of 
addition, multiplication and subtraction any finite or enumerable 
number of times on members of © without ever encountering a set 
that is not a member of G. 

It may be remarked that the three above conditions are evidently 
not independent of one another. As a matter of fact, the relations 
(1.3.1) and (1.3.2) show that the following is an entirely equivalent 
form of the conditions: 

3, The whole space S belongs to G. 

b,) If every set of the sequence S,, S,,... belongs to ©, then the 

sum S, + S +- belongs to G. 
c,) If S belongs to ©, then the complementary set S* belongs to G. 


The name »additive class» is due to the important place which, in 
this form of the conditions, is occupied by the additivity condition b,). 

The class of all possible subsets of S is an obvious example of 
an additive class. In the following chapter we shall, however, meet 
with a more interesting case. 


CHAPTER 2. 


Linear Point SETS. 


2.1. Intervals. — Let our space be the set R, of all points on a 
given straight line. Any set in R, will be called a linear point set. 


1) In this book, we shall always use the word »additive» in the same sense as in 
this paragraph, i.e. with reference to a finite or enumerable sequence of terms. It 
may be remarked that some authors use in this sense the expression »completely 
additive», while »additive» or »simply additive» is used to denote a property essent- 
ially restricted to a finite number of terms. 
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If we choose on our line an origin O, a unit of measurement and a 

positive direction, it is well known that we can establish a one-to-one 

correspondence between all real numbers and all points on the line. 

Thus we may talk without distinction of a point x on the line or 

the real number x that corresponds to the point. We consider only 

points corresponding to finite numbers; thus infinity does not count 

as a point. 

„= A simple case of a linear point set is an interval. lf a and b are 

any points such that a X b, we shall use the following expressions to 

denote the set of all x such that: j 


axa<b,... the closed interval (a, b); 

a<a<b,... the open interval (a, b); 

a<a<b,... the half-open interval (a, b), closed on the right; 
axx<b,... the half-open interval (a, b), closed on the left. 


When we talk simply of an interval (a, b) without further specification 
in the context, it will be understood that anything that we say shall 
be true for all four kinds of intervals. 

In the limiting case when a = b, we shall say that the interval is 
degenerate. In this case, the closed interval reduces to a set con- 
taining the single point =a, while each of the other three intervals 
is empty. 

If, in the above inequalities, we allow b to tend to + o, we 
obtain the inequalities defining the closed and the open infinite inter- 
val (a, + ©) respectively: 


rza and xa. 


Similarly when a tends to — © we obtain 
asb and «<b 


for the closed and the open infinite interval (— ©,b). — Finally, the 
whole space R, may be considered as the infinite interval (— ©, «). 
It will be shown below (cf 4.3) that any non-degenerate interval is a 
non-enumerable set. 
The product of a finite or enumerable sequence of intervals is 
always an interval, but the sum of two intervals is generally not an 
interval. In order to give an example of a case when a sum of intervals 
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is another interval, we consider n + 1 points a < z, «xai < b. 
If all intervals appearing in the following relation are half-open and 
closed on the same side, we obviously have 


(a, b) = (a, a) + (£i £e) +++ + (2n, b), 


and no two terms in the second member have a common point. The 
same relation holds if all intervals are closed, but in this case any 
two consecutive terms have precisely one common point. If allinter- 
vals are open, on the other hand, the relation is not true. 


2.2. Various properties of sets in R,. — Consider a non-empty 
set S. When a point a exists such that, for any e > 0, there is at least 
one point of S in the closed interval (a, « + e), while there is none 
in the open interval (— ©, a), we shall call a the lower bound of S. 
When no finite « with this property exists, we shall say that the 
lower bound of S is — œ. In a similar way we define the upper bound 
B of S. A set is bounded, when its lower and upper bounds are both 
finite. A bounded set S is a subset of the closed interval (a, 8). The 
points « and 8 themselves may or may not belong to $. 

If s is any positive number, the open interval (x — e, x + «) will 
be called a neighbourhood of the point x or, more precisely, the s-neigh- 
bourhood of x. 

A point z is called a limiting point of the set S if every neigh- 
bourhood of z contains at least one point of S different from z. If 
this condition is satisfied, it is readily seen that every neighbourhood 
of z even contains an infinity of points of S. The point z itself may 
or may not belong to S. The Bolzano- Weierstrass theorem asserts that 
every bounded infinite set has at least one limiting point. We assume 


this to be already known. — If z is a limiting point, the set S 
always contains a sequence of points z,,2,,... such that ®%n— zZ 
as n> o. 


A point zx of S is called an inner point of S if we can find e such 
that the whole s-neighbourhood of x is contained in S. Obviously an 
inner point is always a limiting point. 


We shall now give some examples of the concepts introduced above. — In the 
first place, let S be a finite non-degenerate interval (a, b). Then a is the lower bound 
and b is the upper bound of S. Every point belonging to the closed interval (a, b) 
is a limiting point of S, while every point belonging to the open interval (a, b) is an 
inner point of S. 
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Consider now the set R of all rational points «= p/q belonging to the half-open 
interval O<a2=1. If we write the sequence 


ee e de 


e ane 


2 4 
o» ^6 


E 


and then discard all numbers p/g such that p and q have a common factor, every 
point of R will occur at precisely one place in the sequence, and hence R is 
enumerable. There are no inner points of R. Every point of the closed interval 
(0,1) is a limiting point. — The complement R* of E with respect to the half-open 
interval 0 <a <1 is the set of all irrational points contained in that interval. R* 
is not an enumerable set, as in that case the interval (0, 1) would be the sum of two 
enumerable sets and thus itself enumerable. Like R itself, R* has no inner points, 
and every point of the closed interval (0,1) is a limiting point. 

Since R is enumerable, it immediately follows that the set Rn of all rational 
points z belonging to the half-open interval n < x S n + 1 is, for every positive or 
negative integer n, an enumerable set. From a proposition proved in 1.4 it then 
follows that the set of all positive and negative rational numbers is enumerable. The 
latter set is, in fact, the sum of the sequence {Rn}, where n assumes all positive 
and negative integral values, and is thus by 1.4 an enumerable set. 


2.3. Borel sets. — Consider the class of all intervals in R, — 
closed, open and half-open, degenerate and non-degenerate, finite and 
infinite, including in particular the whole space R, itself. Obviously 
this is not an additive class of sets as defined in 1.6, since the sum 
of two intervals is generally not an interval. Let us try to build up 
an additive class by associating further sets to the intervals. 

As a first generalization we consider the class 3 of all point sets 
I such that I is the sum of a finite or enumerable sequence of intervals. 
If I, L,... are sets belonging to the class 3, the sum 7, + L+ 
is, by 1.4, also the sum of a finite or enumerable sequence of inter- 
vals, and thus belongs to 3. The same thing holds for any finite 
product J,J,...Jn, on account of the extension of the distributive 
property indicated in 1.3. We shall, however, show by examples that 
neither the infinite product J, J,... nor the difference 7, — I, neces- 
sarily belongs to 3. In fact, the set R considered in the preceding 
paragraph belongs to 9, since it is the sum of an enumerable sequence 
of degenerate intervals, each containing one single point p/g. The 
difference (0,1)— R, on the other hand, does not contain any non- 
degenerate interval, and if we try to represent it as a sum of degenerate 
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intervals, a non-enumerable set of such intervals will be required. 
Thus the difference does not belong to the class 3. Further, this 
difference set may also be represented as a product J, J,..., where 
In denotes the difference between the interval (0, 1) and the set con- 
taining only the n:th point of the set R. Thus this product of sets 
in S does not itself belong to the class Sy. 

Though we shall make in Ch. 4 an important use of the class 3, 
it is thus clear that for our present purpose this class is not sufficient. 
In order to build up an additive class, we must associate with X 
further sets of a more general character. 

If we associate with 3 all sums and products of sequences of sets 
in S, and all differences between two sets in 5 such that the difference 
s defined — some of which sets are, of course, already included in 
3 — we obtain an extended class of sets. It can, however. be shown 
that not even this extended class, will satisfy all the conditions for 
an additive class. We thus have to repeat the same process of asso- 
ciation over and over again, without ever coming to an end. Any 
particular set reached during this process has the property that it 
can be defined by starting from intervals and performing the opera- 
tions of addition, multiplieation and subtraction a finite or enumerable 
number of times. The totality of all sets ever reached in this way is 
called the class B, of Borel sets in R,, and this is an additive class. As 
a matter of fact, every given Borel set can be formed as described 
by at most an enumerable number of steps, and any sum, product or 
difference formed with such sets will still be contained in the class 
of all sets obtainable in this way. 

Thus any sum, product or difference of Borel sets is itself a 
Borel set. In particular, the limit of a monotone sequence (cf 1.5) of 
Borel sets is always a Borel set. 

On the other hand, let & be any additive class of sets in R, con- 
taining all intervals. It then follows directly from the definition of 
an additive class that © must contain every set that can be obtained 
from intervals by any finite or enumerable repetition of the operations 
of addition, multiplication and subtraction. Thus © must contain the 
whole class B, of Borel sets, and we may say that the class B, ds the 
smallest additive class of sets in- R, that includes all intervals. 


m 


CHAPTER 3. 
Point SETS IN n DIMENSIONS. 


3.1. Intervals. — Just as we may establish a one-to-one corres- 
pondence between all real numbers z and all points on a straight line, 
it is well known that a similar correspondence may be established 
between all pairs of real numbers (£i, £o) and all points in a plane, or 
between all triplets of real numbers (z, Ls, X) and all points in a 
three-dimensional space. 

Generalizing, we may regard any system of » real numbers 
(a, Xo - - +, Ln) as representing a point or vector x in an euclidean space 
R, of n dimensions. The numbers £, ..., Yn are called the coordinates 
of x. As in the one-dimensional case, we consider only points cor- 
responding to finite values of the coordinates. — The distance be- 
tween two points 


x= (%,,...,%) and Y= (Yn Yn) 


is the non-negative quantity 


|z —y|= Vin y? 4o F (En — yo). 


The distance satisfies the triangular inequality: 


jz—ylslz—2l+ly—-l.- 


Let 2n numbers a,,...,@n and by... bn be given, such that 
a, <b, for » — 1,. .., n. The set of all points x defined by a Sa, S b, 
for »=1,..., is called a closed n-dimensional interval. If all the signs 


X are replaced by <, we obtain an open interval, and if both kinds 
of signs occur in the defining inequalities, we have a half-open inter- 
val. In the limiting case when a, = b, for at least one value of v, 
the interval is degenerate. When one or more of the a, tend to — oo, 
or one or more of the b, to + ©, we obtain an infinite interval. As 
in 2.1, the whole space R, may be considered as an extreme case of 
an infinite interval. 

It will be shown below (cf 4.3) that any non-degenerate interval š 
is a non-enumerable set. The product of a finite or enumerable sequence 
of intervals is) always an interval, but the sum of two intervals is 
generally not an interval. 
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3.2. Various properties of sets in R,. — A set S in R, is bounded, 
if all points of S are contained in a finite interval. 

If a—(am,...,a,) is a given point, and e is a positive number, 
the set of all points x such that |x — a| — e is called a neighbourhood 
of a or, more precisely, the e-nezghbourhood of a. 

The definitions of the concepts of limiting point and inner point, 
and the remarks made in 2.2 in connection with these concepts for 
the case n=1, apply without modification to the general case here 
considered. 

We have seen in 2.2 that the set of all rational points in R, is enumerable. By 
means of 1.4 it then follows that the set of all points with rational coordinates in a 


plane is enumerable, and further by induction that the set of all points in Rn with 
rational coordinates is enumerable. 


3.3. Borel sets. — The class of all intervals in R, is, like the 
corresponding class in R,, not an additive class of sets. In order to 
extend this class so as to form an additive class we proceed in the 
same way as in the case of intervals in R,. 

Thus we consider first the class 3, of all sets J that are sums of 
finite or enumerable sequences of intervals in R,. If Z, J,... are 
sets belonging to this class, the sum I, + 7, +- and the finite pro- 
duct 7,1,... In also belong to Jn. As in the case n — 1, the infinite 
product JJa... and the difference 7, — l, do not, however, always 
belong to Sn. 

We thus extend the class 3, by associating all sums, products and 
differences formed by means of sets in Ya. Repeating the same as- 
sociation process over and over again, we find that any particular set 
reached in this way has the property that it ean be defined by start- 
ing from intervals and performing the operations of addition, multi- 
plication and subtraction a finite or enumerable number of times. 
The totality of all sets ever reached in this way is called the class Bn 
of Borel sets in Rn, and this is an additive class. 

In the same way as in the case n= 1, we find that the class Bn 
is the smallest additive class of sets in R, that includes all intervals. 


3.4. Linear sets. — When n>3, the set of all points in R, which 
satisfy a single equation F (zx, . . ., Zn) = 0 will be called a hypersurface. 
When F is a linear function, the hypersurface becomes a hyperplane. 
The equation of a hyperplane may always be written in the form 


a, (xı — mj) +++: + an (x, — mn) = 0, 
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where m=(m,,..., mn) is an arbitrary point of the hyperplane. — 
Let 
(3.4.1) H; = ai(x, — m) +++ + ain (En — mn) = 0, 


where i=1,2,...,p, be the equations of p hyperplanes passing 
through the same point m. The equations (3.4.1) will be called linearly 
independent, if there is no linear combination k, H, +- + kp Hp with 
constant k: not all = 0, which reduces identically to zero. The cor- 
responding hyperplanes are then also said to be linearly independent. 

Suppose p < n, and consider the set L of all points in Ra common 
to the p linearly independent hyperplanes (3.4.1). I£ (3.4.1) is con- 
sidered as a system of linear equations with the unknowns 2, . . ., £n, 
the general solution (cf 11.8) is 


wy = me + Ci ty o + Ci, n-p inops 


where the c: ave constants depending on the coefficients air, while 
t- -n fn-p are arbitrary parameters. 

The coordinates of a point of the set L may thus be expressed 
as linear functions of n—p arbitrary parameters. Accordingly the 
set L will be called a linear set of n—p dimensions, and will usually 
be denoted by Ln-p. For p= 1, this is a hyperplane, while for p=» —2 
L forms an ordinary plane, and for p-—n-1 a straight line. — 
Conversely, if ZIn-p is a linear set of n—p dimensions, and if 
m =(m,,..., mn) is an arbitrary point of L,-,, then L,-, may be 
represented as the common part (i.e. the product set) of p linearly 
independent hyperplanes passing through m. 


3.5. Subspace, product space. — Consider the space R, of all 


points x —(z,,..., 2»). Let us select a group of k< n coordinates, 
say £...» Sr and put all the remaining n — k coordinates equal to 
ZerQ: Leer —..e-—gw =0. We thus obtain a system of n — k linearly 


independent relations, which define a linear set L: of k dimensions. 
This will be called the k-dimensional subspace corresponding to the 
coordinates a,,..., 7%. The subspace corresponding to any other group 
of k coordinates is, of course, defined 'n a similar way. Thus in the 
case n= 3, k=2, the two-dimensional subspace corresponding to 2, 
and a, is simply the (zi, 7:)-plane. 

Let S denote a set in the k-dimensional subspace of 2, . . -; Zk. 
The set of all points * in R, such that (zy, ..., 2s 0,..., 0) € S will 
be called a cylinder set with the base S. — In the case n = 3, k= 2, 
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this is an ordinary three-dimensional cylinder in the (£i, Lo, x5)-space, 
having the set S in the (z,,2,)-plane as its base. 
Further, if S, and S, are sets in the subspaces of Wy, +. +, Ze and 


Vbi... €& respectively, the set of all points x in R, such that 
(2552s 0,40) < Sr and (0, ...,0 73... In) < S, will be called 
a rectangle set with the sides S, and S,. — In the case when n= 2, 


while S, and S, are one-dimensional intervals, this is an ordinary 
rectangle in the (x,, 2,)-plane. 

Finally, let Rm and R, be spaces of m and n dimensions respectively. 
Consider the set of all pairs of points (x, y) where x = (x, . . y Lm) 


is a point in Rm, while y=(y,,..., yn) is a point in Ry. This set 
will be called the product space of Rm and R,. It is a space of m+n 
dimensions, with all points (a,,.. ., am, yj, . . ., Yn) as its elements. — 


Thus for m — n — 1, we find that the (x,, 2,)-plane may be regarded 
as the product of the one-dimensional z,- and z,-spaces. For m —2 
and »=1, we obtain the (z, z,,2,.space as the product of the 
(x,, x,)-plane and the one-dimensional ayspace, etc. The extension of 
the above definition to product spaces of more than two spaces is 
obvious. (Note that the product space introduced here is something 
quite different from the product set defined in 1.3.) 


References to chapters 1—3. — The theory of sets of points was founded 
by G. Cantor about 1880. 1t is of a fundamental importance for many branches of 
mathematics, such as the modern theory of integration and the theory of functions. 
Most treatises on these subjects contain chapters on sets of points. The reader may 
be referred e.g. to the books by Borel (Ref. 6) and de la Vallée Poussin (Ref. 40). 
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CHAPTERS 4-7. 


THEORY or MEASURE AND INTEGRATION IN R,. 


CHAPTER 4. 
Tur LEBESGUE MEASURE or A LINEAR Point SET. 


4.1. Length of an interval. — The length of a finite interval (a, b) 
in R, is the non-negative quantity b — a. Thus the length has the same 
value for a closed, an open and a half-open interval with the same 
end-points. For a degenerate interval, the length is zero. The length 
of an infinite interval we define as + c. 

Thus with every interval i= (a,b) we associate a definite non- 
negative length, which may be finite or infinite. We may express this 
by saying that the length Z(i) is a non-negative function of the interval 1, 


and writing 
L(i)=b—a, or L()=+ œ, 


according as the interval 7 is finite or infinite. 
If an interval i is the sum (cf 2.1) of a finite number of intervals, 


no two of which have a common point: 
i=i + tte +t (in ty = 0 for u # 9), 


the length of the total interval 7 is obviously equal to the sum of the 
lengths of the parts: 


L(i) = L(i,) + LG) +--+ + L (in). 


We now propose to show. that this relation may be extended to an enumer- 
able sequence of parts. To a reader who studies the subject for the 
first time, this will no doubt seem trivial. A careful study of the fol- 
lowing proof may perhaps convince him that it is not. — In order 
to give a rigorous proof of our statement, we shall require the fol- 
lowing important proposition known as Borel’s lemma: 

We are given a finite closed interval (a, b) and a set Z of intervals 
such be every point of (a, b) is an inner point of at least one interval 
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belonging to Z. Then there is a subset Z' of Z containing only a finite 
number of intervals, such that every point of (a, b) is an inner point of 
at least one interval belonging to Z’. 

Divide the interval (a, b) into n parts of equal length. The lemma 
will be proved, if we can show that it is possible so to choose » that 
each of the n parts — considered as a closed interval — is entirely 
contained in an interval belonging to Z. 

Suppose, in fact, that this is not possible, and denote by în the 
first of the » parts, starting from the end-point a, which is not en- 
tirely contained in an interval belonging to Z. The length of Z, ob- 
viously tends to zero as » tends to infinity. Let the middle point of 
in be denoted by ap, and consider the sequence z,, Ly, .... Since this 
is a bounded infinite sequence, it has by the Bolzano-Weierstrass 
theorem (cf 2.2) certainly a limiting point z. Every neighbourhood of 
the point æ then contains an interval in, which is not entirely con- 
tained in any interval belonging to Z. On the other hand, x is a 
point of (a, b) and is thus, by hypothesis, itself an inner point of some 
interval belonging to Z. This evidently implies a contradiction, and 
80 the lemma is proved. 

It is evident that both the lemma and the above proof may be 
directly generalized to any number of dimensions. 

Let us now consider a sequence of intervals 7, = (a,, b,) such that 
the sum of all i, is a finite interval 7 — (a, b), while no two of the 7, 
have a common point: 


i= > ty (iu i» =.0 for u A»). 
1 
We want to prove that the corresponding relation holds for the lengths: 
(4.1.1) LO)= SL). 
1 
In the first place, the » intervals 4,...,4, are a finite number of 


intervals contained in 7, so that we have > LG) = L(i) and hence, 


allowing to tend to infinity, ; 


D Lli) = L(). 
1 
It remains to prove the opposite inequality. This is the non-trivial 


part of the proof. 
20 
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Consider the set Z which consists of the following intervals: 1) the 
intervals d», 2) the open intervals (a — e, a + c) and (b — e, b + e), 8) the 
A E E E E 
open intervals (a gr ^ T 3) and -5 Gee ij where » — 1, 
2,..., while e is positive and arbitrarily small. It is then evident that 
every point of the closed interval (a, b) is an inner point of at least 
one interval belonging to Z. According to Borel's lemma we may thus 
entirely cover ? by means of a finite number of intervals belonging 
to Z, and the sum of the lengths of these intervals will then certainly 
be greater than L(?)=b—a. The sum of all intervals belonging to Z 
will a fortiori be greater than L(/) so that we have 
e LJ e LJ 
TUS Fe ` i 
ESLG)t4e- 433-210) +8e>L(i). 


1 1 1 


Since ¢ is arbitrary, it follows that 
> L(5)zL) 
1 


and (4.1.1) is proved. 

It is further easily proved that (4.1.1) holds also in the case when 
i is an infinite interval. In this case, we have L(i) =+ o, and if 4, 
is any finite interval contained in 7, it follows from the latter part of 
the above proof that we have 

LJ 

p L(i,) = L (io). 

1 
Since i is infinite we may, however, choose i, such that L (io) is greater 
than any given quantity, and thus (4.1.1) holds in the sense that both 
members are infinite. 

We have thus proved that, if an interval is divided into a finite or 
enumerable number of intervals without common points, the length of the 
total interval is equal to the sum of the lengths of the parts. This pro- 
perty will be expressed by saying that the length L(i) is an additive 
function of the interval 4. 


42. Generalization. — The length of an interval is a measure of 
the extension of the interval. We have seen in the preceding para- 
graph that this measure has the fundamental properties of being non- 
negative and additive. The length of an interval 7 is a non-negative 
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and additive interval function L(t). The value of this function may be 
finite or infinite. 

We now ask if it is possible to define a measure with the same 
fundamental properties also for more complicated sets than intervals. 
With any set S belonging to some more or less general class, we thus 
want to associate a finite or infinite!) number L (S), the measure of 
S, in such a way that the following three conditions are satisfied: 


a) L(S)z 0. 

b) If S= S, + S, +---, where S, S, —0 for uv, then we have 
L(S) = L(S,) + L(S) +. 

c) In the particular case when S is an interval, L(S) is equal to 
the length of the interval. 


Thus we want to extend the definition of the interval function L (i), 
80 that we obtain a non-negative and additive set function L(S) which, 
in the particular case when S is an interval 7, coincides with L(t). 

It might well be asked why this extension should be restricted to 
»some more or less general class of sets», and why we should not at 
once try to define L(S) for every set S. It can, however, be shown 
that this is not possible. We shall accordingly content ourselves to 
show that a set function L(S) with the required properties can be de- 
Jined for a class of sets that includes the whole class B, of Borel sets. 
This set function L(S) is known as the Lebesgue measure of the set 8. 
We shall further show that the extension is unique or, more precisely, 
that L(S) is the only set function which is defined for all Borel sets and 
satisfies the conditions a) — c). 


4.3. The measure of a sum of intervals. — We shall first define 
a measure L(I) for the sets I belonging to the class Sy considered in 
2.8. Every set in Sj is the sum of a finite or enumerable sequence of 
intervals and, by the transformation used in 1.4, we can always take 
these intervals such that no two of them have a common point. (In 
fact, if the sets S, considered in 1.4 are intervals, every Z, will be 
the sum of a finite number of intervals without common points.) 

Any set in 3 may thus be represented in the form 


(4.3.1) I—ctdá4vke, 


1) For the set function Z (S), and the more general set functions considered in Ch. 6, 
we shall admit the existence of infinite values. For sets of points and for ordinary 
functions, on the other hand, we shall only deal with infinity in the sense of a limit, 
but not as an independent point or value (cf 2.1 and 3.1). 
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where the 7, are intervals such that 7,7, — 0 for u ~ v. By the condi- 
tions b) and c) of 4.2, we must then define the measure L(I)by 
writing 
(4.3.2) L(1)=L(é,) + L(t.) +---, 
where as before L(i,) denotes the length of the interval 7,. 

The representation of I in the form (4.3.1) is, however, obviously 


not unique. Let 
(4.3.3) I-j4tjàcte 


be another representation of the same set J, the j, being intervals 
such that j,j,—0 for uv. We must then show that (4.3.1) and 
(4.3.3) yield the same value of L (Z), i.e. that 


(4.34) SL) = SLi. 


This may be proved in the following way. For any interval 7, we 
have, since % < J, 


iu = i T= tu 2 = Dude 
and thus, by the additive property of the length of an interval, 
L (in) = > L (iu j»), 


(4.3.5) 3269-2322. 
u Bot 


In the same way we obtain 
(4.3.6) DLG) =D DL i). 
> m 


Now the following three cases may occur: 1) The intervals 2, j, are 
all finite, and the double series with non-negative terms p L(i,j.) is 


"m 
convergent. 2) All the 2, j» are finite, and the double series is divergent. 
3) At least one of the i,j, is an infinite interval. 

In ease 1), the expressions in the second members of (4.3.5) and 
(4.3.6) are finite and equal. and thus (4.3.4) holds. In cases 2) and 3) 
the same expressions are both infinite. Thus in any case (4.3.4) is 
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proved, and it follows that the definition (4.3.2) yields a uniquely de- 
termined — finite or infinite — value of L(I). 

It is obvious that the measure L (J) thus defined satisfies the condi- 
tions a) and c) of 42. It remains to show that condition b) is also 
satisfied. 

Let Z, 1,... be a sequence of sets in 3, such that I, I, — 0 for 


176 », and let 
I,— 9d. " 


be a representation of I, in the form used above. Then 
1-317 Din 
H l i 


is also a set in 3, and no two of the /,, have a common point. If 
7,1",... is an arrangement of the double series D) tur in a simple se- 
quence (e.g. by diagonals as in 1.4), we have fps 
T= +a" GbR, 
L(I)=L@)+ Le’) ++. 


A discussion of possible cases similar to the one given above then 
shows that we always have 


L(I) = X DL tu) = Dd L(I,). 
wo u 


We have thus proved that (4.3.2) defines for all sets I belonging to 
the class X a unique measure L(I) satisfying the conditions a) — c) of 4.2. 

We shall now deduce some properties of the measure L(1) In 
the first place, we consider a sequence J,, J,,... of sets in Sy, without 
assuming that J, and J, have no common points. For the sum 
I=TI, +I, +--+, we obtain as above the representation 7 —2' +i” +, 
but the intervals 7',7",... may now have common points. By the 
iransformation used in 1.4 it is then easily seen that we always have 

L(1)S Li) + Lli”) +--, 

which gives 


(Aaya h 


(In the particular case when I, T, — 0 for «+», we have already seen © 
that the sign of equality holds in this relation.) 
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We further observe that any enumerable set of points 2, 25, ... 
is a set in S, since each zn may be regarded as a degenerate interval, 
the length of which reduces to zero. It then follows from the de- 
finition (4.3.2) that the measure of an enumerable set is always equal to 
zero. — Hence we obtain a simple proof of a property mentioned 
above (1.1 and 2.1) without proof: the set of all points belonging to a 
non-degenerate interval is a non-enumerable set. In fact, the measure of 
this set is equal to the length of the interval, which is a positive / 
quantity, while any enumerable set is of measure zero. A fortiori, 
the same property holds for a non-degenerate interval in R, with 
n> 1 (cf 3.1). 

Finally, we shall prove the following theorem that will be required 
in the sequel for the extension of the definition of measure to more 
general classes of sets: If I and J are sets in S that are both of finite 
measure, we have 
(4.3.8) L(I+ J)-L()-L(J)—L(QJ). 


Consider first the case when I and J both are sums of a finite 
number of intervals. From the relations 
I+J=I+(J—IJ), 
J=IJ+(J—I4J) 
we obtain, since all sets belong to 3, and the two terms in each sec- 
ond member have no common point, 
L(I+ J)=L(I) + L(J—IJ), 
L(J)=L(IJ) + L(J—IJ), 


and then by subtraction we obtain (4.3.8). 
In the general case, when J and J are sums of finite or enumerable 


sequences of intervals, we cannot argue in this simple way, as we are 
not sure that J — 14 is a set in 3 (cf 2.3) and, if this is not the case, 
the measure L(J— IJ) has not yet been defined. Let 


o0 e 
I— 5d J= M 
PES v=1 
be representations of J and J of the form (4.3.1), and put 
n n 
h= Fio T= Dj- 


u=1 v=1 
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According to the above, we then have 
L(In + In) = L (In) + L(J) — L(I In). 


Allowing now » to tend to infinity, each term of the last relation 
tends to the corresponding term of (4.3.8), and thus this relation is 
proved. 


4.4. Outer and inner measure of a bounded set. — In the pre- 
ceding paragraph, we have defined a measure L(I) for all sets 7 be- 
longing to the class S. In order to extend the definition to a more 
general class of sets, we shall now introduce two auxiliary functions, 
the inner and outer measure, that will be defined for every bounded 
set in R,. 

Throughout this paragraph, we shall only consider bounded sets. 
We choose a fixed finite interval (a, b) as our space and consider only 
points and sets belonging to (a,b). When speaking about the com- 
plement S* of a set S, we shall accordingly always mean the com- 
plement with respect to (a, b). (Cf 1.3.) 

In order to define the new functions, we consider a set J belonging 
to the class 3, such that S < I< (a, b). Thus we enclose the set S in 
a sum I of intervals, which in its turn is a subset of (a, b). This can 
always be done, since we may e.g. choose T= (a, b). The enclosing 
set I has a measure L(I) defined in the preceding paragraph. Consider 
the set formed by the numbers L(I) corresponding to all possible en- 
closing sets I. Obviously this set has a finite lower bound, since we 
have L(I) = 0. 

The outer measure L(S) of the set S will be defined as the lower 
bound of the set of all these numbers L(I). The inner meüsure L(S) of 
S will be defined by the relation L(S) = b-a — L(S*). EH 

Since every set S considered here is a subset of the interval (a, b), 
which is itself a set in S, we obviously have 


0s L(S)z)-a, Oz L(S) X ba. 


Directly from the definitions we further find that L(S) and L(S) are 

both monotone functions of S, i.e. that we have 

(4.4.1) L(S;) z L (S), L(S)s L (S), 

as soon as S, < S,. In fact, for any I such that Sa < I, we then also 

have S, < J, and hence the first inequality follows immediately, The 
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second inequality is obtained from the first by considering the com- 
plementary sets. 

Further, if S< TJ, and S* < I, every point of (a, b) belongs to at 
least one of the sets J, and J,. Since J, and J, are both contained 
in (a, b), we then have I, + I, = (a, b) and thus by (4.3.7) 


L(I) + L(h) = b-a. 


Choosing the enclosing sets I, and J, in all possible ways, we find 
that the corresponding inequality must hold for the lower bounds of 
L(I) and L(I), so that we may write 

L(S) + L(S*) = ba 
or 
(4.4.2) L(S)s L(S). 


Let S,, $,,... be a given sequence of sets with or without common 
points. According to the definition of outer measure, we can for every 
n find In such that S, < I, and 


L(I) < L(8) + 5. 
where e is arbitrarily small. We then have aH SLR”, 
and from (4.3.7) we obtain 
L(S EA EN a a, 
<L(L) + DA 
< L(S)- L(S)* telti t) 


Since e is arbitrary, it follows that 
(4.4.8) L(S + Sp ++) SL (S,) + L(S:) + 


In order to deduce a corresponding inequality for the inner measure 
L(S), we consider two sets S, and S, without common points. Let the 
complementary sets Si and St be enclosed in J, and J, respectively. 
Abbreviating the words slower bound of» by »lb.», we then have 


b-a — L(S,) = L(St) 1. b. L(I), 


Add) 1-a— L(8) = L(St)=1.b. LU), 


where the enclosing sets J, and J, have to be chosen in all possible 
ways. Further, we have by (1.3.1) 
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(S, S)* = St S - 1,1, 

but here we can only infer that 

(4.4.5) b-a — L(S, + S,) = L[((S, + S3)*] Lb. L (Z Z3), 


since there may be other enclosing [sets for (S, + S,)* besides those 
of the form J, Ia. From (4.4.4) and (4.4.5) we deduce, using (4.3.8), 


L(S, + Sa) — L(S) — L(S,) = 1.b. [L(1,) + L(133)] — 1. b. L(I I) — (b-a) 
2 Lb. (L(1) + L(1) — L(I, 15)) —(b-a) 
— Lb. L(I + I) — (è-a). 


Since S, and S have no common point we have, however, S, S,=0 
and I, + 1, St + Si = (S, S;)* = (a, b). On the other hand, I, and 
I, are both contained in (a, b), so that 7, + Ip < (a, b) Thus Z + h= 
(a, b), and 

L(S, + $ = L(S,) + L(Sj). 


Let now $,, S$,,... be a sequence of sets, no two of which have a 
common point. By a repeated use of the last inequality, we then obtain 


(4.4.6) L(S, + Sa +) S L(S) + L(S) +---. 


In the particular case when S is an interval, it is easily seen from 
the definitions that L(S) and L(S) are both equal to the length of 
the interval. If I= Xi, is a set in $$, where the ;, are intervals with- 
out common points, we then obtain from (4.4.3) and (4.4.6) 


Lü)szL(), Lü)zzL(,, 
and thus by (4.4.2) and (4.3.2) 
(4.4.7) L(1)= L(1)= L(V). 


Finally, we observe that the outer and inner measures are inde- 
pendent of the interval (a, b) in which we have assumed all our sets to 
be contained. By 2.2, a bounded set S is always contained in the 
closed interval (a, 8), where « and f are the lower and upper bounds 
of S. If (a, b) is any other interval containing S, we must have a S « 
and b=. A simple consideration will then show that the two inter- 
vals (a, b) and (c, f) will yield the same values of the outer and inner 
measures of S. Thus the quantities L(S) and L(S) depend only on 
the set S itself, and not on the interval (a, b). 
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4.5. Measurable sets and Lebesgue measure. — A bounded set S 
wil be called measurable, if its outer and inner measures are equal. 
Their common value will then be denoted by L(S) and called the 
Lebesgue measure or simply the measure of S: 


L(S)— L(S) = L(S). 


An unbounded set S will be called measurable if the product 2; S, 
where iz denotes the closed interval (— x, x), is measurable for every 
æ>0. The measure L(S) will then be defined by the relation 


L(S) = lim L (ie S). 


By (44.1), L (iz S) is a never decreasing function of z. Thus the limit, 
whieh may be finite or infinite, always exists. 

In the particular case when S is a set in 3, the new definition of 
measure is consistent with the previous definition (4.3.2). For a bounded 
set I, this follows immediately from (4.4.7). For an unbounded set J, 
we obtain the same result by considering the bounded set 7,7 and 
allowing x to tend to infinity. 

According to (4.4.1), L(S) and L(S) are both monotone functions 
of the set S. It then follows from the above definition that the same 
holds for (S). For any two measurable sets S, and S, such that 
Sı S, we thus have 
(4.5.1) L(S,) x L (S3). 


We shall now show that the measure L (8) satisfies the conditions 
a)—c) of 4.2. — With respect to the conditions a) and c), this follows 
directly from the above, so that it only remains to prove that the 
condition b) is satisfied. This is the content of the following theorem. 

If Sı, Sa... are measurable sets, no two of which have a common 
point, then the sum Sy + Sa t is also measurable, and we have 


(4.5.2) L(S, + Sp +) = L(S) + L(S) t. 


Consider first the case when Sj, S2, ... are all contained in a finite 
interval (a, b). The relations (4.4.3) and (4.4.6) then give, since all the 
S, are measurable, 

L(S)- L(S) + = L(S) + L(S9 * ^^. 
L(S,) + L(S2) t: = L(8;) + L(S3 t: 


By (4.4.2) we have, however, L(8; + S2 + .-) = L(S + S2 + +), and thus 
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L(S, + Sp +o) = L(a + Sa +) — L(S) + L(S9 +++, 


so that in this case our assertion is true. 

In the general case, we consider the products zz S1, i; Sz, . . ., all of 
which are contained in the finite interval iz. The above argument then 
shows that the product /; (S4 + S + ---) is measurable for any x, and that 


L [ix (Sy + Sa --)-— L( S1) L(i Sa) +. 


Then, by definition, S, + Sa +--> is measurable and we have, since 
every term of the last series is a never decreasing function of v, 


L(S, + $ +) = lim [L (iz 91) + L(£«85) +--+] 


—L(S)-4L(S)-t--. 


Thus (4.5.2) is proved, and the Lebesgue measure L(S) satisfies all 
three conditions of 4.2. 

A set S such that L(S)-— 0 is called a set of measure zero. If the 
outer measure L(S)— 0, it follows from the definition of measure that 
S is of measure zero. We have seen in 4.8 that, in particular, any 
enumerable set has this property. — The following two propositions 
are easily found from the above. Any subset of a set of measure zero 
ds itself of measure zero. The sum of a sequence of sets of measure zero 
is itself of measure zero. — These propositions are in fact direct con- 
sequences of the relations (4.4.1) and (4.4.3) for the outer measure. 


4.6. The class of measurable sets. — Let us consider the class 
€ of all measurable sets in R,. We are going to show tHat 9 is an 
additive class of sets (cf 1.6). Since we have seen in the preceding 
paragraph that € contains all intervals, it then follows from 2.3 that 
Q contains the whole class $98, of all Borel sets, so that all Borel sets 
are measurable. 

We shall, in fact, prove that the class € satisfies the conditions 
a), by) and c) of 1.6. With respect to a), this is obvious, so that we 
need only consider bı) and v). 

Let us first take c,). It is required to show that the complement S* 
of a measurable set S is itself measurable. Consider first the case of a 
bounded set S and its complement S* with respect to some finite 
interval (a, b) containing S. By the definition of inner measure (4.4) 
we then have, since S is measurable, 


L(S*) = b-a — L(S) = b-a — L(S) = L(S*), 
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so that S* is measurable, and has the measure b—a — L (S). — In the 
general case when S is measurable but not necessarily bounded, the 
same argument shows that the product 7,S*, where S* is now the 
complement with respect to the whole space R,, is measurable for 
any $7» 0. Then, by definition, S* is measurable. 

Consider now the condition 5. We have to show that the sum 
S, + Sg ++: of any measurable sets Sı, So... is itself measurable. — 
In the particular ease when Sp Sy — 0 for. 7^ », this has already been 
proved in connection with (4.5.2), but it still remains to prove the 
general case. 

It is sufficient to consider the case when all S, are contained in 
a finite interval (a, b) In fact, if our assertion has been proved for 
this case, we consider the sets 7; S1, îz S2, ..., and find that their sum 
is(Sı + Sy) is measurable for any x>0. Then, by definition, 
Sı + Sa +- is measurable. 

We thus have to prove that, if the measurable sets S1, $5, ... are 
all contained in (a, b), the sum Sı + S,+--- is measurable. 

We shall first prove this for the particular case of only two sets 
S, and Sọ. Let m denote any of the indices 1 and 2, and let the 
complementary sets be taken with respect to (a, b). Since S, and Sh 
are both measurable, we can find two sets J, and Jn in $$ such that 


(4.6.1) Sn € In < (a, b), S; < Ja < (a, b), 


while the differences L(In)— L (Sn) and L(J») — L(S) are both smaller 
than any given e>0. Now by (4.6.1) any point of (a, b) must belong 
to at least one of the sets In and Jn, so that we have In + Jn= (a,b), 
and thus by (4.3.8) à 

L(In In) = L(h) an L(Jn) "S (b-a) 
(4.6.2) = L(I) + L(a) — L (Sa) — L (Snr) < 2e. 


It further follows from (4.6.1) that 
EEE 
(S, + Sa)” = S183 < Ji Js, 
and hence 


(4.6.3) a S)zL( hh), 


(S, + S) = b-a — L (Ji J3). 

By the same argument as before, we find that I, + I5 + Jı Ja = (a, b). 
The relations (4.6.3) then give, using once more (4.3.8), 

31 


4.6—7 


L($i + S) — L(S, + S) S L(G, + Ie) J, Jil. 
Now 
(I + Te) Jy Jo = LI Je + 13J1J3 hA + Tada, 


so that we obtain by means of (4.5.1), (4.3.7) and (4.6.2) 
L(S, + 8$) — L(S, + S) € L(A + L(I5J3) € 4«. 


Since ¢ is arbitrary, and since the outer measure is always at least 
equal to the inner measure, it then follows that L(S; + 83) = L(S,+ S2), 
so that Sı + S, is measurable. 

It immediately follows that any sum S, + --- + S, of a finite number 
of measurable sets, all contained in (a, b), is measurable. The relation 
$185... Sn = (St +--+ Sa)” then shows that the same property holds 
for a product. 

Consider finally the case of an infinite sum. By the transforma- 
tion used in 1.4, we have S — Sı + Sz +- = Zı + Za c, where 
Z,— St... $2-18,, and Z,Z, —0 for u*v. Since Sf,..., Sy-1 and 
S, are all measurable, the finite product Z, is measurable. Finally, by 
(4.5.2), the sum Z, + Z +- is measurable. 

We have thus completed the proof that the measurable sets form an 
additive class 2. It follows that any sum, product or difference of a 
finite or enumerable number of measurable sets is itself measurable. In 
particular, all Borel sets are measurable. 


4.7. Measurable sets and Borel sets. — The class € of measurable 
sets is, in fact, more general than the class B, of Borel sets. As an 
illustration of the difference in generality between the two classes, 
we mention without proof the following proposition: Any measurable 
set is the sum of a Borel set and a set of measure zero. All sets oc- 
curring in ordinary applications of mathematical analysis are, how- 
ever, Borel sets, and we shall accordingly in general restrict ourselves 
to the consideration of the class 38,, and the corresponding class Bn 
in spaces of » dimensions. 

We shall now prove the statement made in 4.2 that the Lebesgue 
measure is the only set function defined for all Borel sets and satisfying 
the conditions a)—c) of 4.2. 

Let, in fact, A(S) be any set function satisfying all the conditions 
just stated. For any set I in 3, we must obviously have 4 (I) = L(I), 
since our definition (4.3.2) of L(I) was directly imposed by the condi- 
tions b) and c) of 4.2. Let now S be a bounded Borel set, and en- 


32 


4.7—5.1 


close S in a sum I of intervals. From the conditions a) and b) it then 
follows that we have A (S) < A(I)— L(I). The lower bound of L(I) 
for all enclosing I is equal to L(S) and so we have .4(S) S L(S). 
Replacing S by its complement S* with respect to some finite interval, 
we have .4(S*)< L(S*) and hence .4(S)z L(S) Thus A (S) and 
L(S) are identical for all bounded Borel sets. This identity holds even 
for unbounded sets, since any unbounded Borel set may obviously be 
represented as the sum of a sequence of bounded Borel sets. 

We shall finally prove a theorem concerning the measure of the 
limit (cf 1.5) of a monotone sequence of Borel sets. By 2.3, we know 
that any such limit is always a Borel set. 

For a non-decreasing sequence S, Sz, ... of Borel sets we have 


(4.7.1) lim L(S;) = Z (lim Sn). 
For a mon-increasing sequence, the same relation holds provided that L (83) 
is finite. 
For a non-decreasing sequence we may in fact write 
lim S, = S, + (Sa — S1) + (Sp — 83) ^. 
and then obtain by (4.5.2) 
L (lim Sp) = L (S1) + L($,— 8) t 
= lim [L(S,) + L(S2— Sy) ++ L(S,— Sn—1)] 
= lim L(S;). 
For a non-increasing sequence such that L(S,) is finite, the same rela- 


tion is proved by considering the complementary sets S; with respect 
to Sı. — The example Sn = (n, + œ) shows that the condition that 


L(S,) should be finite cannot be omitted. 


CHAPTER 5. 
Tur LEBESGUE INTEGRAL FOR FUNCTIONS OF ONE VARIABLE. 


5.1. The integral of a bounded function over a set of finite measure. 
— All point sets considered in the rest of this book are Borel sets, un- 
less expressly stated otherwise.) Generally this will not be explicitly men- 
tioned, and should then always be tacitly understood. 

1) In order to give a full account of the theory of the Lebesgue integral, it would 


be necessary to consider measurable sets, and not only Borel sets. As stated in 4.7 
the restriction to Borel sets is, however, amply sufficient for our purposes. 
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Let S be a given set of finite measure L(S), and g(x) a function of 
the real variable x defined for all values of z belonging to S. We 
shall suppose that g(z) is bounded in S, i.e. that the lower and upper 
bounds of g(x) in S are finite. We denote these bounds by m and M 
respectively, and thus have m < g(x) € M for all x belonging to S. 
Let us divide S into a finite number of parts $,, 85,..., Sn, no two 
of which have a common point, so that we have 


S= S, + S: Sa,  (S,8,— O for u e»). 


In the set S,, the function g(x) has a lower bound m, and an upper 
bound M,, such that m € m, € M, < M. 

We now define the lower and upper Darboux sums associated with 
this division of S by the relations 


(6.1.1) z= Sim, L(S,), Z- Y3.L(8). 


It is then obvious that we have 


mL(SszzsZzML(S). 


It is also directly seen that any division of S superposed on the above 
division, i.e. any division obtained by subdivision of some of the parts 
S,, wil give a lower sum at least equal to the lower sum of the 
original division, and an upper sum at most equal to the upper sum 
of the original division. 

Any division of S in an arbitrary finite number of parts without 
common points yields, according to (5.1.1), a lower sum zg and an 
apper sum Z. Consider the set of all possible lower sums z, and the 
set of all possible upper sums Z. We shall call these briefly the z-set 
and the Z-set. Both sets are bounded, since all z and Z are situated 
between the points m L(S) and M L(S). We shall now show that the 
upper bound of the z-set is at most equal to the lower bound of the Z-set. 
Thus the two sets have at most one common point, and apart from 
this point, the entire z-set is situated to the left of the entire Z-set. 

In order to prove this statement, let x be an arbitrary lower sum, 
corresponding to the division S— Si +--+ Sw, while Z” is an ar- 
bitrary upper sum, corresponding to the division S = St +--+ + Sv. 
It is then clearly sufficient to prove that we have 2’ S Z". This fol- 
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n^ nt 
lows, however, immediately if we consider the division = >} MS Si Sk, 
i=1 k=1 
which is superposed on both the previous divisions. If the corres- 
ponding Darboux sums are 2 and Z,, we have by the above remark 
z <z Š Z, S Z", and thus our assertion is proved. 
The upper bound of the z-set will be called the lower integral of 
g(x) over S, while the lower bound of the Z-set will be called the 


upper integral of g(x) over S. We write 


ff g(a) dx = upper bound of z-set, 
5 
Jo (x) daz = lower bound of Z-set. 
N 


It then follows from the above that we have 


(5.1.3) mL(S)s [osG)dzs [gaz s ML(9) 


If the lower and upper integrals are equal (i. e. if the upper bound 
of the z-set is equal to the lower bound of the Z-set), g(x) is said to 
be integrable in the Lebesgue sense over S, or briefly integrable over S. 
The common value of the two integrals is then called the Lebesgue 
integral of g(x) over S, and we write 


fg)dz= fole) de= f gl) dz: 
N s bj 
A necessary and sufficient condition for the integrability of g(x) 
over S is that, to every €> 0, we can find a division of S such that 
the corresponding difference Z — z is smaller than e. In fact, if this 
condition is satisfied, it follows from our definitions of the lower and 
upper integrals that the difference between these is smaller than €, 
and since e is arbitrary, the two integrals must be equal. Conversely, 
if it is known that g(x) is integrable, it immediately follows that 
there must be one lower sum z and one upper sum Z”, such that 
Z'"—z <e. The division superposed on both the corresponding divi- 
sions in the manner considered above will then give a lower sum Zo 
and an upper sum Z, such that Z)— £o < € 
It will be seen that all this is perfectly analogous to the ordinary text- 
book definition of the Riemann integral. In that case, the set S is an 
interval which is divided into a finite number of sub-intervals S,, and 
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the Darboux sums z and Z are then formed according to (5.1.1), where 
now L(S,) denotes the length of the v:th sub-interval S,. The only 
difference is that, in the present case, we consider a more general 
class of sets than intervals, since S and the parts S, may be any 
Borel sets. At the same time, we have replaced the length of the 
interval S, by its natural generalization, the measure of the set Sy. 

In the particular case when S is a finite interval (a, b), any division 
of (a, b) in sub-intervals considered in the course of the definition of 
the Riemann integral is a special case of the divisions in Borel sets 
occurring in the definition of the Lebesgue integral. In the latter case, 
however, we consider also divisions of the interval (a, b) in parts which 
are Borel sets other than intervals. These more general divisions may 
possibly increase the value of the upper bound of the z-set, and re- 
duce the value of the lower bound of the Z-set. Thus we see that 
the lower and upper integrals defined by (5.1.2) are situated between 
the corresponding Riemann integrals. If g(x) is integrable in the Rie- 
mann sense, the latter are equal, and thus a fortiori the two integrals 
(5.1.2) are equal, so that g(x) is also integrable in the Lebesgue sense, 
with the same value of the integral. When we are concerned with func- 
tions integrable in the Riemann sense, and with integrals over an interval, 
it ts thus not necessary to distinguish between the two kinds of integrals. 


The definition of the Lebesgue integral is, of course, somewhat more complicated 
than the definition of the Riemann integral. The introduction of this complication is 
justified by the fact that the properties of the Lebesgue integral are simpler than 
those of the Riemann integral. — In order to show by an example that the Lebesgue 
integral exists for a more general class of functions than the Riemann integral, we 
consider a function g(a) equal to 0 when z is irrational, and to 1 when 2 is rational. 
In every non-degenerate interval this function has the lower bound 0 and the upper 
bound 1. The lower and upper Darboux sums oceurring in the definition of the Rie- 
mann integral of g(x) over the interval (0, 1) are thus, for any division in sub- 
intervals, equal to 0 and 1 respectively, so that the Riemann integral does not exist. 
If, on the other hand, we divide the interval (0, 1) into the two parts S; and Sr, 
containing respectively the irrational and the rational numbers of the interval, g (x) 
is equal to 0 everywhere in S;, and to 1 everywhere in Sr. Further, S; has the 
measure 1, and Sr the measure 0, so that both Darboux sums (5.1.1) corresponding to 
this division are equal to 0. Then the lower and upper integrals (5.1.2) are both 
equal to 0, and thus the Lebesgue integral of g (x) over (0, 1) exists and has the value 0. 


The Lebesgue integral over an interval (a, b) is usually written in 
the same notation as a Riemann integral: 


f 29 da. 
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We shall see below (cf 5.8) that this integral has the same value 
whether we consider (a,b) as closed, open, or half-open. — In the 
partieular ease when g(x) is continuous for a S x € b, the integral 


G(x) =f gat 


exists as a Riemann integral, and thus a fortiori as a Lebesgue inte- 
gral, and we have 

(5.1.4) G' (x) = g (2) 

for all a in (a, b). 


5.2. B-measurable functions. — A function g(x) defined for all x 
in a set S is said to be measurable in the Borel sense or B-measurable 
in the set S if the subset of all points 2 in S such that g(x) Sk is 
a Borel set for every real value of k. We shall prove the following 
important theorem: 

If g(x) is bounded and B-measurable in a set S of finite measure, 
then g(x) is integrable over S. 

Suppose that we have m < g(x) € M for all x belonging to S. Let 
e>0 be given, and divide the interval (m, M) in sub-intervals by 
means of points y, such that 


m= «ns < Yn- < m= M, 
the length of each sub-interval being < e. Obviously this can always 


be done by taking » sufficiently large. Now let S, denote the set of 
all points æ belonging to S such that 


yii < g (£) S y» (r—1,2,... n) 


Then S= S, t Sn, and $,8,—0 for u zy. Further, S, is the 
differenee between the two Borel sets defined by the inequalities 
g(x) € y, and g(x) S ys- respectively, so that S, is a Borel set. The 
difference M, — m, between the upper and lower bounds of g (x) in S, 
is at most equal to y» — y»-1 < & Hence we obtain for the Darboux 
sums corresponding to this division of S 

n n 

Z—z- St, —m)L(S) <e DL (S,) =e L(S). 

1 1 
But e is arbitrarily small, and thus by the preceding paragraph g(x) 
is integrable over S. 
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The importance of the theorem thus proved follows from the fact that 
all functions occurring in ordinary applications of mathematical analysis 
are B-measurable. — Accordingly, we shall in the sequel only consider 
B-measurable functions. As in the case of the Borel sets, this will 
gener ally not be explicitly mentioned, and should then always be tacitly 
understood. 


We shall here only indicate the main lines of the proof of the above statement, 
referring for further detail to special treatises, e.g. de la Vallée Poussin (Ref. 40). 
We first consider the case when the set S is a finite or infinite interval (a, b), and 
write simply »B-measurable» instead of »B-measurable in (a, b». If g, and gs are 
B-measurable functions, the sum g, + gs, the difference gı — gs and the product g; g2 
are also B-measurable. We shall give the proof for the case of the sum, the other 
cases being proved in a similar way. Let k be given, and let U denote the set of 
all a in (a,b) such that g, + ga S k, while U} and Uy denote the sets defined by the 
inequalities gı S r and ga € k — r respectively. Then by hypothesis U, and U; are 
«Borel sets for any values of k and r, and it will be verified without difficulty that 
we have U — Ic; U7) where r runs through the enumerable sequence of all 
positive and negative rational numbers. Hence by 2.3 it follows that U is a Borel 
set for any value of k, and thus g; + ga is B-measurable. — The extension to the 
sum or product of a finite number of B-measurable functions is immediate. 

Consider now an infinite sum g = g, + ga --:: of B-measurable functions, as- 
sumed to be convergent for any x in (a,b). Let £1, &2,... be a decreasing sequence 
of positive numbers tending to zero, and let Qmn denote the set of all x in (a, b) 
such that g, +--: +gm 5 k + én. Then Qmn is a Borel set, and if we put 


Rmn = Qmn Qn415n.., Un=Rin+ Ban b, U=U,U2... 


some reflection will show that U is the set of all x in (a, b) such that g(x) < k. 
Since only sums and products of Borel sets have been used, U is a Borel set, and 
g(x) is B-measurable. — Further, if g is the limit of a convergent sequence gy, Js, - - - 
of B-measurable functions, we may write g = gi + (gs — 91) + (gs — 93) t: , and 
thus g is B-measurable. 

Now it is evident that the function g(x) = cx" is B-measurable for any constant 
c and any non-negative integer n. It follows that any polynomial is B-measurable. 
Any continuous function is the limit of a convergent sequence of polynomials, and is 
thus B-measurable. Similarly all functions obtained by limit processes from continuous 
functions are B-measurable. 

.By arguments of this type, our statement is proved for the case when S is an 
interval. If g(a) is B-measurable in (a,b), and S is any Borel set in (a, b), the func- 
tion e(x) equal to 1 in S, and to 0 in S*, is evidently B-measurable in (a, b). Then 
the product e(x)g(x) is B-measurable in (a, b), and this implies that g(x) is B-measur- 
able in S. — If, in particular, S is the set of all x in (a,b) such that g(x) = 0, we 
have [g(a)|=g(@)—2e(x)g(@). Thus the modulus of a B-measurable function is 
itself B-measurable. 


When we are dealing with B-measurable functions, all the ordinary 
analytical operations and limit processes will thus lead to B-measur- 
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able functions. By the theorem proved above, any bounded function 
obtained in this way will be integrable in the Lebesgue sense over 
any set of finite measure. For the Riemann integral, the corresponding 
statement is not true,') and this is one of the properties that renders 
the Lebesgue integral simpler than the Riemann integral. f 

We shall finally add a remark that will be used later (cf 14.5). 
Let g(x) be B-measurable in a set S. The equation y= g(x) defines 
a correspondence between the variables x and y. Denote by Y a given 
set on the y-axis, and by X the set of all v in 5 such that 
y=g(z)< Y. We shall then say that the set X corresponds to Y. 
It is obvious that, if Y is the sum, product or difference of certain 
sets Y, Y,... then X is the sum, product or difference of the cor- 
responding sets X; X,,... Further, when Y is a closed infinite inter- 
val (— o,X), we know that X is a Borel set. Now any Borel set 
may be formed from such intervals by addition, multiplication and 
subtraction. Zt follows that the set X corresponding to any Borel set Y 
is a Borel set. 


5.3. Properties of the integral. — In this paragraph we consider 
only bounded functions and sets of finite measure. — The following 
propositions (5.3.1)—(5.3.4) are perfectly analogous to the corresponding 
propositions for the Riemann integral and are proved in the same 
way as these, using the definitions given in 5.1: 


(6.3.1) f (9, @) + ga 2) dx = T g; (x) da + Í gs (x) da, 
(5.3.2) feg)dx=ef ado, 

(5.3.3) mL(S)< Í g(z)dx <= ML(S), 

(5.8.4) MEL - [odas + [o dz, 


1) Even if the limit g(x) of a sequence of functions integrable in the Riemann 
sense is bounded in an interval (a, b), we cannot assert that the Riemann integral of 
g(x) over (a,b) exists. Consider, e. g., the sequence gj Ja, .. » Where gy is equal to 
1 for all rational numbers x with a denominator — n, and otherwise equal to 0. 
Obviously ga is integrable in the Riemann sense over (0,1) but the limit of gn when 
n— œ is the function g(x) equal to 1 or 0 according as x is rational or irrational, 
and we have seen in the preceding paragraph that the Riemann integral of this 
funetion over (0,1) does not exist. 
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where c is a constant, m and M denote the lower and upper bounds 
of g(x) in S, while S, and S, are two sets without common points. 
(5.3.1) and (5.3.4) are immediately extended to an arbitrary finite 


number of terms. — If we consider the non-negative functions 
1g (x)| + g(x), it follows from (5.3.3) that we have 
(5.3.5) |fg(@)aa|<flg@)|dz. 

S s 


In the particular case when g(x) is identically equal to 1, (5.3.8) gives 


[4«— L(9) 


* 
It further follows from (5.3.3) that the integral of any bounded g(z) 
. over a set of measure zero is always equal to zero. By means of (5.3.4) 
we then infer that, if g,(x) and g,(x) are equal for all x in a set S, 
except for certain values of æ forming a subset of measure zero, then 


[nde fods. 


Thus if the values of the function to be integrated are arbitrarily 
changed on a subset of measure zero, this has no influence on the 
value of the integral. We may even allow the E to be com- 
pletely undetermined on a subset of measure zéro. We also see 
that, if two sets S, and S, differ by a set of measure zero, the inte- 
grals of any bounded g(x) over S, and S, are equal. Hence follows 
in particular the truth of a statement made in 5.1, that the value of 
an integral over an interval is the same whether the interval is closed, 
open or half-open. 

It follows from the above that in the theory of the Lebesgue 
integral we may often neglect a set of measure zero. If a certain 
condition is satisfied for all x belonging to some set S under con- 
sideration, with the exception at most of certain values of x forming 
a subset of measure zero, we shall say that the condition is satisfied 
almost everywhere in S or for almost all values of x belonging to S. 

We shall now prove an important theorem due to Lebesgue con- 
cerning the integral of the limit of a convergent sequence of func- 
tions. We shall say that a sequence g,(x), gs(x),... is uniformly 
bounded in the set S, if there is a constant K such that |g.(x)| < K 
for all » and for all x in S. 
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If the sequence {g,(x)} is uniformly bounded in S, and if lim g,(x)=g (x) 


exists almost everywhere in S, we have 
(5.3.6) lim fg, (z)dz = f g(z)d z. 
E 8 


If lim g, (x) does not exist for all z in S, we complete the defini- 
tion of g(x) by putting g(x)— 0 for all x such that the limit does 
not exist. We then have |g(z)]| S K for all z in S, and it follows 
from the preceding paragraph that g(x) is B-measurable in S and is 
thus integrable over S. Let now &- be given, and consider the set 
S, of all x in S such that |g,(x) — g(x)| Se for v —»," * 1... 
Then S, is a Borel set, the sequence Sı, S,,..# is never decreasing, 
and the limiting set lim S; (cf 1.5) contains every z in S such that 
lim g,(x) exists. Thus by hypothesis lim S, has the same measure as 
S, and we have by (4.7.1) 


lim L(S,) = L (lim S,) = L (S). 


We can thus choose n such that L(S,)>L(S)—e, or L(S — Sa) < 8, 
and then obtain for all v =n 


floe- gtildu — f + f<e(L(s) + 2K). 


n S-Sp 
Since ¢ is arbitrary, and since 


|f 9 (c) dx — f glæde] < flo) — 06142. 
5 s Ss 


this proves our theorem. 
The theorem (5.3.6) can be stated in another form as a theorem 


on term-by-term integration of a series: 


If the series DA Fr (a) converges almost everywhere in S, and if the 
1 
partial sums 23 f(x) are uniformly bounded in 8, then 
1 
(5.3.1) f ( P» 3 f han 
cine, a ‘ 18 
Under this form, the theorem appears as a generalization of (5.3.1) 


to an infinite number of terms. We shall now show that a corres- 
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ponding generalization of (5.3.4) may be deduced as a corollary from 
(5.3.7). 
If $— S, + S +, where S,8, =0 for u ze v, then 


(5.3.8) [92 - X [sa 


Ei 18, 


Let e,(x) denote a function equal to 1 for all x in S, and other- 
wise equal to zero. For any c belonging to S, we then have 


gi) = Sie (oto) 


and it is obvious that the partial sums of this series are uniformly 
bounded in S. Then (5.3.7) gives 


[1927 2 [etoleae— X f sas 


In the particular case g(x)— 1, (5.3.8) reduces to the additivity 
relation (4.5.2) for Lebesgue measure. 


5.4. The integral of an unbounded function over a set of finite 
measure. — In 5.1 and 5.2 we have seen that the Lebesgue integral 


[9(e)de 


has a definite meaning under the two assumptions that 1) g(x) is 
bounded in S, and 2) S is of finite measure. We shall now try to 
remove these restrictions. In this paragraph, we consider the case 
when S is still of finite measure, but g(x) is not necessarily bounded 
in S. 
Let a and b be any numbers such that a — b, and put 
a if g(x) <a, 
g,w(z)—19g(0) > ag(x)Sb, 
b >  g(z)- b. 


Obviously ga,b(x) is bounded and B-measurable in S, and thus inte- 
grable over S. If the limit 
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(5.4.1) lim f gu, Gr) d — f g (x) doc 


s 


exists and has a finite value, we shall say that g(x) is integrable over 
S. This limit is then, by definition, the Lebesgue integral of g(x) 
over S. 

It follows directly from the definition that any function is inte- 
erable over a set of measure zero, and that the value of the integral 
is zero, as in the case of a bounded function. 

In the definition (5.4.1), we may assume a < 0, b > 0, and then have 


Ja, d (£) = 9a, d = Ja, 0 + go, d 
|o (æ) la, = |g la, o =— g-2,0 + Go, v. 


For fixed 2, ga,o(x) and go,o(x) are never decreasing functions of a 
and b respectively. It follows that both g(x) and | g (x) | are integrable 
if, and only if, the limits 
(5.4.2) lim J Ga, 0(x) dx and lim HOLT 

a-—90 V b+ +o" 
are both finite. Hence the integrability of g(x) is equivalent with the 
integrability of |g(z)| It further follows that, if g(x) is integrable 
over S, it is also integrable over any subset of S. 

If, for all æ in S, we have |g(z)| G (x), where G (x) is integrable 
over S, we have |gla b € Ga,» so that |g(z)| and thus also g(x) are 
integrable over S. 

We now immediately find that the properties (5.3.2)—(5.3.5) of the 
integral hold true for any integrable g(x). With respect to (5.3.3) it 
should, of course, be observed that one of the bounds m and M, or 
both, may be infinite. 

We proceed to the generalization of (5.3.1), which is a little more 
difficult. Suppose that f(x) and g(x) are both integrable over S. From 


[f+ glo=0. I+ glo S lfl» + lg lo,» 


it follows that f(z) + g(x) is also integrable. We have to show that 
the property (5.3.1) holds in the present case, i.e. that 


(5.4.8) [i042 (fdz * fode. 
* ^5 hi s 
Suppose in the first place that f and g are both non-negative in S. 
Then 
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(f+ g)a,o = fa, o = ga, o = 0, 
(f+ gov S foo + go» S (F + go, 22, 
and hence i 


fire gusdz s f fonda + [garde f (f+ 0)o, 25 d a. 
S bi S 5 


Allowing a and b to tend to their respective limits, we obtain (5.4.3). 
— Now S may be divided into at most six subsets, no two of which 
have a common point, such that in each subset none of the three 
functions f, g and f+ changes its sign. For each subset, (5.4.3) is 
proved by the above argument. Adding the results and using (5.3.4} 
we obtain (5.4.3) for the general case. 

We have thus shown that all the properties (5.3.1)—(5.3.5) of the 
integral hold true in the present case. In order to generalize also 
the properties expressed by the relations (5.3.6)—(5.3.8), we shall first 
prove the following lemma: 

If g(x) is integrable over Sy, and if & >O is given, we can always 
Jind à — 0 such that 


(5.4.4) |f 0(342| <e 


for every subset S < S, which satisfies the condition L(S) < ò. 

Since we have seen that (5.3.5) holds in the present case, it is 
sufficient to prove the lemma for a non-negative function g(x). In 
that case 


qne lim fo sda, 
and thus we can find b such that 


05 f(g— yi)de< 4e. 


Since the integrand is non-negative, it follows by means of (5.3.4) 
and (5.3.3) that we have for any subset S < S, 


fg—9g,r)da< is 
or , 


Jodx<foo.dx+ Ze SbL(S)+ he. 
5 hi 


Choosing ò= 2 the truth of the lemma follows immediately. 


44 


5.4—5 
A consequence of the lemma is that, if g(x) is integrable over an 
z 
interval (a, b), the integral f g(t)dt is a continuous function of x for 


a<2<b. 
We can now proceed to the generalization of (5.3.6). Assuming 
that lim g, (a) = g (x) almost everywhere in S, we shall show that the 
vr DD 


relation 
(5.4.5) lim f 9» (a) dz — f g(x)dx 
Nar s 


holds if the sequence {g,(x)} is uniformly dominated by am integrable 
function, i.e. if |g,(x)| < G (x) for all » and for all x in S, where G(x) 
is integrable over S. — In the particular case G (x) = const., this re- 
duces to (5.3.6). 

The proof is quite similar to the proof of (5.3.6). We first observe 
that it follows from the hypothesis that |g (x)| S G (x) almost every- 
where in S; thus g,(z) and g(x) are integrable over S. Given e> 0, 
we then denote by S, the set of all x in S such that |g, («)— g(x)|Se 
for all»=n. Then S,, S,,... is a never decreasing sequence, and 
L(S,) > L(S) Using lemma (5.4.4), we now determine à such that 


f G(x)da < e for every S' < S with L(S’) < à, and then choose n such 


s 
that L(S,)- L(S)— ò, and consequently L(S— Sn) < ô. We then ob- 
tain for all » =n 


flo. alae =f + f 


n S-Sy 


« eL(S) 2 f Go) dz < «[L(S) +2, 


BB, 


and thus (5.4.5) is proved. — The corresponding generalization of 
(5.3.7) and (5.3.8) is immediate. 


5.5. The integral over a set of infinite measure. — We shall now 
remove also the second restriction mentioned at the beginning of 5.4, 
and consider Lebesgue integrals over sets of infinite measure. Let S 
be a Borel set of infinite measure, and denote by Sab the product 
(common part) of S with the closed interval (a, b), where a and b are 
finite. Then Sz,» is, of course, of finite measure. : 

If g(x) is integrable over Sa,» for all a and b, and if the limit 
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lim Jlo@lde=flo@)|ae 


exists and has a finite value, we shall say that g(x) is integrable 
over S.) It is easily seen that in this case the limit 
(5.5.1) lim fo(e)dx= f g(x) dx 

bode Pub S 
also exists and has a finite value, and we shall accordingly say that 
the Lebesgue integral of g(x) over the set S is convergent!). The limit 
(5.5.1) is then, by definition, the value of this integral. — If g(x) is 
integrable over ©, it is also integrable over any subset of S. 

If |g(z)| < G(x) for all x in S, where G(x) is integrable over S, 
it is easily seen that g(x) is integrable over S. Since |g, + g| S 
SJ/9:|+|g.|, it follows that the sum of two integrable functions is 
itself integrable. 

It follows directly from the definition that the properties (5.3.1), 
(5.3.2) and (5.3.4) hold true in the case of functions integrable over a 
set of infinite measure. Instead of (5.3.3) we obtain here only the 
inequality 

g(r)dz z 0 if g(z)=O0 forallzin S. 
S 
This is, however, sufficient for the deduction of (5.3.5) for any inte- 
grable g(x). 

We now proceed to the generalization of (5.4.5), which is itself a 
generalization of (5.3.6). If lim g,(x)= g(x) almost everywhere in S, 
and if |g,|< G, where G is integrable over S, it follows as in the 
preceding paragraph that |g] < G almost everywhere in S. Conse- 
quently g(x) is integrable over S, and we can choose a and b such 
that for all » 

f 19. —g|dz «2 f G(o)dz — 4s. 
S-Sa,b S—Sa,b 
Now Sa,» is of finite measure, and it then follows from the proof of 
(5.4.5) that we can choose n such that for all » = n 


flg— glas <4e. 
Sa, b 


1) Strictly speaking, we ought to say that g(x) is absolutely integrable over S, 
and that the integral of g(x) over S is absolutely convergent. As we shall only in 
exceptional cases use non-absolutely convergent integrals we may, however, without 
inconvenience use the simpier terminology adopted in the text. 
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5.5—6 
We then have for » Z n 


[lo — olde f+ ]'sie 


Sa,b S—5a,b 


Since e is arbitrary, we have thus proved the following theorem, which 
contains (5.3.6) and (5.4.5) as particular cases: 
If lim gy(x) = g(x) exists almost everywhere in the set S of finite or 


infinite measure, and if |g»(x)|< G(x) for all v and for all x in 8, 
where G(x) is integrable over S, then g(x) is integrable over S, and 
(5.5.2) lim fg, (x) dz = fate gle 
me 

The theorem (5.5.2) may, of course, also be stated as a theorem on 
term-by-term integration of series analogous to (5.3.7). — Finally, the 
argument used for the proof of (5.3.8) evidently applies in the present 
‘case and leads to the following generalized form of that theorem: 
If g(x) is integrable over S, and if S= S, + Ss ++, where 8,8, —0 
for u ze v, then 


(5.5.3) j g(x) dx = 5 J g(x) dx. 


5.6. The Lebesgue integral as an additive set function. — Let us 
consider a fixed non-negative function f(x), integrable over any finite 
interval, and put for any Borel set S 


[f f(a)da, if f(x) is integrable over S, 
(5.61) P(s)=48 
+ 0 otherwise. 


Then P(S) is a non-negative function of the set 5, uniquely defined 


for all Borel sets S. Let now S= S, + Ss +`, where S, S, =0 for 
uy. It then follows from (5.5.3) that the additivity relation 


P(S) = P(S) + P(S) + 
holds as soon as P(S) is finite. The same relation holds, however, 
even if P(S) is infinite. For if this were not true, it would be pos- 


sible to choose the sets S and S,, S,,... such that P(S) — +, while 
the sum P(S,) + P(Sj--::: would be finite. This would, however, 


imply the relation 
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(6.2.2) P(S, + S, +) S P(S) + P(S) +>. 
For a non-decreasing sequence S,, S,,..., we have (cf 4.7.1) 
(6.2.3) lim P(S,) = P (lim S,). 


For a nominereasing sequence, the same relation holds provided that 
P(S,) is finite, 

When a set 8 consists of all points Ẹ that satisfy a certain rela- 
tion, we shall often denote the value P(S) simply by replacing the 
sign S within the brackets by the relation in question. Thus e.g. if 
B is the closed interval (a, b), we shall write 


P(S)= Plastsd). 
` When S is the set consisting of the single point £ = a, we shall write 
P(S) = P(E = a), 


and similarly in other cases. 

We have called P(S) a set function, since the argument of this 
function is a set. For an ordinary function Z'(z,,..., 2) of one or 
more variables, the argument may be considered as a point with the 
coordinates x,,..., 2%, and we shall accordingly often refer to such a 
function as a point function. — When a set function P(S) and a con: 
Mant k are given, we define a corresponding point function F(x; k) 
by putting 

| P(kcizz) fo rk, 
(6.2.4) Fiz; k=) 0 > gmk, 
ET > z«k. 


Whatever thè value of the constant parameter k, we then find for any 
finite interval (a, b) 


Fib; k) — F(a; b)  Pía < E 9) 20, 


which shows that F(x; À) is a nondecreasing fonction of x. If in the 
last relation we allow a to tend to —%, or b to tend to +x, or 
both, it follows from (6.2.3) that the same relation holds also for in- 
finite intervals. — In the particular case when P(S) is the Lebesgue 
measure L(S), we have F(x; jj =z — +, 

The functions F(x; $) corresponding to two different values of the 
parae k differ by a quantity independent of x. In fact, if LE 
we n 


F(z; ki) ^ Fle; b) = Pih < ES h). 
Thus if we choose an arbitrary value &, of k and denote the corres- 
ponding function F(z; &) simply by F(x), any other F(x; &) will be 
of the form F(x) + const. 
We may thus say that to any set function P(S) satisfying the condi- 
tions A)—C), there corresponds a non-decrearing point function P(x) such 
that for any finite or infinite interval (a, b) we have 


(6.2.5) F(b)— Fla)  Pía - £s 9. 


Fla + 0) = lim F(z), Fla—0) = Mim PG) 


i 
exist for all values of a, and F(a—0) S F(a +0), According to 
(6.2.5) we have for za 


F(a) — Fla) = Pla c £s 2). 


Consider this relation for a decreasing sequence of values of x tending 
to the fixed value a. The corresponding half-open intervals a < [S x 
form a decreasing sequence of sets, the limiting set of whieh js empty. 
Thus by (6.2.3) we have F(z) — Fla) + 0, i e. 


F(a + 0) = F(a). 
On the other hand, for z < a 
Fla) — Fix) = Pie < § Se), 


and a similar argument shows that 
Fa — 0) = Fla) — Pt a) 5 F (a). 


Thus the function F(x) is always continwms to the right. For every 
value of x meh that P(E = x) > 0, F(x) has a discontinuity with the 
saltus P(E = 2). For every value of x rach that P(E = 2) = 0, Fiz) ù 
conlinuont. 

Any z such that P(S) takes a positive value for the 
sisting of the single point x, is thus a discontinuity point 


6.2 


These points are called discontinuity points also for the set function 
P(S), and any continuity point of F(x) is also called a continuity 
point of P(S). 
The discontinuity points of P(S) and F(x) form at most an enumer- 
able set. — Consider, in fact, the discontinuity points x belonging to 
1 
the interval i, defined by » — x X »-- 1, and such that P(§= z) > zi 
Let S, be a set consisting of any » of these points, say 2,,..., £y. 
Since S, is a subset of the interval în, we then obtain 


Plin) = P(S,) = P(§= 2) + «+ P(E=ay) > - 


or »«cP(i) Thus there can at most be a finite number of points 
x, and if we allow c to assume the values c — 1, 2, .. ., we find 
that the discontinuity points in 7, form at most an enumerable set. 
Summing over » — 0, + 1, t 2..., we obtain (cf 1.4) the proposition 
stated. 

Let now 2,,2,... be all discontinuity points of P (S) and F(z), 
let X denote the set of all the points rz, and put P(b—7,)— ps. 
For any set S, the product set S X consists of all the points x, be- 
longing to S, while the set S — S X= S X* contains all the remaining 
points of S. We now define two new set functions P, and P, by writing 


(6.2.6) P,(8)= = J p, P, (8) = P(SX*). 


žy cS 


It is then immediately seen that P, and P, both satisfy our conditions 
A)—C). Further, we have S= S X + S X*, and hence 


(6.2.7) P(S) = P, (S) + P,(S). 


It follows from (6.2.6) that P,(S) is the sum of the saltuses p, for 
all discontinuities x, belonging to S. Thus P,(S)=0 for a set S 
which does not contain any z,. On the other hand, (6.2.6) shows that 
P,(S) is everywhere continuous, since all points belonging to X* are 
continuity points of P(S). Thus (6.2.7) gives a decomposition of the 
non-negative and additive set function P(S) in a discontinuous part 
P,(S) and a continuous part P,(S). 

If F, F, and F, are the non-decreasing point functions corres- 
ponding to P, P, and P, and if we choose the same value of the 
additive constant k in all three cases, we obtain from (6.2.4) and (6.2.7) 
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6.2-3 
(6.2.8) F(a) = F, (e) + Fy (e). 


Here, F, is everywhere continuous, while F, is a »step-function>, 
which is constant over every interval free from the points z,, but has 
a »step» of the height p, in every zy. — It is easily seen that any 
non-decreasing function F(x) may be represented in the form (6.2.8), 
as the sum of a step-function and an everywhere continuous function, 
both non-decreasing and uniquely determined. 


6.3. Construction of a set function. — We shall now prove the: 
following converse of theorem (6.2.5): 1 

To any non-decreasing point function F(z), that is finite for all finite 
x and is always continuous to the right, there corresponds a set function 
P(S), uniquely determined for all Borel sets S and satisfying the con- 
ditions A)—C) of 6.2, in such a way that the relation 


F(t) — F(a) =P(a<§ Sd) 


holds for any finite or infinite interval (a,b). — It is then evident that 
two functions F,(a) and F,(x) yield the same P(S) if and only if the 
difference F, — F, is constant. 

Comparing this with theorem (6.2.5) we find that, if two functions 
F, and F, differing by a constant are counted as identical, there is 
a one-to-one correspondence between the set functions P(S) and the 
non-decreasing point functions F(a). 

In the first place, the non-decreasing point function F(x) deter- 
mines a non-negative interval function P(i), which mpy be -defined as 
the increase of F(x) over the interval i. For’ any half-open interval 
defined by a < x Sb, P (i) assumes the value P(a < z Sb) — F(b)—F (a). 
For the three other types of intervals with the same end-points a and 
b we determine the value of P(i) by a simple limit process and thus 
obtain 
P(a £ x £ b) = F(b) — F(a — 0), 

P(a < z< b)= F(b — 0)— F(a), 
P(a < z < b) = F (b) — F (a), 
P(a £x < b)= F(b — 0) — F (a — 0), 


(6.3.1) 


so that P(i) is completely determined for any interval t. 

The theorem to be proved asserts that it is possible to find à non- 
negative and additive set function, defined for all Borel sets S, and 
equal to P(i) in the particular case when S is an interval t. 
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This is, however, a straightforward generalization of the problem 
treated in Ch. 4. In that chapter, we have been concerned with the 
particular case F (x)= x, and with the corresponding interval function: 
the length L(7) of an interval 7. The whole theory of Lebesgue 
measure as developed in Ch. 4 consists in the construction of a non- 
negative and additive set function, defined for all Borel sets S and 
equal to L(/) in the particular case when S is an interval 7. It is 
now required to perform the analogous construction in the case when 
the length or » L-measure» of an interval, L (i) = b — a, has been replaced 
by the more general »P-measure» P(i) defined by (6.3.1). 

Now this may be done by exactly the same method as we have 
applied to the particular case treated in Ch. 4. With two minor ex- 
ceptions to be discussed below, every word and every formula of Ch. 
4 will hold good, if 1) the words measure and measurable are throughout 
replaced by P-measure and P-measurable, 2) the length L(’)=b—a 
of an interval is replaced by the P-measure P(?), and 3) the signs L 
and € are everywhere replaced by P and $. In this way, strictly following 
the model set out in 4.1—4.5, we establish the existence of a non-negative 
and additive set function P(S), uniquely defined for a certain class B of 
sets that are called P-measurable, and equal to P(z) when S is an inter- 
val i. Further, it is shown exactly as in 4.6 that the class $ of all P- 
measurable sets is an additive class and thus contains all Borel sets. 
Finally, we prove in the same way as in 4.7 that P(S) is the only 
non-negative and additive set function defined for all Borel sets, 
which reduces to the interval function P(i) when S is an interval. 

In this way, our theorem is proved. Moreover, the proof explains 
why it will be advantageous to restrict ourselves throughout to the 
consideration of Borel sets. We find, in fact, that although the class 
of all P-measurable sets may depend on the particular function F(x) 
which forms our starting point, it always contains the whole class 23, 
of Borel sets. Thus any Borel set is always P-measurable, and the 
set function P(S) corresponding to any given F(a) can always be 
defined for all Borel sets. 

It now only remains to consider the two exceptional points in 
Ch. 4 referred to above. The first point is very simple, and is not 
directly concerned with the proof of the above theorem. In 4.8 we 
have proved that the Lebesgue measure of an enumerable set is always 
equal to zero. This follows from the fact that an enumerable set may 
be considered as the sum of a sequence of degenerate intervals, each 
of which has the length zero. The corresponding proposition for P- 
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measure is obviously false, as soon as the function F(x) has at least 
one discontinuity point. A degenerate interval consisting of the single 
point a may then well have a positive P-measure, since the first rela- 
tion (6.3.1) gives 

P(x =a) = F(a) — F(a — 0). 


As soon as an enumerable set contains at least one discontinuity point 
of F(x), it has thus a positive P-measure. 

The second exceptional point arises in connection with the gener- 
alization of paragraph 4.1, where we have proved that the length is 
an additive interval function. In order to prove the same proposition 
for P-measure, we have to show that 


(6.3.2) P(t) = P (i) + Phi) +: 


where ¿ and 7%, %,... are intervals such that i = it is +- and 
iuty — 0 for uA». 

For a continuous F(x), this is shown by Borel's lemma exactly in 
the same way as in the case of the corresponding relation (4.1.1), re- 
placing throughout length by P-measure. Let us, however, note that 
in the course of the proof of (4.1.1) we have considered certain inter- 
vals, e.g. the interval (a — €, a + e) which is chosen so as to make 
its length equal to 2e. When generalizing this proof to P-measure, 
we should replace this interval by (a—h, a + h), choosing h such 
that the P-measure F(a + h) — F (a — h) becomes equal to 2e. 

On the other hand, if F(z) is a step-function possessing in ? the 
discontinuity points 2j, ay, ... with the respective steps pi, ps, . . , We 
have 


P()-— X» Plin) = 2 Pr- 


Zy Sin 


Since no two of the 7, have a common point, every v» belongs to 
exactly one îm and it then follows from the properties of convergent, 
double series that (6.3.2) is satisfied. ' 

Finaly, by the remark made in connection with (6.2.8) any F(x) 
is the sum of a step-function F, and a continuous component Z^, both 
non-decreasing. For both these functions, (6.3.2) holds, and thus the 
same relation also holds for their sum J’ (x). — We have thus dealt 
with the two exceptional points arising in the course of the general- 
ization of Ch. 4 to an arbitrary P-measure, and the proof of our 
theorem is hereby completed. 
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6.4. P-measure. — A set function P(S) satisfying the conditions 
4)— 0) of 6.2 defines a P-measurc of the set S, which constitutes a 
generalization of the Lebesgue measure L(S) Like the latter, the 
P-measure is non-negative and additive. 

By the preceding paragraph, the P-measure is uniquely determined 
for any Borel set S, if the corresponding non-decreasing point func- 
tion F(x) is known. Since, by 6.2, F(x) is always continuous to the 
right, it is sufficient to know F(x) in all its points of continuity. 

If, for a set S, we have P(S)=0, we shall say that S is a set of 
P-measure zero. By (6.2.1), any subset of S is then also of P-measure 
zero. The sum of a sequence of sets of P-measure zero is, by (6.2.2), 
itself of P-measure zero. If F(a)= F(b), the half-open interval 
a «x €bisof P-measure zero. 

When a certain condition is satisfied for all points belonging to 
some set S under consideration, except possibly certain points forming 
a subset of P-measure zero, we shall say (cf 5.3) that the condition 
is satisfied almost everywhere (P) or for almost all (P) points in the 
set S. 


6.5. Bounded set functions. — For any Borel set S we have by 
(6.2.1) P(S)z P(R,. If P(R,) is finite, we shall say that the set 
function P(S) is bounded. When P(S) is bounded, we shall always fix 
the additive constant in the corresponding non-decreasing point func- 
tion F(x) by taking & — — © in (6.2.4), so that we have for all values 
of x 


(6.5.1) F(z)— P(§ S zx). ^ 
When x tends to — © in this relation, the set of all points =a 
tends to a limit (cf 1.5), which is the empty set. Thus by (6.2.3) we 
have F(— ©)=0. On the other hand, when x > +œ, the set § S x 
tends to the whole space R,, and (6.2.3) now gives F(+ ») — P(R,). 
Since F(x) is non-decreasing, we thus have for all x 


(6.5.2) 0 < F(z) < P(R)). 


6.6. Distributions. — Non-negative and additive set functions P(S) 
such that P(R,)=1 play a fundamental part in the applications to 
mathematical probability and statistics. A function P(S) belonging 
to this class is obviously bounded, and the corresponding non-decreasing 
point function F(x) is defined by (6.5.1), so that 
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; 6.6 
F (x)= P(Ẹ sz) 
(6.6.1) 0x F(z) x1, 


A pair of functions P(S) and F(x) of this type will often be con- 
eretely interpreted by means of a distribution of mass over the one- 
dimensional space R,. Let us imagine a unit of mass distributed over 
R, in such a way that for every x the quantity of mass allotted to 
the infinite interval E X x is equal to F(x). The construction of a set 
function P(S) by means of a given point function F(z), as explained 
in 6.3, may then be interpreted by saying that any Borel set S will 
carry a determined mass quantity P(S). The total quantity of mass 
on the whole line is P(R,) — 1. 

We are at liberty to define such a distribution either by the set 
function P(S) or by the corresponding point function F(z). Using 
& terminology adapted to the applications of these concepts that will 
be made in the sequel, we shall call P(S) the probability function of 
the distribution, while F(x) will be called the distribution function. 

Thus a distribution function is a non-decreasing point function 
F(x) which is everywhere continuous to the right and is such that 
F(—2»)=0 and F(4 ©)=1. Conversely, it follows from 6.3 that 
any given F(x) with these properties determines a unique distribution, 
having F(x) for its distribution function. 

If x) is a discontinuity point of F(a), with a saltus equal to po, 
the mass p, will be concentrated in the point zy, which is then called 
a discrete mass point of the distribution. On the other hand, if x 
is a continuity point, the quantity of mass situated in the interval 
(x —h, x +h) will tend to zero with h. 


The ratio Fe*hh Fen is the mean density of the mass be- 


longing to the interval z—h < ë S x + h. If the derivative F” (x) = f(x) 
exists, the mean density tends to f(x) as h tends to zero, and accord- 
ingly f(x) represents the density of mass at the point x. In the ap- 
plications to probability theory, f (x) will be called the probability 
density or the frequency function of the distribution, Any frequency 
function f(x) is non-negative and has the integral 1 over (— %, œ). 
From (6.2.7) and (6.2.8) it follows that any distribution may be 
decomposed into a discontinuous and a continuous part by writing 
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P(S) = c, P, (8) + cs P, (S), 


(6.6.2) F(x) = e, F, (£) + c Fy (2). 


Here c, and c, are non-negative constants such that c, + 6, = 1. P, and 
F, denote the probability function and distribution function of a dis- 
tribution, the total mass of which is concentrated in discrete mass 
points (thus F, is a step-function) P, and F2, on the other hand, 
correspond to a distribution without any discrete mass points (thus 
F, is everywhere continuous) The constants c, and c, as well as the 
functions P,, P,, F, and F, are uniquely determined by the given 
distribution. 

In the extreme case when c, = 1, c3 = 0, the distribution function 
F(x) is a step-function, and the whole mass of the distribution is con- 
centrated in the discontinuity points of F(x), each of which carries 
a mass quantity equal to the corresponding saltus. The opposite ex- 
treme is characterized by e, = 0, c, = 1, when (x) is everywhere con- 
tinuous, and there is no single point carrying a positive quantity of mass. 

In Ch. 15 we shall give a detailed treatment of the general theory 
of distributions in R,. In the subsequent Chs. 16—19, certain im- 
portant special distributions will be discussed and illustrated by figures. 
At the present stage, the reader may find it instructive to consult 
Figs 4—5 (p. 169), which correspond to the case c, = 1, c, = 0, and 
Figs 6—7 (p. 170—171), which correspond to the case c, — 0, c — 1. 


6.7. Sequences of distributions. — An interval (a, b) will be called 
a continuity interval for a given non-negative and additive set function 
P(S) and for the corresponding point function F (æ), when both ex- 
tremes') a and b are continuity points (cf 6.2) of P(S) and F(x). If 
two set functions agree for all intervals that are continuity intervals 
for both, it is easily seen that the corresponding point functions F (x) 
differ by a constant, so that the set functions are identical. 

Consider now a sequence of distributions, with the probability func- 
tions P,(S), P,(S),... and the distribution functions F; (x), Fy (x), .... 
We shall say that the sequence is convergent, if there is a non-negative 
and additive set function P(S) such that P,(S)- P(S) whenever 5 
is a continuity interval for P(S). 

Since we always have 0 < P,(S)<1, it follows that for a con- 
vergent sequence we have 0< P(S)=1 for any continuity interval 


1) Note that any inner point of the interval may be a discontinuity. The name 
of continuity-bordered interval, though longer, would perhaps be more adequate. 
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S=(a, b). When a>— and b > + co, it then follows from (6.2.3) 
that P(R,) <1. — The case when P(R,)=1 is of special interest. 
In this case P(S) is the probability function of a certain distribution, 
and we shall accordingly say that our sequence converges to a distribu. 
tion, viz. to the distribution corresponding to P(S). — Usually it is 
only this mode of convergence that is interesting in the applications, 
and we shall often want a criterion that will enable us to decide 
whether a given sequence of distributions converges to a distribution 
or not. The important problem of finding such a criterion will be 
solved later (cf 10.4); for the present we shall only give the following 
preliminary proposition: 

A sequence of distributions with the distribution functions F, (a), 
F(a), ... converges to a distribution when and only when there is a dis- 
tribution function F(x) such that Fn(v)— F(x) in every continuity point 
of F(a). — When such a function F(x) exists, F (x) is the distribution 
function corresponding to the limiting distribution of the sequence, and 
we shall briefly say that the sequence {Fn (x)} converges to the distribu- 
tion function F (a). 

We shall first show that the condition is necessary, and that the 
limit F(x) is the distribution function of the limiting distribution. 
Denoting as usual by P,(S) the probability function corresponding to 
I’, (x), we thus assume that P,(S) tends to a probability function P(5) 
whenever 5 is a continuity interval (a, b) for P(S). Denoting by F(x) 
the distribution function corresponding to P(S), we have to show that 
F,, (v) + F(a), where wc is an arbitrary continuity point of F(x). Since 
P(R,) = 1, we can choose a continuity interval S = (a, b) including z such 
that P(S) > 1—e, where e > 0 is arbitrarily small. Then 1 — & < Ps) = 
=F (b)— F(a) 1 — F (a), so that 0 S F(a) < e. Further, we have by hypo- 
thesis F, (5) — F (a) > F (b) — F (a) > 1—e, so that for all sufficiently large » 
we have £,(b) — F(a) >1— 2e, or OS Fs (a) < F.() -—1+2eS22. 
Since (a, x) is a continuity interval for P (5), we have by hypothesis £^, (x) — 
— F, (a) > F(x) — F (a). For all sufficiently large n we thus have | £s (2) — 
— F (x) — F,(a) + F(a)| «s, and hence according to the above 
| E',(a)— F(x) | <8e. Since & is arbitrary, it follows that J(x)— 

MSS if we assume that J’, (x) tends to a distribution function 
T(x) in every continuity point of F(x), and if we denote by P(S) the 
probability function corresponding to F(x), it immediately follows that 
Fb) — Fala) + F'(b) — Fla), i.e. that P,,(S) + P(S), whenever S is a 
half-open continuity interval a< v S b for P(S). Further, since F(x) 
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is never decreasing and continuous for r— a and x= b, it follows 
that F,(a—0)-» F(a) and F,(b—0) > F (b). Hence we obtain the same 
relation P,(S)- P(S) whether the continuity interval S = (a, b) is re- 
garded as closed, open or half-open. Thus the proposition is proved. 


In order to show by an example that a sequence of distributions may converge 
without converging to a distribution, we consider first the distribution which has the 
whole mass unit placed in the single point x = 0. Denoting the corresponding distri- 
bution function by &(x) we have 


pe fo for r <0, 
(6.7.1) POTN 


for x20. 


Then ¢(a—a) is the distribution function of a distribution which has the whole mass 
unit placed in the point z— a. Consider now the sequence of distributions defined 
by the distribution functions F,, (x)= e(—n), where n= 1, 2, .... Obviously this se- 
quence is convergent according to the above definition, since the mass contained in any finite 
interval tends to zero as n— œ. The limiting set function is, however, identically 
equal to zero, and is thus not a probability function. When n— ©, the mass in our 
distributions disappears, as it were, towards + ©. 

It might perhaps be asked why, in our convergence definition, we should not re- 
quire that P,(S)— P(S) for every Borel set S. It is, however, easily shown that this 
would be a too restrictive definition. Consider, in fact, the sequence of distributions 
defined by the distribution functions e(x— 1/n), where n=1,2,.... The n:th distri- 
bution in this sequence has its whole mass unit placed in the point .r=1/n. It is 
evident that any reasonable convergence definition must be such that this sequence 
converges to the distribution defined by (6.7.1), where the whole mass unit is placed 
in x=0, It is easily verified that the convergence definition given above satisfies 
this condition. If, on the other hand, we consider the set S containing the single 
point «=0, our sequence gives P,(S)— 0 for every n, while for the limiting distri- 
bution we have P(S)— 1, so that P,(S) does certainly not tend to P(S). Accord- 
ingly the distribution function &(r— 1/m) tends to ¢(x) in every continuity point of 
£(x) i.e. for any x #0, but not in the discontinuity point «= 0. 


6.8. A convergence theorem. — A sequence of distribution func- 
tions I’, (x), Fy(x),... is said to be convergent, if there is a non-de- 
creasing function F(x) such that F(x) > F(x) in every continuity 
point of F(x). We then always have 0 < F(x) <1, but the example 
Fs (x) = (x — n) considered in the preceding paragraph shows that F (x) 
is not necessarily a distribution function. Thus a sequence { Fy (x)} 
may be convergent without converging to a distribution function. — We 
shall now prove the following proposition that will be required in the 
sequel: Every sequence {Fn(x)} of distribution functions contains a con- 
vergent sub-sequence. The limit F(x) can always be determined so as to 
be everywhere continuous to the right. 
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Let rs... be the enumerable (cf 2.2) set of all positive and 
negative rational numbers, including zero, and consider the sequence 
T 1) Fe(ri) -= This is a bounded infinite sequence of real numbers, 
which by the Bolzano-Weierstrass theorem (2.2) has at least one limiting 
point. The sequence of numbers {Fa(r,)} thus always contains a con- 
vergent sub-sequence. The same thing may also be expressed by saying 
that the sequence of functions { F',(«)} always contains a sub-sequence 
Z, convergent for the particular value z — r,. By the same argument, 
we find that Z, contains a sub-sequence Z3 convergent for x = r, and 
for zr, . Repeating the same procedure, we obtain successively the 
sub-sequences Zi, Z,,..., Where Z, is a sub-sequence of Z,-:, and Zn 
converges for the particular values £= 11, Tg; «« « n- Forming finally 
the »diagonal» sequence Z consisting of the first member of Z;, the 
second member of Zp, ..., it is readily seen that Z converges for every 
rational value of 2. 

Let the members of Z be Fn, (x), Fu (a), ..., and put 

lim Fy, (11) = ci (Peal OA 
me^ 
Then {c} is a bounded sequence, and since every Fn, is.a non-de- 
creasing function, it follows that we have c; S ey as soon as a 
Now we define a function F(x) by writing 


F (x) = lower bound of c; for all r; > v. 
lt then follows directly from the definition that F(x) is a bounded 


non-deereasing function of 2. It is also easily proved that F(x) is 
everywhere continuous to the right. We shall now show that in every 


continuity point of F(x) we have 


(6.8.1) lim Fn, (z) = F(x), 


v=o 


so that the sub-seqùence Z is convergent. 

If x is a continuity point of F(x) we can, in fact, choose h>0 
such that the difference (x + A) — F(x —h) is smaller than any given 
e>0. Let r; and rj be rational points situated in the open intervals 
(zi— h, a) and (x, x + h) respectively, so that 


(6.8.2) F(-hsesr(ses F(x +h). 
Further, for every v we have 
(6.8.3) Fy, (ri) S Fn, (2) S Fn, (ri). 
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As v tends to infinity, Fn, (7:) and F,,(r) tend to the limits c; and cr 
respectively. The difference between these limits is, according to (6.8.2), 
smaller than e, and the quantity F(x) is included between c; and cr. 
Since e is arbitrary, it follows that ;,(x) tends to F(x). Thus the 
sub-sequenee Z is convergent, and our theorem is proved. 


CHAPTER 7. 


THE LEBESGUE-STIELTJES INTEGRAL FOR FUNCTIONS OF 
ONE VARIABLE. 


7.1. The integral of a bounded function over a set of finite P- 
measure. — In the preceding chapter, we have seen that the theory 
of Lebesgue measure given in Ch. 4 may be generalized by the in- 
troduction of the concept of a general non-negative and additive P- 
measure. We now proceed to show that an exactly analogous gene- 
ralization may be applied to the theory of the Lebesgue integral 
developed in Ch. 5. 

Let us assume that a fixed P-measure is given. This measure may 
be defined by a non-negative and additive set function P(S), or by 
the corresponding non-decreasing point function F(x). We have seen 
in the preceding chapter that these two functions are perfectly equi- 
valent for the purpose of defining the P-measure. 

Let further g(x) be a given function of x, defined and bounded 
for all x belonging to a given set S of finite P-measure. In the same 
way as in 5.1, we divide S into an arbitrary finite number of parts 
Si, 55, ..., Sn, no two of which have a common point. In the basic 
definition (5.1.1) of the Darboux sums, we now replace L-measure by 
P-measure, and so obtain the generalized Darboux sums 


(7.1.1) z= Jm P(S) Z= > P(s.), 

1 1 
where, as in the previous case, m, and M, denote the lowe: and upper 
bounds of g(x) in S,. 

The further development is exactly analogous to 5.1. The upper 
bound of the set of all possible z-values is called the lower integral of 
g(x) over S with respect to the given P-measure, while the lower 
bound of the set of all possible Z-values is the corresponding upper 
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integral. As in 5.1 it is shown that the lower integral is at most equal 
to the upper integral. 

If the lower and upper integrals are equal, g(x) is said to be inte- 
grable over S with respect to the given P-measure, and the common value 
of the two integrals is called the Lebesgue-Stieltjes integral of g (x) over 
S with respect to the given P-measure, and is denoted by any of the 
two expressions 


f g(x) d P(S)= f g(x) d (a). 


When there is no risk of a misunderstanding, we shall write simply 
dP and dF instead of d P(S) and d.F(x) Instead of integral or inte- 
grable with respect to the given P-measure, we shall usually say with 
respect to P(S), or with respect to F(x), according as we consider the 
P-measure to be defined by P(S) or by F(x). As long as we are 
dealing with functions of a single variable, we shall as a rule prefer 
to use I(x). i 

In the particular case when F(z) =<, we have P(S) — L(S), and 
it is evident that the above definition of the Lebesgue-Stieltjes integral 
reduces to the definition of the Lebesgue integral given in 5.1. Thus 
the Lebesgue-Stieltjes integral is obtained from the Lebesgue integral 
simply by replacing, in the definition of the integral, the Lebesgue 
measure by the more general P-measure. 

All properties of the Lebesgue integral deduced in 5.2 and 5.3 are 
now easily generalized to the Lebesgue-Stieltjes integral, no other 
modification of the proofs being required than the substitution of P- 
measure for L-measure. Thus we find that, if g(a) is bounded and 
B-measurable in a set S of finite P-measure, then g(a) is integrable 
over S with respect to P(S). For bounded functions and sets of finite 
P-measure, we further obtain the following generalizations of relations 
deduced in 5.3: 


(7.1.2) fow + nadar = f o oak + fo: (a) d T, 
(7.1.3) feg (a) dF = ef g(a) dF, 

(gate m P(S) s f[s()ars MP 
(1.1.5) [gar fotar soe 
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(7.1.6) [fo@ar|sflg@lar, 


where c is a constant, m and M denote the lower and upper bounds 
of g(x) in S, while S, and S; are two sets without common points. 
It follows from (7.1.4) that the integral of a bounded function over a 
set of P-measure zero is equal to zero. Thus the value of an integral 
is not affected if the values of the function g (x) are arbitrarily changed 
over a set of P-measure zero. 

We also have the following proposition generalizing (5.3.6): If the 
sequence {g,(x)} is uniformly bounded in S, and if lim g,(x) = g (x) 

vo 


exists almost everywhere (P) in S, then 
(7.1.7) lim [9 (ar = f g(x) aF. 
EON 8 
The analogous generalizations of (5.3.7) and (5.3.8) are obtained in the 
same way as in 5.3. 


. If e, and e, are non-negative constants, we easily deduce the fol- 
lowing relation, which has no analogue for the Lebesgue integral: 


fo@d( E, + e F) — e f g(a) dF, + cf g(a) d Fy. 
s s 5 


In the particular case when the set S consists of a single point 


Xo, we obtain directly from the definition D 
Jo) d F= g(a) P(w =a). 
(aao) 


Consider now the case when F(z) is a step-function (cf 6.2) with 
steps of the height p, in the points x — z,, and denote the set of all 
points z, by X. Using the fact that the integral over a set of P- 
measure zero is equal to zero, and the generalization of (5.3.8) men- 
tioned above, we then obtain 


(7.1.8) feller [90 e)dF= > fe()dF— Xp, g(e). 


z,C8 (zy) xcs 
In the further particular case when g(x) — 1, we have 
far fap PiS): 
8 š 
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We shall often have to consider integrals, where the function g (x) 
is complex-valued, say g(x) = a(x) + ib(z), where a(x) and b(z) are real 
and bounded in S. We then define the integral by writing 


fole) aF= [agar + i f »()d F. 


All properties deduced above extend themselves easily to integrals of 
this type. For the relation (7.1.6), this extension is a little less ob- 
vious than in the other cases, and will be shown here. Put 


fg@aF= re”, 
8 


where r and v are real, and r=0. The real part of the quantity 
| g (x)| — e~” g (x) is always =0. Consequently the real. integral 


f (Igel — e ga)ar— flo()aF—r 
1 S 
=[lo@lar—|fg(@)adP| 
s S 
is =0, and this is equivalent to (7.1.6). 


7.2. Unbounded functions and sets of infinite P-measure. — The 
extensions of the Lebesgue integral treated in 5.4 and 5.5 may be ap- 
plied in a perfectly analogous way to the Lebesgue-Stieltjes integral. 
In fact, every word and every formula of 5.4 and 5.5 hold good, if 
Lebesgue measure is throughout replaced by P-measure, and Lebesgue 
integrals are replaced by Lebesgue-Stieltjes integrals with respect to 
P(S) or F(z). 

Thus g(x) is called integrable with respect to P(S) — or F(a) — 
over a set S of finite P-measure, if the limit (cf 5.4.1) 


lim {os ar=fola)aP= falar 


a-—o$ 
bL 


exists and has a finite value. If this is the case, | g(z)| is also integrable 
with respect to P over S. 
Further, when S is of infinite P-measure!), g (x) is called integrable 
with respect to P — or F — over S, if (cf 5.5) g(x) is integrable 
1) In the case of a bounded P(S) (e.g. when P(S) is a probability function, cf 
6.6) there are, of course, no sets of infinite P-measure. 
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with respect to P — or F — over Sa» for all a and b, and if the 
limit 


im Ire Jla P= flg@)laP=flg@)lar 


exists and has a finite value. If this is the case, the limit (cf 5.5.1) 


(E EEE fol) dP = [saP- f )d.F 


ie eee 


also exists and is finite, and we shall accordingly say that the Le- 
besgue-Stieltjes integral of g(x) with respect to P — or F — over 
the set S is convergent!) The limit (7.2 2. d is then, by definition, the 
value of this integral. — If |g(z)| < G (zx), where G (x) is integrable, 
then g(x) is itself integrable. 

The properties (7.1.2)—(7.1.6) of the Lebesgue-Stieltjes integral hold 
true for any functions integrable with respect to the given P-measure. 
In the case of a set S of infinite P-measure the relation (7.1.4) should, 
however, be replaced by 


fate) )dF z0 if g(x) =O for all xin S. 


We finally have the following generalization of the proposition 
expressed by (7.1.7): If lim g,(x) = g (x) exists almost everywhere (P) in 
the set S of finite or infinite P-measure, and if |g,(x)| < G (x) for all v 
and for all x in S, where G(x) is integrable with respect to F over S, 
then g(x) is integrable with respect to F over S, and 


(7.2.2) lim fe ()ar — fo()ar 


The generalization of the above considerations to the case of inte- 
grals with a complex-valued function g(x) is obvious. 

In the particular case when Z'(z) — z all our theorems reduce, of 
course, to the corresponding theorems on ordinary Lebesgue integrals. 


7.8. Lebesgue-Stieltjes integrals with a parameter. — We shall 
often be concerned with integrals of the type 


= f g(e, t) à F (a) 


1) With respect to the terminology, the same remark should be made here as in 
the case of (5.5.1). 
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where ¢ is a parameter, while S is a given set of finite or infinite 
P-measure. We shall require certain theorems concerning continuity, 
differentiation and integration of such integrals with respect to t. In 
the particular case when F (a) =, these theorems reduce to theorems 
on Lebesgue integrals. 

We assume that g(x, t) is complex-valued and that, for every fixed 
i that will be considered, the real and imaginary parts arè B-measur- 
able functions of æ which are integrable over S with respect to F (x). 
By G,(x), G,(x), ..., we denote functions which are integrable over S 
with respect to F (z). 

I) Continuity. — If, for almost all (P) values of x in S, the func- 
tion g(a, t) is continuous with respect to t in the point t=., and if, 
for all t in some neighbourhood of ty, we have |g (x, t)| < G, (x), then u(t) 
is continuous for t= ty, so that we have!) 


(1.3.1) lim fale, t)dF()— f g(a, to) d F (a). 
POIS: Lj 

This is a direct corollary of (7.2.2). For any sequence of values 
t,, tp, ..., belonging to the given neighbourhood and tending to tọ, 
the conditions of (7.2.2) are, in fact, satisfied if we take g, (a) = g(x, t.) 
and g(x) = g(x, t). Thus by (7.2.2) we have u(t,) > u(t), and it fol- 
lows that the same relation holds when ¢ tends continuously to tọ. — 
When the conditions of 1) are satisfied for all tọ in the open interval 
(a, b), it is seen that u(t) is continuous in the whole interval. 

1) Differentiation. — If, for almost all (P) values of x in S and for 
a fixed value of t, the following conditions are satisfied: 


1) The partial derivative 22] 1 n exists, 


guo gie 2| < G, (e) for 0< |h] < ho, where hy 


2) We have | 
is independent of x, then 


(73.2) W=4 if V dab) f $96: apa) 
sS s 


Like the preceding proposition, this is a direct corollary of (1.2.2). 
For any sequence hy, hs, ..., where |h, | < h and h, tends to zero, the 
conditions of (7.2.2) are satisfied if we take 


1) The theorem holds, with the same proof, even if tọ is replaced by + © or — ©. 
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gra) = Tt + he) ole. 8 ad g) = 226.9. 
Thus 
"w(t-h)—wu(t — f'g(z to h) —a(. t) $ ð glx, t) ,,, 
1 2 ; dF (x) / e aE 


so that the derivative w (t) exists and has the value given by (7.3.2). 
0g 
ót 


< G(x) for all t in the open interval (a, b), it follows 


We remark that, if the partial derivative 
ô g(x, t) 


exists and satisfies the 


condition 


: from the relation 


ss te) ee mh). (000. 
Ot}tr0n 


that (7.3.2) holds for all t in (a, b). 


Note that the condition 2) of II) is not sati8fied e.g. if we take F(x) = v, 
S=(— o, +), and 
è eT for z z f, 
9% =) 4 for x < t. 

In this case we have 


oo ELI 
w(t) = Joe fda=f[e*de= 1. 

-0 t 

and the application of (7.3.2) would give 
f à © 
w(i = EE = feaz= 1 
t 
-w t 


which is obviously false. The correct way of calculating w'(f) is here, of course, to 
take account of the variable lower limit of the integral, thus obtaining 


LJ 
wu’ (t) = fedr- 1=0. 
t 


IID Integration. — If, for almost all (P) values of x in. 8, the func- 
tion g(x,t) is continuous with respect to t in the finite open interval (a, b) 
and satisfies the condition |g(x,t)|< G, (x) for all t in (a,b), then 


[»0at— f [f 269a r(9)]at 


(7.3.3) i 


= [Lf oe nadar. 


a 
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Further, if the above conditions are satisfied for every finite. interval 
(a,b) and if, in addition, we have Sige, )|d4t « G; (a), then?) 
-œ 


œ o 


(7.3.4) fu@at=f[fowdat]aF@). 
=0 S -@ 


We consider first the case of a finite interval (a,b). For almost 
all (P) values of x in S, the integral 


Asse [ gti d 


has, by (5.1.4), for all ¢ in (a, b) the partial derivate I 


ô h (o, t) 


=g (x,t), 


<= G, (æ). Further |h(a, t)| < (b — a) G4 (2), 


so that we have 


so that h(a, t) is integrable over S with respect to F(z). Writing 


v(t) — [^ (a, t) d F(z), 
5 


we may now apply the remark to theorem TI), and find 


v ()= f g(x, a F(a) =u (t). 


By I), the function w(!) is continuous in (a, b), so that the differencé 


A(t) = fuldas—vl) 


has a derivative 4 (i) = u (t) — v (t) = 0. For t = a, we have h (a, a) = 0, 
v(a)=0, and thus Z(a) — 0. It follows that 4(t)=0 for aS ts, 
and thus in particular 4 (b) = 0, which is identical with (7.8.3). 
When the conditions of the second part of the theorem are satis- 
fied, (7.3.3) holds for any finite (a,b), and we have 


3; Tt is evident how the conditions should be modified when we want tv integrate 
u(t) over (a, ©) or (— œ, b). 
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flet necs [flot ol ) |a F(x at= f [flo œ dla] are 


S f Gsl )a F (x 


Thus the integral flu (t|dt is convergent. If, in the relation (7.3.3), 
=o 


we allow a and b to tend to —œ and + œ respectively, it follows 
that the first member tends to the first member of (7.3.4). An app- 
lication of (7.2.2) shows that, at the same time, the second member 
f (7.3.3) tends to the second member of (1.3.4). Thus (1.3.4) is proved. 
The theorems proved in this paragraph show that, subject to 
certain conditions, analytical operations such as limit passages, differ- 
entiations and integrations with respect to a parameter may be per- 
formed wnder a sign of integration. 


7.4. Lebesgue-Stieltjes integrals with respect to a distribution. 
— If P(S) is the probability function of a distribution (cf 6.6), the 
integral 


(7.4.1) fotar=fowar=fa ar 


may be concretely, though somewhat vaguely, interpreted as a weighted 
mean of the values of g(x) for all values of z, the weights being 
furnished by the mass quantities dP or d F situated in the neigh- 
bourhood of each point zx. The sum of all weights is unity, since we 
have 


fa P= fa F= P(R)= 


Every bounded and B-measurable g(x) is integrable with respect to P 
(or F) over (— ©, œ). 

If the mass distribution is represented as the sum of two com- 
ponents according to (6.6.2), the integral (7.4.1) becomes 


LJ 
f? (a Jar =e f gla) ar, * af ote 2) d Fy, 
where the first term of the second member reduces to a sum over the 


discrete mass points of the distribution, as shown in (7.1.8). 
10 
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If, for a positive integer », the function z” is integrable with 
respect to F(x) over (— ©, o), the integral 


a= f a F(a) 


is called the moment of order v, or simply the v:th moment, of the 
distribution, and we say that the v:th moment exists. It is then easily 
seen that any moment of order y’ <v also exists. 
It is known from elementary mechanics that the first order moment 
a, is the abscissa of the centre of gravity of the mass in the distribu- 
tion, while the second order moment a, represents the moment of 
inertia of the mass with respect to a perpendicular axis through 
the point «=0. — The moments of a distribution will play an 
important part in the applications made later in this book. 
If, for some k > 0, the distribution function F(z) satisfies the conditions (with 
respect to the notations, cf 12.1) 
F(j-0(e|-9 when z—-— @, 
1 — F(a) = O(a-*) when 2-4 ®, 
then any moment of order » < k exists. In order to prove this, it is according to 
7.9 sufficient to show that the integral of |x|” with respect to F (a) over an interval 
(a,b) is less than a constant independent of a and b. Now we have by hypothesis 
o 
f |x|? d F(x) s 27” (F (27) — F(2r-1) 


rb e 
5 227° — FQ) < zu 


where C is independent of r, and a similar relation for the integral over (— 2r, — 27-1), 
Summing over r= 1, 2,... and adding the integral over (— 1, 1), which is 5 1, we 
find for any interval (a, b) 


b 
2C 
fierare<itge yp 
a 


and thus the »:th moment exists. 


7.5. The Riemann-Stieltjes integral. — Consider the Lebesgue- 
Stieltjes integral 
(1.5.1) f[ 29a F9) 
1 


in the particular case when I is a finite half-open interval 
11 
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while g(x) is continuous in J and tends to a finite limit as z > a + 0. 
We divide I in n sub-intervals i, = (x,-:- x S x, by means of 
the points 
a= ty < 2y <: <L Enr = b 
and consider the Darboux sums (7.1.1) which correspond to the divi- 
sion [=7, +-:-+%,. We then obtain 


Z= 5 M, [F (a) — F (2-1), 
(7.5.2) x 
z= ym [F (ay) D F(2,-1 ) 


m, and M, being the lower and upper bounds of g(z) in 4. Now 
let £20 be given. By hypothesis we can then find ð such that 
M,—m,-s as soon as x,—2,-1< 0. Choosing n and the x, such 
that x,—a,-1 < Ô for all y, we then have 


Z —z < e|F (b) — F(a). 


Thus when » tends to infinity, and at the same time the maximum 
length of the sub-intervals 7, tends to zero, Z and z tend to a common 
limit which must be equal to the integral (7.5.1): 


(1.5.8) lim Z = lim z = foc )d F(a). 
n- o n=O 

Thus in the particular case here considered the simple expression 
(7.5.2) of the Darboux sums is sufficient to determine the value of 
the Lebesgue-Stieljes integral. If we put F (x)= x, these expressions 
become identical with the Darboux sums considered in the theory of 
the ordinary Riemann integral. Accordingly, the integral defined by 
(1.5.3) is called a .Rzemann-Stieltjes integral. It follows from the above 
that, when this integral exists, it always has the same value as the 
corresponding Lebesgue-Stieltjes integral. 

If, in every sub-interval Z,, we take an arbitrary point £j we 
obviously have 


(54) Jim Xo) Ft) — Fico] f oar, 


since the sum in the first member is included between z and Z. 
12 
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The Riemann-Stieltjes integral (7.5.3) exists even in the more 
general case when g(x) is bounded in (a, b) and has at most a finite 
number of discontinuity points r,, provided that F (a) is continuous in 
every r,. We can, in fact, then surround each r, by & sub-interval 7, 
which gives an arbitrarily small contribution to the sums z and Z. 

In the particular case when F(z) is continuous every where in (a, b) 
and has a continuous derivative F'(z) except at most in a finite 
number of points, we have for every i, not containing any of the 
exceptional points 

F(a,) — F(z,-1) = (£r — 2-1) F' (&), 


where & is a point belonging to i. By means of (7.5.4) it follows 
that in this case the integral (7.5.3) reduces to an ordinary Riemann 
integral: 


b b 
(1.5.5) J oœ) d F(z) = f g (2) F (dz. 


All these properties immediately extend themselves to the case of 
a complex-valued function g(x), and also to infinite intervals (a,b) 
subject to the condition that g(x) is integrable over (a, b) with respect 
to F(x). If this condition is satisfied, we have e.g. the following 
generalization of (7.5.4): 


(7.5.6) lim > g (E) (ae) — F (@-1)] = À g (x) d F(a), 


where as before the maximum length of the sub-intervals (z,—1, £») 
tends to zero as n> ©, while at the same time 49—-— © and 
>t 0. 

Suppose now that two non-decreasing functions F(a) and G(x) 
are given, which are both continuous in the closed interval (a, b), ex- 
cept at most for a finite number of discontinuity points, which are 
all inner points of (a,b). We further suppose that no point in (a, b) 
is a discontinuity point for both functions F and G. Choosing the 
sub-intervals so that no z, is a discontinuity point, we then have 


F(t) 6(6) — F(a) Gla) = SF (x) G (as) — F (er) G 6-9] 
= FF (e)1G (xs) — G (e-i) + $ 6 (r) F (2) — Flea 
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The two terms in the last expression are included between the lower 
and upper Darboux sums corresponding to the integrals J FdG and 
f GdF respectively. Passing to the limit, we thus obtain the formula 


of partial integration: 

b h b 
(7.5.7) [atga) [raa « f Gar. 

a a ù 

Finally, we consider a sequence of distribution functions (cf 6.7) 

F, (a), F:(v),..., which converge to a non-decreasing function F (æ) 
in every continuity point of the latter. (By 6.7, the limit F(x) is not 
necessarily a distribution function.) Let g(x) be everywhere continuous. 
For any finite interval (a,b) such that a and b are continuity points 
of F(x), an inspection of the Darboux sums that determine the inte- 
grals then shows that we have 


(7.5.8) lim f g («) d By (x) = f g(a)d F (2). 


n= 


Suppose further that, to any e >0, we can find A such that 
-A 
figla Frl )+ flot )|d Fa (x) 


for n=1,2,... We may then always choose A such that F(x) is 
continuous for x = A, and by means of (7.5.8) we find that 


B 


n 
J sar. e) flol Ele) 


where B>A is another continuity point of F(x). Thus the last 
integral is Se for any B> A, and for the integral over (— B, — A) 
there is a corresponding relation. It follows that g(x) is integrable 
over (— ©, ©) with respect to F(x). If, in (7.5.8), we take a=—A 
and b=+ A, each integral will differ by at most 2€ from the cor- 
responding integral over (— oo, oo). Since e is arbitrary, we then have 


(7.5.9) lim n g(a) d Fa (x )- foe g(a) d F (x 


This relation is immediately extended to complex-valued functions g(x). 
14 
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References to chapters 4—7. — The classical theory of integration received 
its final form in a famous paper by Riemgnn (1854). About 1900, the theory of the 
measure of sets of points was founded by Borel and Lebesgue, and the latter intro- 
duced the concept of integral which bears his name. The integral with respect to a 
non-decreasing function F(x) had been considered already in 1894 by Stieltjes, and 
in 1913 Radon (Ref.205) investigated the general properties of additive set functions, 
and the theory of integration with respect to such functions. 

There are a great number of treatises on modern integration theory. The reader 
is particularly referred to the books of Lebesgue himself (Ref. 23), de la Vallée Pous- 
sin (Ref. 40) and Saks (Ref. 23). De la Vallée Poussin gives an excellent introduction 
to the theory of the Lebesgue integral, and contains also some chapters on additive 
set functions, while the two other books go deeper into the more difficult parts of 
the theory. 
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CHAPTERS 8-9. THEORY OF MEASURE AND INTEGRATIONINR,,. 


CHAPTER 8. 
LEBESGUE MEASURE AND OTHER ADDITIVE SET FUNCTIONS IN R,. 


8.1. Lebesgue measure in R,. — The elementary measure of 
extension of a one-dimensional interval is the length of the interval. 
The corresponding measure for a two-dimensional interval (cf 3.1) is 
the area, and for a three-dimensional interval the volume of the interval. 

Generally, if ¿ denotes the finite n-dimensional interval defined by 
the inequalities 

Gv S c, S b, (vm 9 n); 


we shall define the n-dimensional volume of the interval i as the non- 
negative quantity 


For an open or half-open interval with the same extremes a, and bs, 
the volume will be the same as in the case of the closed interval. 
A degenerate interval has always the volume zero. For an infinite 
non-degenerate interval, we put L(i) =+ œ. 

The Borel lemma (cf 4.1) is directly extended to » dimensions, and 
by an easy generalization of the proof of (4.1.1) we find that L(z) is 
an additive function of the interval. 

In the same way as in 4.2, we now ask if a measure with the 
same fundamental properties as L(/) can be defined even for a more 
general class of sets than intervals. — We thus want to find a non- 
negative and additive set function L (S), defined for all Borel sets S 
in R,, and taking the value L(i) as soon as S is an interval 7. In 
4.3—4.7, we have given a detailed treatment of this problem in the 
case n-— 1, and we have seen that there is a unique solution, viz. 
the Lebesgue measure in R,. The case of a general n requires no 
modification whatever. Every word and every formula of 4.3—4.7 
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hold true, if linear sets are throughout replaced by n-dimensional 
ones, and the length of a linear interval is replaced by the »-dimen- 
sional volume. 

It thus follows that there is a non-negative and additive set function 
L(S), uniquely defined for all Borel sets S in R, and such that, in the 
particular case when S is an interval, L (S) is equal to the n-dimensional 
volume of the interval. L(S) is called the n-dimensional Lebesgue measure?) 


of 8. 


8.2. Non-negative additive set functions in R,. — In the same 
way as in the one-dimensional case, we may also for n > 1 consider 
non-negative and additive set functions P(S) of a more general kind 
than the n-dimensional Lebesgue measure L(S). 

We shall consider set functions P(S) defined for all Borel sets S 
in R, and satisfying the conditions A)—C) of 6.2. It is immediately 
seen that these conditions do not contain any reference to the number 
of dimensions. The relations (6.2.1)—(6.2.3) then obviously hold for 
any number of dimensions. 

With any set function P(S) of this type we may associate a point 
function F(x)— F(x,..., 25) in a similar way as shown by (6.2.4) 
for the one-dimensional case. The direct generalization of (6.2.4) is, 
however, somewhat cumbersome for a general n, and we shall content 
ourselves to develop the formulae for the particular case of a bounded 
P(S) where the definition of the associated point function may be 
simplified in the way shown for the one-dimensional case by (6.5.1). 
This will be done in the following paragraph. 

As in the ease » — 1, any non-negative and additive set function 
P(S) in R, defines an n-dimensional P-measure of the set S, which 
constitutes a generalization of the »-dimensional Lebesgue measure 
L(S). The remarks of 6.4 on sets of P-measure zero apply to sets in 
any number of dimensions. 


1) In order to be quite precise, we ought to adopt a notation showing explicitly 
the number of dimensions, e.g. by writing L,(S) instead of L(S) There should, 
however, be no risk of misunderstanding, if it is always borne in mind that the 
measure of a given point set is relative to the space in which it is considered. Thus 
if we consider e.g. the interval (0,1) on a straight line as a set of points in R,, its 
(one-dimensional) measure has the value 1. If, on the other hand, we take the line 
as a-axis in a plane, and consider the same interval as a set of points in Rp, we are 
concerned with a degenerate interval, the (two-dimensional) measure of which is 
equal to zero. 
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8.3. Bounded set functions. — When P(R,) is finite, we shall say 
(cf 6.5) that P(S) is bounded. We have then always P(S) < P(R,). 
For a bounded P(S) we define, in generalization of (6.5.1): 
(8.3.1) F(x) = F(a, ..., £n) = P(E ss yes Sn = Dn): 
Evidently F(x) is, in each variable zy», a non-decreasing function which 
is everywhere continuous to the right, and we have for all x (cf 6.5.2) 
0< F(x) < P(R,). 


In the one-dimensional case, the value of P(S) for a half-open 
interval 4, defined by a<avSa+h is, by (6.2.5), given by a first 
order difference of F(x): 

P(4) = 4 F(a)— F(a + h) — F(a). 


This formula may be generalized to the case of an arbitrary n. Con- 
sider first a set function P(S) in R, and a two-dimensional interval 
4, defined by a,< x, S a, + hj, a, < 2, S a, + h We then have 
(8.2) P (i) = 4, F(a, ay) 

= F(a, + hy a + hi) — F(a, ay + hy) — F (a, + hy, aj) + F (a, as). 
This will be clear from Fig. 2. If M,,..., M, are the values assumed 


by P(S) for each of the rectangular domains indicated in the figure, 
the additive property of P(S) gives 


M, — (M, + M, + M, + Mj — (M, + Mj) — (M, + Mj) + M, 


and according to the definition (8.3.1) of F(x), this is identical with 
(8.3.2). 


(a1 + ha, ag + he) 


Fig. 2. Set functions and point functions in Rp. 
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The generalization to an arbitrary » is immediate. If P(S) is a 
set function R,, and if ¿n is the half-open interval defined by 


dy < £y Say + hy for vy —1,2,..., n, we have 
P (én) = An Fay ..., Gn) 
= F(a, hy... as + In) 
(8.3.3) — F (Qi dy + hy, - > + An + hn) 


—---— F(a, + hys. us Qn-1 + Pi, Gn) 


+ (—1)"F(a,,..., an). 

To any bounded P(S) in R,, there thus corresponds a point function 
F(r,... a4) which, in each æ, is non-decreasing and continuous to 
the right, and is such that the »:th difference ArT as defined by (8.3.3) 
is always non-negative. — Conversely, a generalization of the argu- 
ment of 6.3 shows that any given F with these properties uniquely 
determines a set function P(S) satisfying the conditions A)—C) of 
6.2, which for any interval 7, assumes the value given by (8.3.3). 

When one of the variables in F, say x», tends to — o», while all 
the others remain fixed, it is shown as in 6.5 that F tends to zero. 
Similarly, when all the z, tend simultaneously to + ©, F tends to 
P(R,). 

When all the variables in F except one, say wry, tend to + ©, 
F will tend to a limit, which is a bounded non-decreasing function 
F,(x,) of the remaining variable z,. By 6.2, the function F, (x,) has 
at most an enumerable number of discontinuity points 24, 25, ... Let 
us consider these as excluded values for the variable a», which is thus 
only allowed to assume values different from 2,2»... In the same 
way, each variable z,,...,x& has its own finite or enumerable set of 
excluded values. — For any non-excluded point x = (£, ..-; £n), the 
function F is continuous. This follows from the inequality 


[Fle +h) — F(e)| S Fé + |b) — Fn — 18s 


zw | fee p — E, 
1 
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where h=(h,,..., hn) is an arbitrary point, while |A| denotes here 
the point (|A,|, ...,|A,|) and the sums and differences x + h etc. are 
formed according to the rules of vector addition (cf 11.1—11.2). An 
inspection of Fig. 2 will help to make this inequality clear. 

An n-dimensional interval such that none of the extremes a, and 
b, is an excluded value for the corresponding variable z, is called a 
continuity interval of P(S). The value assumed by P(S) when S is a 
continuity interval will obviously change in a continuous way for 
small variations in the a, and b.. If two bounded set functions in 
R, agree for all intervals that are continuity intervals for both, it 
follows (cf 6.7) that the set functions are identical. 


8.4. Distributions. — Non-negative and additive set functions P(S) 
such that P(R,)— 1 play, like the corresponding one-dimensional func- 
tions (cf 6.6), a fundamental part in the applications. By the preceding 
paragraph, the point function F(x) associated with a set function 
P(S) of this class satisfies the relations 


F(x) = F (2. ., m) = P(E, Sy, ..., Ën Sm), 
0s F(x)s 1, MF Z0, 
(8.4.1) (x) n 
F(— ©, 2, ..., tn) ="-- = F(a, . . «, Xn-1, — ©) = 0, 
F(+ 0, .%., + 0)=1. 


As in the one-dimensional case, the functions P(S) and F(x) will 
be interpreted by means of a distribution of a unit of mass over the 
space R,, such that every Borel set S carries the mass P(S) As in 
6.6, we are at liberty to define the distribution either by the set func- 
tion P(S) or by the corresponding point function F (x), which represents 
the quantity of mass allotted to the infinite interval £j S £, . .., En S Ln- 
The difference between these two equivalent modes of definition is, 
of course, only formal, and it will be a matter of convenience to 
decide which of them should be used in a given case. — As in 6.6, 
P(S) will be called the probability function, and F(x) the distribution 
Junction of the distribution. 

Thus a distribution function is a function F(x)— F(a, ..., £n) 
which, in each 2,, is non-decreasing and everywhere continuous to the 
right, and is such that the n:th difference as defined by (8.3.3) is al- 
ways non-negative. Conversely, it follows from the preceding paragraph 
that any given /' with these properties is the distribution function 
of a uniquely determined distribution in R,. 
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If the set which consists of the single point x — € carries a posi- 
tive quantity of mass, @ is a discrete mass point of the distribution. i 
The set of all discrete mass points of & distribution is enumerable, 
as we find by a direct generalization of the corresponding proof in 
6.2. Obviously any discrete mass point @ is a discontinuity point for 
the distribution function F. In the case »— 1 we have seen in 6.6 
that, conversely, F is continuous in all points x except the discrete 
mass points. This is generally mot true when n> 1. In fact, in a 
multi-dimensional space the mass may be distributed on lines, surfaces 
or hypersurfaces in such a way that there is no single point carrying 
a positive quantity of mass, while still F may be discontinuous in 
certain points. In the preceding paragraph we have, however, seen 
that it is possible to exclude certain values for each variable xy, 80 
that the function F will be continuous in all »non-excluded» points. 

Consider e.g. a distribution of a mass unit with uniform density over the inter- 
val (0, 1) of the xyaxis in the plane of the variables x,,2. Obviously this distribu- 
tion has no discrete mass points, and still the corresponding distribution function 
F(r, 22) is discontinuous in every point (0,2) with 73 > 0. Accordingly it will be 
seen that the function F; (a) dim So. as) discussed in the preceding paragraph 
is here discontinuous for z, = Dies is the only »excluded» value for x. For Xg 
there are no excluded values, and accordingly F(x, 24) is continuous in any point 
(ay, X2) with a, # 0. 

We further see that any distribution in R, can be uniquely re- 
presented in the form (6.6.2), as the sum of two components, the first 
of which corresponds to a distribution with its whole mass concen- 
trated in discrete mass points, while the second component corresponds 
to a distribution without discrete mass points. Jt follows from the 
above that, when n> 1, we cannot assert that the distribution func- 
tion F, of the second component is everywhere continuous. 

Let I denote the n-dimensional interval defined by 

z,—h < by S £, + hy 
for »=1,2,...,”. The ratio 

BAI rfe F 

L(ü) 9?hh:-h. 
where the difference 4, F is defined as in (8.3.3), represents the average 
density of the mass in the interval I. If the partial derivative 


or 
Oz, Ô Lg 0 Xn 


fan. 1%) = 
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exists, the average density will tend to this value as all the h, tend 
to zero, and accordingly /(x,,...,25) represents the density of mass 
at the point x. As in the one-dimensional case, this function will be 
called the probability density or the frequency function of the distribution. 

Let F'(z,, . . ., Zn) be the distribution function of a given distribution. 
When all the variables except x, tend to + oo, F will (cf 8.3) tend to 
a limit F,(x,) which is a distribution function in z,. We have, e.g., 
E (x) = F(o,, + ,..., +0). The function F,(z,) defines a one- 
dimensional distribution, which will be called the marginal distribution 
of c, We may obtain a concrete representation of this marginal 
distribution by allowing every mass particle in the original »-dimen- 
sional distribution to move in a direction perpendicular to the axis 
of z,, until it arrives at a point of this axis. When, finally, the whole 
mass is in this way projected on the axis of z,, a one-dimensional 
distribution is generated on the axis, and this is the marginal distri- 
bution of z,. Each variable x, has, of course, its own marginal distri- 
bution, that may be different from the marginal distributions of the 
other variables. 

Let us now take any group of k < n variables, say £, . . ., xx, and 
allow the » — k remaining variables to tend to + ©. Then F will 
tend to a distribution function in 2,,..., 2, which defines the k-d7- 
mensional marginal distribution of this group of variables. The distribu- 
tion may be coneretely represented by a projection of the mass in 
the original n-dimensional distribution on the k-dimensional subspace 
(ef 3.5) of the variables z,,...,zy. — Let P be the probability func- 
tion of the n-dimensional distribution, while P;..,; is the probability 
function of the marginal distribution of 2,,..., a. Let, further, S’ 
denote any set in the k-dimensional subspace of 2,,..., a, while S 
is the cylinder set (cf 3.5) of all points x in R, that are projected on 
the subspace in a point belonging to S'. Obviously we then have 


(8.4.2) Pree OSEE P(S), 


which is the analytical expression of the projection of the mass in 
the original n-dimensional distribution on the k-dimensional subspace 
of the variables x,,.. ., xx. 

The theory of distributions in R, will be further developed in 
Chs. 21—24. 


8.5. Sequences of distributions. — As in the one-dimensional case 
(cf 6.7), we shall say that a sequence of distributions in R, is con- 
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vergent, when the corresponding probability functions converge to a 
non-negative and additive set function P(S), in every continuity inter- 
val of the latter. If, in addition, the limit P(S) is a probability func- 
tion, i.e. if P(R;)— 1, we shall say that the sequence converges to a 
distribution. From the point of view of the applications, it is generally 
only the latter mode of convergence that is important. 

For a sequence which is convergent without converging to a distribution, we 
have P(Rn) < 1, which may be interpreted (cf the example discussed in 6.7) by saying 
that a certain part of the mass in our distributions »escapes towards infinity» when 
we pass to the limit. 


A straightforward generalization of 6.7 will show that a sequence 
of distributions converges to a distribution when and only when 
the corresponding distribution functions F,, P... tend to a distribu- 
tion function F in all »non-excluded» (cf 8.3) points of the latter. 
A further criterion for deciding whether a given sequence of distribu- 
tions converges to a distribution or not will be given in 10.7. 

As in 6.8, we shall further say that a sequence of distribution 
functions F,,F,... is convergent, if there is a function F, non- 
decreasing in each «,, such that Fh > F in every »non-excluded» point 
of F. We then always have 0 € F <1, but aecording to the above 
F is not necessarily a distribution function. We then have the fol- 
lowing generalization of the proposition proved in 6.8 for the one- 
dimensional case: Every sequence of distribution Junctions contains a 
convergent sub-sequence. — This may be proved by a fairly straight- 
forward generalization of the proof in 6.8, and we shall not give the 
proof here. 


8.6. Distributions in a product space. — Consider two spaces Rp, 
and R,, with the variable points x = (a, . -, Xm) and y = (ys «5 Yn) 
respectively. Suppose that in each space a distribution is given, and 
let P, and F, denote the probability function and the distribution 
function of the distribution in Rn, while P, and F, have the analogous 
significance for the distribution in Rn. 

In the product space (cf 3.5) Rm’ Rn of m + n dimensions, we denote 
the variable point by s = (x,y) = (£n - - 5 £m Yo- » yn). If S, and S, 
are sets in Rm and R, respectively, we denote by 5 the rectangle set 
(ef 3.5) of all points z = (x, y) in the product space such that x < S; 
and y < S; 

Tt is almost evident that we can always find an infinite number 
of distributions in the product space, such that for each of them the 
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marginal distributions (cf 8.4) corresponding to the subspaces R, and 
R, coincide with the two given distributions in these spaces. Among 
these distributions in the product space we shall particularly note 
one, which is of special importance for the applications. This is the 
distribution given by the following theorem. - 

There is one and only one distribution in the product space Rm Ran 
such that 
(8.6.1) P(S)— P, (S) Ps (S) 


for all rectangle sets S defined by the relations x < S, and y < Sa. This 
is the distribution defined by the distribution function à 


8.6.2) F (2) = F, (=) F; (y) 


for all points z = (x,y). 

We first observe that F (3) as given by (8.6.2) is certainly a distri- 
bution function in R, - R,, since it satisfies the characteristic properties 
of a distribution function given in 8.4. Consider now the distribution 
defined by F(z) By means of (8.3.3) it follows that'we have 


P(I) ne P, (L) P. (9) 


for any half-open interval I= (4,7, defined by inequalities of the 
type à, < £y € by, C» < y, S d. Now any Borel set S, may be formed 
from intervals J, by repetitions of the operations of addition and sub- 
traction. (By (1.8.1), the operation of multiplication may be reduced 
to additions and subtractions.) By the additive property of P, it 
follows that for any rectangle set of the form S= (S,, 1) we have 


P(S) 2i P, (S) P, (13). 
and finally we obtain (8.6.1) by operating in the same way on inter- 
vals J,. — On the other hand, any distribution satisfying (8.6.1) also 
satisfies (8.6.2), the latter relation being, in fact, merely a particular 
ease of the former. Since a distribution is uniquely determined by 
its distribution function, there can thus be only one distribution 
satisfying (8.6.1). 

If, in (8.6.1), we put S, = R,, it follows from (8.4.2) that the mar- 
ginal distribution corresponding to the subspace Rn coincides with the 
given distribution in this space, with the probability function P,. 
Similarly, by putting S, = Rm, we find that the marginal distribution 
in R, coincides with the given distribution in this space. 


84 


8.6 9.1 


We finally remark that the theorem may be generalized to distribu- 
tions in the product space of any number of spaces. The proof is 
quite similar to the above, and the relations (8.6.1) and (8.6.2) are 
replaced by the obvious generalizations 


P=P,P,...Py and E= E Toe. I. 


CHAPTER 9. 


THE LEBESGUE-STIELTJES INTEGRAL FOR FUNCTIONS 
OF n VARIABLES. 


9.1. The Lebesgue-Stieltjes integral. — The theory of the Lebesgue- 
Stieltjes integral for functions of one variable developed in Ch. 7 may 
be directly generalized to functions of n variables. If, in the expres- 
sions (7.1.1) of the Darboux sums, we allow P(S) to denote a non- 
negative and additive set function in R,, while m, and M, are the 
lower and upper bounds of a given function g (x) =g (oy... @n) in 
the n-dimensional set S,, the Lebesgue-Stieltjes integral 


(9.1.1) [aa P f gln n and P 
is defined in the same way as in the one-dimensional case. 

The function g(x) is said to be B-measurable in the set S if the 
subset of all points x in S such that g(x) Sk is a Borel set for every 
real value of &. All remarks on B-measurable functions given in 0:2 
extend themselves without difficulty to functions of » variables. 

If g(x) is bounded and B-measurable in a set S of finite P-measure, 
it is integrable over S with respect to P. The definitions of integral 
and integrability in the case of an unbounded function g(x), and a 
set S of infinite P-measure, require only a straightforward generaliza- 
tion of 7.2. All properties of the integral mentioned in TA—7.3 
readily extend themselves to the case of n variables, all proofs being 
strictly analogous to those given in the case n= 1. 

In the particular case when P(S) is the n-dimensional Lebesgue 
measure L(S), we obtain the Lebesgue integral of the function g(x), 
which is also often written in the ordinary multiple integral notation: 


fo@aL=Jogle, sva On dy... dan. 
5 5 
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Tf S is an interval, and g(x) is integrable in the Riemann sense 
over the interval, the Lebesgue integral coincides with the ordinary 
multiple Riemann integral, as we have observed for the one-dimen- 
sional case in 5.1. 


9.2. Lebesgue-Stieltjes integrals with respect to a distribution. — 
The remarks made on this subject in 7.4 evidently apply also in the 
case n> 1. 

The moments of a distribution in R, are the integrals 


Certe css o dat 
Rn 


where the » are non-negative integers. As in the one-dimensional 
case, we shall say that the above moment exists, whenever the function 


2; ...2 is integrable over R, with respect to P. 
We shall now consider the integral 


(9.2.1) fale... a») 4P 
Rn 


in the case when the function g only depends on a certain number 
of the variables, say 2,,...,2%, where k- ». We denote by R; 
the k-dimensional subspace of these variables. Let us first assume g 
bounded, and consider the divisions 


R,—S +---+ 8, 
R, = S8,+---+ S, 
where the S, are Borel sets in R, such that S, S,=0 for uv, 
while S, denotes the cylinder set (cf 3.5) in Rn, which has the base S). 
The upper Darboux sum 
Z= M, P(S,) +- + M,P(S) 


corresponding to the integral (9.2.1) is then by (8.4.2) identical with 
the sum 

Z= M, P,,...,x(Si) H F Ma Pi ES) 
where P;,...,, denotes the probability function of the marginal distri- 
bution of the variables x,,..., æ. This is, however, the upper Dar- 
boux sum corresponding to the k-dimensional integral 


[94 Pi... 
R; 
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As the same relation holds for the lower Darboux sums, it follows 


that we have for any bounded g(z,.. ., £) 
(9.2.2) foley... a) P faim. 2) d Pisis 
Rn Ri 


so that in this case the n-dimensional integral reduces to a /-dimen- 
sional integral. 

It is easily seen that the same relation holds whenever g is inte- 
grable over R, with respect to P,..,;, even if g is not bounded. We 
may also assume g complex-valued. 


9.3. A theorem on repeated integrals. — If g(x,y) is continuous 

in the rectangle a S z S b, c Sy € d, we know that the relation 

b a bod d b 

JÍ g(x, y) dz dy — [ (f gm av) a — f (f 06. dx) dy 

we ae ca 
holds, so that the double integral can be expressed in two ways as 
a repeated integral. — There is a corresponding theorem for the 
Lebesgue-Stieltjes integral in any number of dimensions, and we shall 
now prove this theorem in a certain special case. 

Using the same notations as in 8.6, we consider two probability 
functions P, and P, in the spaces Rm and R,, respectively, and the 
uniquely determined probability function P in the product space 
R,,-R, which satisfies (8.6.1). Let S, and S, denote given sets in Ra 
and R, respectively, while S—(S, S, is the rectangle set in the 
product space with the »sides» S, and. S, Let further g(x) and h(y) 
be given point functions in Rm and R, respectively, such that g(x) is 
integrable over S, with respect to P,, while h(y) is integrable over S, 
with respect to Py. 

Then g(x)h(y) is integrable over S — (Sy, Se) with respect to P, and 
we have 


(9.3.1) folx)n(y)d P= fata P; f hly)d Pe- 
5 Sı Se 


Suppose first that g(x) and h(y) are bounded and non-negative. 
Consider the Darboux sums corresponding to the three integrals in 
(9.3.1), and to the divisions 5, = SD 4... + SH, $,— SW +--+ St, 
S= > SU, where S denotes the rectangle set (Sf, S9). If these 


ij 
sums are denoted by z and Z for the integral in the first member, 
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and by z,Z, and z,, Z, for the two integrals in the second member, 
it is seen that we have 
eas ZSZ A. 


By the definition of the integral, (9.3.1) then follows immediately. — 
Replacing further g and h by g'— g” and h'— À", where g', g^, k 
and h” are bounded and non-negative, we obtain (9.3.1) for any real 
and bounded g and h. The extension to any integrable and complex- 
valued functions follows directly from the definition of the integral 
for these classes of functions. 


9.4. The Riemann-Stieltjes integral. — The considerations of 7.5 
may also be generalized to » variables, where we have to employ the 
point function F(x,,...,2,) and the difference 4, instead of the 
point function F(x) and the difference F (x,) — F'(ay-1). 


M 
In particular it follows that, if a continuous derivative ae 


02, ... 02» 
exists for all points of the interval I (a, S £, € b,, » = 1, . .., n), and 
if g(x) is continuous in J, then the integral (9.1.1) may, for S = J, 
be expressed as a multiple Riemann integral 


by bn 
OF 
[sr f fol. . Tia PRU Mata ECEN 
a, an 


I 


This property is immediately extended to the case of a complex-valued 
function g(x), and also to infinite intervals, subject to the condition 
that g(x) is integrable over I with respect to P. 


9.5 The Schwarz inequality. — Consider two real functions g(x) 
and h(x) such that the squares g? and h? are integrable with respect 
to P over the set S in R,. The quadratic form 


flug (=) + vh PaP =u f gfaP + 2uvfghàP t o (i$aP 
Ss s s 


^ 


is non-negative for all real values of the variables v and v Thus 
(cf 11.10) the determinant of the form is non-negative, which implies 
that we have 


(9.5.1) (f gh ap s f gap - f map. 
5 S s 
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CHAPTERS 10-12. Various QUESTIONS. 


ENESUSUAML Dae o uio uo o pi A T E TE EE 


CHAPTER 10. 


FOURIER INTEGRALS. 


For the applications to probability theory and statistics, we shall require a certain 
number of theorems concerning some special classes of Fourier integrals, which will 
be deduced in this chapter. The general theory of the subject is treated e.g. in 
books by Bochner (Ref. 4), Titehmarsh (Ref. 38) and Wiener (Ref. 41). 


10.1. The characteristic function of a distribution in R,. — Let 
F(x) denote a one-dimensional distribution function (cf 6.6), and t a 
real number. The function g(x) = e't? = cos tx +7 sin tx is then, by 
7.4, integrable over (— ©, ©) with respect to F(a), since |e*|=1. 
The function of the real variable t 


LJ 
(10.1.1) g (t) = f é'* a F(a) 
-0 
will be called the characteristic function of the distribution corre- 
sponding to F(x). 
In general g(t) is a complex-valued function of t. Obviously we 
always have p(0)=1, and for all values of t 


lois far@=1, 


g(— =pl, 


writing @ for the conjugated complex quantity of a. It further follows 
from 7.3 that p(t) is continuous for all real f. 

1f the moment of order & of the distribution (cf 7.4) exists, it 
follows from 7.3 that we may differentiate (10.1.1) & times with re- 
spect to t, and thus obtain for 0z»zk i 


(10.1.2) pol =i f ear (). 
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Hence by 7.3 g" (t) is continuous for all real ¢, and we have 
© 
p” (0) =e [ard F(x) = i” æv. 
-o 


In the neighbourhood of t=0 we thus have a development in Mac- 


Laurin’s series: 
k 


(10.1.3) p(t)=1+ Dae 2) + o(t), 


1 


where the error term, divided by /*, tends to zero as t— 0 (cf 12.1). 


Conversely, if it is known that the characteristic function has, for the particular 
value / — 0, a finite derivative of even order 2k, this derivative is equal to the limit 


oo LJ 
ite — e—itz\2k i AVIS 
geo cim f (P777) d F(a) — (— 1* im f (59) d F(a). 
t^0 1-0 


—o EI 


For any finite interval (v, b) we have, however, by (7.1.7), 


b b 


ay 
fa F(x) = lim f (& à F(x) < | peno]. 


to, 
a a 


It follows that the moment c, exists, and thus (10.1.2) holds for 0 S » S 2k and 
for all values of t. 


We thus see that the differentiability properties of g (t) are related 
to the behaviour of F(x) for large values of x, since it is this behaviour 
that decides whether the moments a, exist or not. It can also be 
shown that, conversely, the behaviour of g(t) at infinity is related to 
the continuity and differentiability properties of F(x). Suppose, e.g., 
that F(x) is everywhere continuous, and that a continuous frequency 
function J” (x) = f(x) exists for all a, except at most in a finite 
number of points. We then have by (7.5.5) 


LJ 
(10.1.4) g (t) — fe F(a) dx, 
-0 
and it can be shown that p(t) tends to zero as ( — — œ. If, more- 
over, the n:th derivative f™(x) exists for all x and is such that 
[f™ (x)| is integrable over (— %,%), a repeated partial integration 
shows that we have 


K 
LUI. 
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for all t, where K is a constant. We shall, however, not give a de- 
tailed proof of these properties here. 

Suppose, on the other hand, that F(a) is a step-function with steps 
of the height p, in the points z —z,. We then have by (7.1.8) 


(10.1.5) g (t) — Sy». e^, 


* 


the series being absolutely and uniformly convergent for all t, since 
E — 1. Each term of the series is a periodic function of t, and 


» 


thus certainly does not tend to zero as t+. It can be shown 
that also the sum of the series does not tend to zero as ( — * o». 
Thus e.g. the characteristic function of the distribution function e (x) 
defined by (6.7.1) is identically equal to 1. 


Not every function g(t) may be the characteristic function of a distribution. 
Necessary conditions are, according to the above, that q (f) should be every where 
continuous and such that |p (| = 1, (0) =1 and g(—0 = git. These conditions 
are, however, not sufficient. If, e.g. P (f) is near t = 0 of the form p (t) 1 O(t2*9) 
where d > 0, then it follows from (10.1.3) that the distribution corresponding to p(t) 
must have «; = t = 0, which means (ef 16.1) that the whole mass of the distribution 
is concentrated in the point t= 0. This is, however, the distribution which bas the 
distribution function elx) and the characteristic function e (0 — 1. Hence in this 
ease q (t) cannot be a characteristic function unless it is identically equal to 1l. Thus 
e.g. the functions e-t and a are no characteristic functions, though both satisfy 
the above necessary conditions. 

Various necessary and sufficient conditions are known. The simplest seem to be 
the following (Cramér, Ref. 71): In order that a given, bounded and continuous function 
g(t) should be the characteristic function of a distribution, it is necessary and sufficient 
that p(0)=1 and that the function 

AA 
ww, 4)= ff peert- dt du 
00 


is real and non-negative for all real x and all A> 0. 
"That these conditions are necessary is easily shown. When q (t) is the characteristic 
funetion corresponding to the distribution function F(x) we find, in fact, 


© 
1 — eos A (x + y) iA 
( = ae ee F 
y (a, A) 2f "EST d Fi, 
—o 
and the last expression is evidently real and non-negative. — The proof that the 


conditions are sufficient depends on the properties of certain integrals analogous to 
those used in the two following paragraphs. It is, however, somewhat intricate and 
will not be given here. 
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10.2. Some auxiliary functions. — Consider the functions 
sh, T) — files 


0 


e(h, m == fix conta, 
9 


where h is real and 7T >0. Obviously c(h, T) 20, and 
s(—h, T) ——s(h T, ¢(—h, T)= c(h, T). 


By simple transformations we obtain for h > 0 


s(h, T)— 2 eta 


AT 
eh T -5 (ta 2 1—coshT. 
7 T 


Now it is proved in text-books on Integral Calculus that the integral 


[ate 


is bounded for all x — 0 and tends to the limit 3 as 29. 


It follows that s(h, T) is bounded for all real h and all T 20 and 
that we have, uniformly for |h| >ð > 0, 


1 for h>0, 
(10.2.1) lim (2, 7)=) 0 > h=0, 
— 0 
—1 » h<0. 
We further obtain for all real h 
(10.2.3) lim c(h, T)= 2 fia e Mau |a 


10.3 


10.3. Uniqueness theorems for characteristic functions in R,. — If 
(a—h, a+ h) is a continuity interval (ef 6.7) of the distribution function 
F(x), we have 


T 
103.1) Fla+h)—Fea h= lim E (S^ rem w(t) at. 
m t P 


This important theorem (Lévy, Ref. 24) shows that a distribution 
is uniquely determined by its characteristic function. In fact, if two 
distributions have the same characteristic function, the theorem 
shows that the two distributions agree for every interval that is a 
continuity interval for both distributions. Then, by 6.7, the distri- 
butions are identical. 

In order to prove the theorem, we write 


T T c 
_1 (sin ht -n AE jae -it t 
dm rome *p(t)dt=s nom adt | etd F(z). 
MT -T Ze 
sin ht 


eit(z—9) is at most equal to h, 


Now the modulus of the function 


so that the conditions stated in 7.3 for the reversion of the order of 
integration are satisfied. Hence 
LJ o T 


T 
J= JL re) [2 Maen P fare fE cos (z—a) t dt 
m t 7 t 
-T 0 


er ELI 


= fs maro, 


T T 
sme [ete ara (iet Bran 
0 


o 


T 
1 [sin(x —a—h)t 1 
Lf t ar 2 


0 


s(z—a- h, T) jste a — h, T). 


Thus by the preceding paragraph |g (v, T)| is less than an absolute 
constant, and we have 
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0 for z —ca— h, 
i» z—a—h, 
1» a—h«z«a-ch, 
à» z—acth, 
0» #>ath. 


lim g (x, T) — 


Tn 


We may thus apply theorem (7.2.2) and so obtain, since F (x) is con- 


tinuous for z — a + h, 
ath 


ee T ano- F(a +h)—Fa—h), 


T=% 


a-h 
so that (10.3.1) is proved. 


In the particular case when |g(f)| is integrable over (— 9, œ), it 
follows from (10.3.1) that we have 


Fit FG, fuis Mtas spat 


as soon as F is continuous in the points z + h. When A tends to 
zero, the function under the integral tends to 6-''"g() while its 
modulus is dominated by the integrable function |g (/)|. Thus we may 
apply (7.3.1), and find that the derivative F” (x) = f(x) exists for all æ, 
and that we have 


(10.3.2) fe) = f. ett g (t) dt. 


Then f(x) is the frequency function (cf 6.6) of the distribution, and 
it follows from 7.3 that f(x) is continuous for all values of r. — We 
call attention to the mutual reciprocity between the relations (10.3.2) 
and (10.1.4). 


In order to determine F(x) by means of (10.3.1) we must know q(f) over the 
whole infinite interval (— ©, c). The knowledge of p(t) over a finite interval is, in 
fact, not sufficient for a unique determination of F(x). This follows from an example 
given by Gnedenko (Ref. 117) of two characteristic functions which agree over a finite 
interval without being identical for all t. We shall give a somewhat simpler example 
due to Khintchine. The two functions 


pesi wll for |t| <1, 
j 0 for |f| 1, 


4 (eos xt , cos 3zt , cos ózt 
noci S (misty maet emnt) 
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are both characteristic functions. q,(f) is the characteristic function of the distribu- 
tion defined by the frequency function 


fi) = 


1— eos c 

T 25. 
as may be seen by taking // — 1, F'(x)— (x) and q(f) — 1in (10.3.3), while q(£) corresponds 
to a distribution having the mass 4 placed in the point x = 0, and the mass E in 


the point x — nm, where % =], £3,....— By summation of the trigonometrical 
series for q»a(f) it is seen that 9, (D = get) for |t| $ 1. For | t| > 1, on the other 
hand, q,(f) is equal to zero, while g(t) is periodical with the period 2. 


We now proceed to prove a formula which is closely related to 
(10.3.1), but differs from it by containing an absolutely convergent 
integral. In the following paragraph, this formula will find an im- 
portant application. — For any real a and h >Q we have 


h 


(10.3.3) [ re a-re- MeL 


0 -o 


es ig M ira p(t) dt. 

Transforming the integral in the second member in the same way 

as in the proof of (10.3.1), the reversion of the order of integration 

is justified by means of 7.3. Denoting the second member of (10.3.3) 
by J, we then obtain 


1 d , PL cos ht a 
| farw f M tea dt 


o o 


== fare) [— vd ki cos (x — a) t dt. 


Jı 


y 


In the same way as above it then follows from (10.2.2) 


E finete e MSIE ar 


ath 
= fo — |æ — a|) d l(a). 
Sy 


Applying the formula of partial integration (7.5.7) to the last integral, 
taken over each of the intervals (a — h, a) and (a,a + h) separately, 
it is finally seen that J, is identical with the expression in the first 
member of (10.3.3), so that this relation is proved. 
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10.4. Continuity theorem for characteristic functions in R,. — We 
have seen in the preceding paragraph that there is a one-to-one cor- 
respondence between a distribution and its characteristic function g (1). 
A distribution function F(x) is thus always uniquely determined by 
the corresponding characteristic function y(t), and the transformation 
by which we pass from F (æ) to g (f), or conversely, is always unique. We 
shall now prove a theorem which shows that, subject to certain con- 
ditions, this transformation is also continuous, so that the relations 
F(z) > F(a) and gn(t)— y(t) are equivalent. 

This theorem is of the highest importance for the applications, 
since it affords a criterion which often permits us to decide whether 
a given sequence of distributions converges to a distribution or not. 
We have seen in 6.7 that a sequence of distributions converges to a 
distribution when and only when the corresponding sequence of 


distribution functions converges to a distribution function. In the. 


applications it is, however, sometimes very difficult to investigate 
directly the convergence of a sequence of distribution functions, while 
the convergence problem for the corresponding sequence of charac- 
teristic functions may be comparatively easy to solve. In such situa- 
tions, we shall often have occasion to use the following theorem, 
which is due to Levy (Ref. 24, 25) and Cramer (Ref. 11). 

We are given a sequence of distributions, with the distribution func- 
tions F(a), Fy(x),..., and the characteristic functions g, (t), p(t), . . - 
A necessary and sufficient condition for the convergence of the sequence 
{F',(a)} to a distribution function F (æ) is that, for every t, the sequence 
{pn(t)} converges to a limit g(t), which is continuous for the special 
value t=0. 

When this condition is satisfied, the limit p(t) is identical with the 
characteristic function of the limiting distribution function F (x). 

We shall first show that the condition is necessary, and that the 
limit g(t) is the characteristic function of F(z). This is, in fact, an 
immediate corollary of (7.5.9), since the conditions of this relation are 
evidently satisfied if we take g(x) = eft”. 

The main difficulty lies in the proof that the condition is sufficient. 
We then assume that gn(t) tends for every ¢ to a limit p(t) which 
is continuous for t= 0, and we shall prove that under this hypothesis 
F,(x) tends to a distribution function F(z). If this is proved, it 
follows from the first part of the theorem that the limit /(é) is 
identical with the characteristic function of F(z). 

By 6.8 the sequence (F,(x)) contains a sub-sequence (F;,(z)) con- 
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vergent to a non-decreasing function F(z), where F(x) may be de- 
termined so as to be everywhere continuous to the right. We shall 
first prove that F(z) is a distribution function. As we obviously have 
0< F(x) <1, it is sufficient to prove that F(+ ©)—F(—)=1. 

From (10.3.3) we obtain, putting a=0, : 


[7.9 dz — fre dz -i 1 008 s, (A) dt. 


On both sides of this relation, we may allow » to tend to infinity 
under the integrals. In fact, the integrals on the left are taken over 
finite intervals, where Fa, is uniformly bounded and tends almost ' 


everywhere to F, so that we may apply (5.3.6). On the right, the 
modulus of the function under the integral is dominated by the function 
—— which is integrable over (— ©, ©), so that we may apply 


the more general theorem (5.5.2). We thus obtain, dividing by h, 
h 0 P1 h 
1 1 1 — cosht 
if Fe) az—1 | FO CEU aa PM dt 
0 h -0 o 
1 fl—ecost (t 
=l i-es (at 


In this relation, we now allow h to assume a sequence of values 
tending to infinity. The first member then obviously tends to 
F(4o)— F(— œ): On the other hand, p(t) is continuous for t = 0, 


so that gp H tends for every ¢ to the limit g (0). We have, however, 
g (0) = lim pn (0), but gn(0)=1-for every m, since Pn (t) is & charac- 
n>a 


teristic function. Hence g(0)— 1. Applying once more (5.5.2), we 
thus obtain from the last integral, using (10.2.2), 


F(+ 0)—F(—0)=— | ye at= 1. 


Thus we must have F(+ ©) —1, F(— co) — 0, and the limit F(x) of 
the sequence {Fp,(z)} is a distribution function. — By the first part 
of the proof, it then follows that the limit g(t) of the sequence 
(gs, ()) is identical with the characteristic function of F(z). 
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Consider now another convergent sub-sequence of {Fn(x)}, and 
denote the limit of the new sub-sequence by F* (x), always assuming 
this function to be determined so as to be everywhere continvous to 
the right. In the same way as before, it is then shown that F* (x) 
is a distribution function. By hypothesis the characteristic functions 
of the new sub-sequence have, however, for all values of ¢ the same 
limit p(t) as before, so that g(/) is the characteristic function of both 
F(a) and F*(x), Then according to the uniqueness theorem (10.3.1) 
we have F(x) = F* (x) for all x. 

Thus every convergent sub-sequence of {Fn (z)} has the same limit 
F(a). This is, however, equivalent to the statement that the sequence 
{F,(z)} converges to F(x), and since we have shown that F(x) is a 
distribution function, our theorem is proved. 


We know from 10.1 that a characteristic function is always continuous for every 
t. Thus it follows from the above theorem that, as soon as the limit y(t) of a 
sequence of characteristic functions is continuous for the special value f — 0, it is 
continuous for every t. The condition that the limit should be continuous for the 
special value t= 0 is, however, essential for the truth of the theorem. 

We shall, in fact, show by an example that the theorem is not true, if this con- 
dition is omitted. — Let F,(x) be the distribution function defined by 


0°) fora s —w 


x+n 
2n 


F,(@) = » —n<zr<n, 


1 » Zen. 


The corresponding frequency function is constant equal to js in the interval(— n, n), 


and disappears outside that interval. The corresponding characteristic function is 
by (10.1.4) 


1 E sin nt 
=— t = 3 
nb ife sim nt 


=n 


As n tends to intinity, 7, () converges for every t to the limit g(t) defined by 


1 for t= 0, 
j= 1 
90 la » tz 0, 


Thus the limit is not continuous for t= 0. Accordingly, for every fixed x we have 
F,, (@)— $, so that the limit of F(x) is not a distribution function. 


In the case F,,(x)=«(x—™m) considered in 6.7, we have q, (f) = ei^, so that 


the sequence of characteristic functions is never convergent, except when ¢ is a mul- 
tiple of 2%. Accordingly, for every fixed z we have F,(x)— 0, so that the limit of 


F,,(x) is not a distribution function, as we have already seen in 6.7. 
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10.5. Some particular integrals. — We shall now deduce some 
formulae that will be used in the sequel. The integral 


2 — 
fe#dx =Va 


is given in text-books on Integral Calculus. Substituting æ V h/2 for v, 
we obtain for h>0 


[ee = 


By means of 7.3 it is easily seen that we may differentiate any 
number of times with respect to h, so that 


(10.5.1) [eomm Rome (v=0, 1,2,...). 


Consider now the integral 


© œ 


[ em - f SEP teas 


LA 


— —e 


The partial sums of the series under the last integral are dominated 
by the function d'z1-3^2, which is integrable over (— 20,00). Thus 
by (5.5.2) we may integrate the series term by term and so obtain, 
since all terms of odd order evidently vanish, 


LJ o : LJ 
[eme -XET [ortas 
nd 


— oo 


(10.5.2) =e eu Vazh- 


Taking here h= 1, and introducing the function 


hye 
10.5.3 ooe temas 
( ) (x) ey lag 


10.5—6 


it follows that we have 


@ 
a n 


(10.5.4) " edo) 7 — Í deg qp 
7c 


Now (10.5.3) shows that (z) is a non-decreasing and everywhere con- 
tinuous function, such that (— o») — 0 and O(+ o)=1. Thus 0 (x) 
is a distribution function, and then (10.5.4) shows that the corre- 


e 
sponding characteristic function is e 3 The distribution determined by 
Q (x) is the important normal distribution, that will be treated in Ch. 


17. — By repeated partial integration, we obtain from (10.5.4) the 
relation 

LJ k 
(10.5.5) f dtz dO (a) =(—idre ?. 


=% 


We shall further consider the integral 


o H 
à f ete lelda= | cos tx e-* dx 
-0 0 
LJ 
(10.5.6) 2i [: sin tæ — cos tæ ,| 1 
EEPE Ire 
0 


This expression may be regarded as the characteristic function corre- 
sponding to the frequency function f(x) = 4e-l*l. Since the charac- 
teristic function is integrable over (— ©, ©), we obtain from (10.3.2) 
the reciprocal formula 


(10.57 ipeo -izl 
E ) L[igatt-s B 


10.6. The characteristic function of a distribution in R,. — If 
t—(h,..., t) and æ= (£, ..., 2») are considered as column vectors 
(cf. 11.2) corresponding to points in Ra, we denote by t' x the product 
formed according to the rule (11.2.1) of vector multiplication: 


tx = ta, doas 


The definition (10.1.1) of the characteristic function of a one- 
dimensional distribution is then generalized by writing 
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(10.6.1) gt) — plin- -n t) — f eap, 
Rn 


where P= P(S) is the probability function of a distribution in R,. 
The characteristic function g(t) of the distribution is thus a func- 
tion of the n real variables ¢,,...,t:. Obviously we always have 
9 (0, ..., 0) — 1, and for all values of the variables 


le())si  s(-98—90. 


Further, g (t) is everywhere continuous. If all moments of the distri- 
bution (cf 9.2) up to a certain order exist, we have in the-neighbour- 
hood of the point £— 0 an expansion of y(t) analogous to (10.1.3). 

The following theorem, which is a direct generalization of the 
uniqueness theorem (10.3.1), shows that a distribution in R, is uniquely 
determined by its characteristic function. 

If the interval I defined by the inequalities a, — hy < 2, < Gy + hy, 
(v=1,...,n), is a continuity interval (cf 8.3) of P(S), we have 


T Tus irs 
(10.6.2) P(I)= lim Lfe f Wee edt. di 
T^ TU" ren t, 


=T 


The proof of this theorem is a straightforward generalization of 
the proof of (10.3.1). — In the particular case when | g (t) | is integrable 
over R,, we find as in (10.3.2) that the frequency function (cf 8.4) 

^F. 
On, ... On 
and that we have 


= f(x... Ln) f(x) exists and is continuous for all x, 


[3 o 


(10.6.3) fea) x e-it x g (t) dt, . . . dts. 


The reciprocal formula corresponding to (10.1.4): 


(10.6.4) g()— f f é** (da... dan 
is obtained from (10.6.1) and holds whenever the frequency function 
f(x) exists and is continuous, except possibly in certain points be- 
longing to a finite number of hypersurfaces in Ry. 

We shall also want the following generalization of the theorem 
(10.3.3), which is proved in the same way as the one-dimensional case. 


101 


10.6—7 
Let Iz,...,2, denote the interval defined by the inequalities 
dy — £y < Ly < Ay + £v, GH Tes un): 


For any real a, and, positive h, we have 


META 
fo f Padda 2. dg. = 
0 0 
(10.6.5) 1f dus E | 
=4,f- fi eet (i) dt. o dtr 
1 i» 
Eis Sco 


10.7. Continuity theorem for characteristic functions in R,. — The 
continuity theorem proved in 10.4 may be directly generalized to 
multi-dimensional distributions. By 8.5, a sequence of distributions 
in R, converges to a distribution when and only when the corre- 
sponding distribution functions converge to a distribution function. 
As in the one-dimensional case, it is often easier in the applications 
to solve the convergence problem for the corresponding sequence of 
characteristic functions, and in such situations the following theorem 
will be useful. 

We are given a sequence of distributions in Rp, with the distribution 
functions F, (x), Fy(x), ..., and the characteristic functions g,(t), p(t), . . -- 
A necessary and sufficient condition for the convergence of the sequence 
LE, (x)) to a distribution function F(x) is that, for every t, the sequence 
{pn(t)} converges to a limit p(t), which is continuous at the special 
point t=0. 

When this condition is satisfied, the limit p(t) is identical with the 
characteristic function of the limiting distribution function F(x). 

The proof that the condition is necessary is quite similar to the 
corresponding part of the proof in 10.4, and uses the generalization 
of (7.5.9) to integrals in R, (cf 9.4). It then also follows that the 


limit g(t) is the characteristic function of F (x). — In order to prove 
that the condition is sufficient, we consider a sub-sequence Un, (x), 
which converges (cf 8.5) to a limit F(x) = F (£, ..., a») that is non- 


decreasing and continuous to the right in each variable z,. We want 
to show that F(x) is a distribution function, i.e. that the corre- 
sponding non-negative and additive set function P(S) is a probability 
function. For this purpose, it is sufficient to show that we have 
P(R,—1. We then apply (10.6.5) to each qm, (t) putting all the 
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4,— 0. When u tends to infinity, we obtain by the same argument 
as in 10.4 


1 
kx] o [Peau 
0 0 


> 1—cost, (t t 
fT tte (epee ae. 


Allowing the h, to tend to infinity, we then obtain, in perfect analogy 
with the one-dimensional case, 


T1 if 1—cost,,, _ 
P(R,)= it. g dt = 1, 
-œ 
so that the limit P (S) of the sequence {Pm,,(S)} is a probability function. 
The proof is then completed in the same way as in 10.4. 


CHAPTER 11. 


MATRICES, DETERMINANTS AND QUADRATIC Forms. 


The subject of the present chapter is treated in several text-books in an elementary 
form well adapted for our purpose. We refer particularly to Aitken (Ref. 1), Bôcher 
(Ref. 3), and for Scandinavian readers to Bohr-Mollerup (Ref. 5). We shall here 
restrict ourselves to give, for the convenience of the reader, a brief survey — in many 
cases without complete proofs — of some fundamental definitions and properties that 
will be used in the sequel, adding full proofs of certain special theorems not contained 
in the text-books. 


11.1. Matrices. — A matrix A of order m:n is a rectangular scheme 
of numbers or elements aix arranged in m rows and n columns: 


yp Qg.. An 
A=] 9n. -lant 
Amı Am2 - « - Amn, 


We write briefly 4 = {aiz}, and when we want to emphasize the order 
of the matrix, we write Amn instead of A. We shall always assume 
that the elements a; are real numbers. 
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In the particular case when m — n — 1, the matrix A consists of 
one single element 4; and we shall then identify the matrix with the 
ordinary number 4. 

Two matrices 4 and B are called equal, and we write A — B, when 
and only when A and B are of the same order, and all corresponding 
elements are equal: aik = bix for alli and k. — We shall now define 
three kinds of operations with matrices: 

1. The product of & matrix A and an ordinary number c is defined 
as the matrix obtained by multiplying every element of.4 by c. Thus 
cA — Ac— B, where the elements of B are bi = Caix. When c = — ie 
we write — A instead of (— 1) 4. 

2. The sum of two matrices A and B is only defined when the two 
matrices are of the same order. Then the sum C=A +B is defined 
as a matrix of the same order with the elements Cik = ai + bir. 


3. The product of two matrices A and B is only defined when the 
first factor A is of order m-r, and the second factor B is of order r:n, 
so that the number of columns of the first factor agrees with the 
number of rows of the second factor. Then the product C = AB; or 
Cnn = Amr Brn, i8 defined as a matrix of order m-n, with elements 
cik given by the expression 


Ld 
Cik = n Qij bjk. 


j=1 


The element in the i:th row and k:th column of the product matrix 
is thus the sum of all products of corresponding elements from the 
ith row of the first factor and the k:th column of the second factor. 

The three matrix operations thus defined are associative and distri- 
butive. Moreover, the two first operations are commutative, while 
generally the third is non-commutative. Thus we have, e. g., 


(4+ B)+C=A+(B+ C) (AB)C = A (BC), 
€ (A + B)=CA+ CB, (4+ BJC — AC 4 BC, 
A+B=B+A, c(A + B)— cA + cB, 


but generally not AB = BA. Even if both products AB and BA are 
defined, they may be unequal. We are thus obliged to distinguish 
between premultiplication and postmultiplication. AB means A post- 
multiplied by B, or B premultiplied by A. 
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From these properties, it follows e.g. that a linear combination 
c, A, + c + Ap is uniquely defined as soon as all the A; are of 
the same order, and that the terms may be arbitrarily rearranged. 
Similarly, the product Dnn = An; B,, Cen is uniquely defined, but here 
no rearrangement of the factors is allowed. The elements di; of D 
are given by the expression 


UN) 
drk = >D Dani bis Cjk- 


il j=l 


The transpose of a matrix A= fair} of order m:n is a matrix 
A'— [ai] of order n: m, such that arr = ari: Thus the rows of A' 
are the columns of A, while the columns of A’ are the rows of A. 
Obviously we have 


(Ay =A, (A+ BY =A’ +B, (4B) = B'A'. 


Any matrix obtained by deleting one or more of the rows and 
columns of A is called a submatrix of A. In partieular every element 
of A is a submatrix of order 1:1, while the rows and columns are 
submatrices of order 1:» and m-1 respectively. 

When m= n, we shall call A a square matrix. Owing to the associ- 


ative property of matrix multiplication, the powers 4°, 4*,... of a 
square matrix are defined without ambiguity. The elements d, 
dy, .. s, dan Of a square matrix form the main or principal diagonal 


of the matrix, and are called the diagonal elements. 

A square matrix which is symmetrical about its main diagonal is 
called a symmetric matrix. A. symmetrie matrix is identical with its 
transpose, so that we have A =A or ari= ai. For an arbitrary 
matrix A — Ann, it will be seen that thé products AA’ and A'A are 
symmetric, and of order m: m and n:n respectively. 

A symmetrie matrix with all its non-diagonal elements equal to 
zero is called a diagonal matrix. lf Ay» is an arbitrary matrix, and 
if Dmm and Dan are diagonal matrices, the product Dmm Amn is obtained 
by multiplying the rows of A by the corresponding diagonal elements 
of D, while the product Amn Dan is obtained by multiplying the 
columns of A bj the corresponding diagonal elements of D. 

A unit matriz I is a diagonal matrix with all its diagonal ele- 
ments equal to 1. For any matrix A= Ann we have 
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where I denotes the unit matrix of order m: in the first product, 
and of order n:n in the second. 

A matrix (not necessarily square) having all its elements equal to 
zero is called a zero matrix, and is denoted by 0. 


11.2. Vectors. — A vector is a matrix consisting of one single row 
or one single column, and is called a row vector or & column vector, as 
the case may be. Thus a row vector x = |z,,..., 2n} is a matrix of 
order 1:», while a column vector 


I 
amm, 
|r. 
is of order n-1. In order to simplify the writing we shall, however, 
usually write the latter vector in the form x = (x, . . ., 15), indicating 
by the use of ordinary instead of curled brackets that the vector is 


to be conceived as a column vector. The majority of vectors occurring 
in the applications will be of this kind. 


The transpose of the column vector x =(a,,.. ., &) is the row 
vector x'— {x,,..., nj, and conversely. 
If x —(z,,..., Zn) and y =(y,,..., Yn) are two column vectors, 


the product x'y is a matrix of order 1-1, i.e. an ordinary number: 
(11.2.1) x'y = 2,9, + 7 + Lain 
In particular for x — y we have 
Xe =a +t ux. 


The products xy’ and xx’, on the other hand, are not ordinary num- 
bers, but matrices of order n-n. 

The vectors x,,...,x, are said to be linearly dependent, if a 
relation of the form e,x, +- + cx, — 0 exists, where the c; are 
ordinary numbers which are not all equal to zero. Otherwise x,,..., *p 
are linearly independent. Similarly, p functions f,,..., Jp of one or 
more variables are said to be linearly dependent, if a relation c; f, +++ + 
+ cp f, = 0, where the c; are constants not all = 0, holds for all values 
of the variables. When several linear relations of this form exist, 
these are called independent, if the corresponding vectors € = (v,. . . ., €p) 
are linearly independent. 
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11.3. Matrix notation for linear transformations. — A linear trans- 
formation 
Tı = Ay Yı + dig Ya +H + Ain Yn, 
(11.3.1) Wy = dg Yı E dy Ya +` + Gan Yn, 
Lm = Amı Yı + Ama Ya + ` + AmnYn, 


establishes a relation between two sets of variables, x,,..., z& and 
Yi,+++) Yn, Where m is not necessarily equal to n. The matrix 4 = 
= Any = {aix} is the transformation matrix. 

Now if x=(2,,..., 2m) and y=(y,,..., Yn) are conceived as 
column’ vectors, the right-hand sides of the equations (11.3.1) are the 
elements of the product matrix Ay, which is of order m-1, i.e. a 
column vector. Thus (11.3.1) expresses that the corresponding elements 
of the column vectors x and Ay are equal, so that in matrix notation 
the transformation (11.3.1) takes the simple form x — Ay. 


11.4. Matrix notation for bilinear and quadratic forms. — In the 
column vectors x and y of the preceding paragraph, we now consider 
the a; and y, as two sets of independent variables, and form the 
product matrix x'4y, where A = Amn = (a; ]. This is a matrix of 
order 1-1, i.e. an ordinary number, and we find 


(11.4.1) x'Ay = P ai 2i Yr, 
i,k 
where 7=1,2,...,m and k=1,2,...,m. Thus the bilinear form in 
the variables æ; and y that appears here in the second member has a 
simple expression in matrix notation. 
In the important particular case when m=n, x=y and A is 
symmetric, the bilinear form (11.4.1) becomes 


n 
(11.4.2) x' Ax = D) lik Xi k, 

i, ki 
where art — aip. This expression is called a quadratic form in the vari- 
ables z,,..., Zn, and will often be denoted by Q(x) or Q(z,, . . -, 2x). 
In matrix notation, we thus have Q(x) — x'Ax. The symmetric matrix 
A is called the matrix of the form Q. If, in particular, A =I, we 
have Q=x Ix =x'x =ai+--- + ap. 
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The matrix expressions (11.4.1) and (11.4.2) are particularly well 
adapted for the study of linear transformations of bilinear and 
quadratic forms. Thus if, in the quadratic form Q(2,,..., 2%») = 
= D Qik XiX, new variables y,,..., Ym are introduced by the linear 

4,k=1 
transformation x = Cy, where C = Cnm, the result is a quadratic 
form Q,(y;,..-, ym) in the new variables: 


Q lEn e o es 2) = Qs gn) = Dy be yes 


i,k=1 
and the matrix expression (11.4.2) then immediately gives 
Q=2xAx=y'C'ACy = y'By, 


where B — C'AC. By transposition it is seen that this is a symmetric 
matrix, and thus the matrix of the transformed form is C'AC. The 
order is, of course, m: m. 


11.5. Determinants. — To every square matrix A = A,, = (a;i) 
corresponds a number A known as the determinant of the matrix, 
which is denoted 


The determinant is defined as the sum 


Y 
Ac Mc Gory. ++» nra, 


where the second subscripts r,,..., , run through all the n! possible 
permutations of the numbers 1,2,...,, while the sign of each term 
is + or — according as the corresponding permutation is even or 
odd. The number » is called the order of the determinant. 

The determinants of a square matrix A and of its transpose 4’ 
are equal: A = A’. If two rows or two columns in A are interchanged, 
the determinant changes its sign. Hence if two rows or two columns 
in A are identical, the determinant is zero. If 4, B and C are square 
matrices such that AB = C, the corresponding determinants satisfy 
the relation AB = C. 
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When A is an arbitrary matrix (not necessarily square), the deter- 
minant of any square submatrix of A is called a minor of A. When 
A is square, a principal minor is a minor, the diagonal elements of 
which are diagonal elements of A. 

In a square matrix A = {a;,}, the cofactor Air of the element ay is 
the particular minor obtained by deleting the z:th row and the k:th 
column, multiplied with (— 1)**. We have the important identities 


2 A fori —k 
11.5.1 tij Å ia 1 
(154) 2 77H 10 fori Xk, 

c A fori—k 
11.5.2 ata end j 
yen 2 I to OSfordsé d. 
and further 
(11.5.3) A = a, Ån — J) i1 ik Ani 

i,k=2 


where A1. is the cofactor of aip in Aj. 


11.6. Rank. — The rank of a matrix A (not necessarily square) is 
the greatest integer r such that A contains at least one minor of 
order r which is not equal to zero. If all minors of A are zero, A is 
a zero matrix, and we put r — 0. When A= Ann, the rank r is at 
most equal to the smaller of the numbers m and n. 

Let the rows and columns of A be considered as vectors. If A is 
of rank r, it is possible to find r linearly independent rows of A, 
while any r+ 1 rows are linearly dependent. The same holds true 
for columns. 

If A, 4,,..., Ay are of ranks 7, Ts, .. ., rp, the rank of the sum 
A, cA, is at most equal to the sum rı + -+ rp, while the 
rank of the product 4,....4, is at most equal to the smallest of 
the ranks 7,,..., rp. 

If a square matrix 4 — A4,, is such that A 740, then A is of 
rank n. Such a matrix is said to be non-singular, while a square 
matrix with A — O0 is of rank r < n and is called a singular matrix. 


' If an arbitrary matrix B is multiplied (pre- or post-) by a non-singular 


matrix A, the product has the same rank as B. When the matrix of 
2 linear transformation is singular or non-singular, the corresponding 


"adjeetives are also applied to the transformation. 
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If A is symmetric and of rank r, there is at least one principal 
minor of order r in A which is not zero. Hence in particular the 
rank of a diagonal matrix is equal to the number of diagonal elements 
which are different from zero. 


n 

The rank of a quadratic form Q = x'Ax = 22 aix% 2 is, by defini- 

ik-l l 

tion, equal to the rank of the matrix A of the form. According as . 

A is singular or non-singular, the same expressions are used with respect | 

to Q. A non-singular linear transformation does not affect the rank 
of the form. If, by such a transformation, Q is changed into 


v. t 
Drv, where x; #0 for i= 1,2, ...,r, it follows that Q is of rank r. i 
1 


The rank is the smallest number of independent variables, on which 
Q may be brought by a non-singular linear transformation. 

A proposition which is often useful is the following: If Q may be 
written in the form Q= L1 + :-- + Lj, where the L; are linear func- 
tions of 2,,...,%n, and if there are exactly h independent linear 
relations (cf 11.2) between the L;, then the rank of Q is p—h. It 
follows that, if we know that there are at least h such linear relations, 
the rank of Q is Sp—h. 


11.7. Adjugate and reciprocal matrices. — Let A = fai} be a 
square matrix, and let as before Ai, denote the cofactor of the element 
ax. If we form a matrix {Aj} with the cofactors as elements, and 
then transpose, we obtain a new matrix A* = {afk}, where afk = Ari. 
We shall call A* the adjugate of A. By the identities (11.5.1) and 
(11.5.2) we find 


20-0: 0 
(11.7.1) Hua. EY ee pO 0. 
030 2:4; 


For the cofactor Afk of the element aj; = Az: in A* we have 
(11.7.2) Tr AT ay; 


This is only a particular case of a general relation which expresses 
any minor of A* in terms of A and its minors. We shall here only 
quote the further particular case 
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Ay An 


11.7.3 
( is An 


| = Ay Aix — Aun Air Adi. 


When A is non-singular, the matrix 4-! = i4 = en is called 


the reciprocal of A. We obtain from (11.7.1) 
(11.7.4) AA = A-VA =I, 


The matrix equations AX = I and XA = I then both have a unique 
solution, viz. X — A4-'. It follows that the determinant of 4-! is A~! 
Further (4-')' — A, so that the relation of reciprocity is mutual. 
The transpose of a reciprocal is equal to the reciprocal of the trans- 
pose: (4-1!) — (4")-*. For the reciprocal of a product we have the 
rule (4 B)-! = B^! A~. 

When A is symmetric, we have Ar: = Aix, so that the adjugate 
A* and the reciprocal 4-! are also symmetric. The reciprocal of a 
diagonal matrix D with the diagonal elements d,,..., dn is another. 
diagonal matrix D-' with the diagonal elements d;'!,...,d;'. 

If Q— x'Ax is a non-singular quadratic form, the form Q~! — 
— x'A-'x is called the reciprocal form of Q. Obviously (Q~!) — Q. 

Let x -—(zx,,...,25) and t — (5, . . ., tn) be variable column vectors. 
If new variables y =(y,,..., Ym) and u= (u,, . . ., um) are introduced 
by the transformations 


(11.7.5) y= Cx, t= C'u, 
where C = Cmn, we have 
(11.7.6) t'x —u'Cx = u'y. 


The bilinear form tx = tx, +::-+t:%, is thus transformed into 
the analogous form u'y = u, Y, ^ 7: + us yp in the new variables. Two 
sets of variables 2; and t; which are transformed according to (11.7.5) 
are called contragredient sets of variables. In the particular case when 
m=n and C is non-singular, (11.7.5) may be written 


(11.7.7) y — Cx, u — (C) t. 


11.8. Linear equations. — We shall here only consider some 
particular cases. The non-homogeneous system 
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(11.8.1) PRAT RRS Me Paes 
Gn19, + Gna%y +°**+ Gan En = n, 


is equivalent to the matrix relation Ax = h, where 4 = (au), x — 
=(a,,...,%n) and h—(h,..., hn). If 4 is non-singular, we may 
premultiply both sides by the reciprocal matrix 4-', and so obtain 
the unique solution x = A-'h, or in explicit form 


(11.8.9) m= Shida ogee: cat 


i=1 


Thus 2, is expressed by a fraction with the denominator A and the 
numerator equal to the determinant obtained from A when the ele- 
ments of the &:th column are replaced by the second members 7, . . ., An. 
This is the classical solution due to Cramer (1750). 

Consider now the homogeneous system 


du Y. + dig X. ++ Aint =O, 


ami X, + ama La +--+ + dmn Xs = O, 


(11.8.3) 


or in matrix notation Ax — 0, where m is not necessarily equal to n. 
By 11.6, the matrix A is of rank r Si». If r — », the system (11.8.3) 
has only the trivial solution « — 0. On the other hand, if r< n, it 
is possible to find » —r linearly independent vectors ¢,,..., €n—r 
such that the general solution of (11.8.3) may be written in the form 
x= tc, +--+ fn-rCn-r, where the t; are arbitrary constants. 


11.9. Orthogonal matrices. Characteristic numbers. — An ortho- 
gonal matrix is a square matrix C = (cjj] such that CC’=I. Hence 
C* — 1, so that the determinant C —|C| — +1. Obviously the trans- 
pose C' of an orthogonal C is itself orthogonal. Further C~! = C’, 
and thus by the definition of the reciprocal matrix Cj; = Co, for all 
i and k, and hence by the identities (11.5.1) and (11.5.2) 


e 1 fori=k, 
11.9.1 Cij Ce; = : 
nen 2 d b for ix k, 
= 1 fori=k 
11.9.2 a= i 
ack Baa lo for i k. 
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The product C, C, of two orthogonal matrices of the same order is 
itself orthogonal. — If any number p <'n of rows Cii, Cios.. .; Cin 
(251,2, ..., p) are given, such that the relations (11.9.1) are satisfied, 
we can'always find n — p further rows such that the resulting matrix 
‘of order n-n is orthogonal, The same holds, of course, for columns, 

“The linear transformation x = Cy, where C is orthogonal, is called 
an Orthogonal transformation. ‘The quadratic form x x = x} +--+ ais 

P invariant under this transformation, i.e. it is transformed into the 
form y'C Cy — y'y =y? c yh, which has the same matrix I. — 
The reciprocal transformation y =C~'x is also orthogonal, since 
C~! = C' is orthogonal. 

The orthogonal transformations have an important geometrical 
signifieance. In fact, any orthogonal transformation may be regarded 

. as the analytical expression of the transformation of coordinates in, 
an euclidean space of » diménsions which is effected by a rotation of 
a rectangular system of coordinate axes about a fixed origin. The 


distance (a? +--+ a3 from the origin to the point (a,,..., 8n) is 
invariant under any such rotation. 

If A is an arbitrary symmetric matrix, it is always possible to 
find an orthogonal matrix C such that the product C'AC is a dia- 
gonal matrix: 


| 44.0) 0.5 40; | 
(11.9.3) CAC—-K-—10»...0 1. 

00$. 24 
Any other orthogonal matrix satisfying the same condition yields the 
same diagonal elements x,, . . ., xa, though possibly in another arrange- A 
ment. The numbers x,,...,Xa, Which thus depend only on the matrix 


` A, are called the characteristic numbers of A, They are the n roots. 
of the secular equation : 


gj — X... Gin 
(11.9.4) |4—xI|— Ay, gg — X... Aan =0, 
Ani n2 - - - Ann — X 


and are all real. Since C is non-singular, A and K have the same 
rank (cf 11.6). Hence the rank of A is equal to the number of the 
roots x; which are not zero. From (11.9.3) we obtain, taking the 
determinants on both sides and paying regard to the relation C* = 1, 
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(11.9.5) A= x) xy eee en 
If A is non-singular, the identity 


(11.9.6) |42 — | - (7 3*4-]4 — L1] 


shows that the characteristic numbers of A~! are the reciprocals of 
the characteristic numbers of A. 

Finally, let B be a matrix of order m:n, where m S ». If B is of 
rank m, the symmetric matrix BB’ of order m-m has all its charac- 
teristic numbers positive. It follows, in particular, that BB’ is non- 
singular. — This is proved without difficulty if, in (11.9.3), we take 
A= BB’ and express an arbitrary characteristic number x; by means of 
the multiplication rule. 


11.10. Non-negative quadratic forms. — If, for all real values of 
the variables 2,,..., Zn, we have 


n 
Q(a,,.. +5 Ln) = D) ik ti uy = O, 
i,k=1 


where ari = aij, the form Q will be called a non-negative quadratic 
form. If, in addition, the sign of equality in the last relation holds 
only when all the x; are equal to zero, we shall say that Q is definite 
positive. A form Q which is non-negative without being definite positive, 
wil be called semi-definite positive. Each of the properties of being 
non-negative, definite positive or semi-definite positive, is obviously 
invariant under any non-singular linear transformation. 

The symmetric matrix A = {a;,} will be called non-negative, definite 
positive or semi-definite positive, according as the corresponding 
quadratic form Q — x'Ax has these properties. 

The orthogonal transformation x — Cy, where C is the orthogonal 
matrix occurring in the special transformation (11.9.3), changes the 
form Q into a form containing only quadratic terms: 


(11.10.1) Q lti ... tn) = yt boys s + ny, 


or in matrix notation x 4x = y'K y, where the x; are the characteristic 
numbers of 4, while K is the corresponding diagonal matrix occurring 
in (11.9.3. By the same orthogonal transformation, the form Q— 
x(x} + +x) is transformed into (x, — x) y? +--+ (xn —x)y. If x 
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the smallest characteristic number of A, the last form is obviously 
non-negative, and it follows that the form Q— x(x} +- + xi), with 
the matrix 4 — xI, has the same property. 

If the form Q is definite positive, the form in the second member 
of (11.10.1) has the same property, and it follows that in this case 
all the characteristic numbers x; are positive. Hence by (11.9.5) we 
have A> 0, so that A is non-singular. 

If, on the other hand, Q is semi-definite positive, the same argu- 
ment shows that at least one of the characteristic numbers is zero, 
so that 4 — 0. If Q is of rank r, there are exactly r positive charac- 
teristic numbers, while the » —r others are equal to zero. In this 
case, there are exactly n—r linearly independent vectors xp = (xP), . . ., xW) 
such that Q (æ) = 0. 

The geometrical significance of the orthogonal transformation 
considered above is that, by a suitable rotation of the coordinate 
system, the quadric Q(x,,..., Xn) = const. is referred to its principal 
axes. If Q is definite positive, the equation Q — const. represents an 


ellipsoid in » dimensions, with the semi-axes x; 5. For semi-definite 
forms Q, we obtain various classes of elliptic cylinders. 

If Q is definite positive, any form obtained by putting one or 
more of the a; equal to zero must be definite positive. Hence any 
principal minor of Q is positive. For a semi-definite positive Q, the 
same argument shows that any principal minor is non-negative. — It 
follows in particular that if, in a non-negative form Q, the quadratic 
term a; does not occur, then Q must be wholly independent of ay. 
Otherwise, in fact, the principal minor a;; a, — aix would be negative for 
some &. — Conversely, if the quantities A, 4, 411,22 , . - ., 11.2... n=1, n-1 
are all positive, Q is definite positive. 

The substitution x —.4-!y changes the form Q = x'Ax into the 
reciprocal form Q-1=y'A-'y. Thus if Q is definite positive, so is 
Q-', and conversely. This can also be seen directly from (11.9.6) — 
Consider now the relation (11.5.3) for a definite positive symmetric 
matrix A. Since any principal submatrix of A is also definite positive, 
it follows that the last term in the second member of (11.5.3) is a 
definite positive quadratic form in the variables as, . .., à15, 80 that 
we have 0 < A S a, An and generally 


(11.10.2) 0<ASa: Ais (¢=1,2,..., ). 


By repeated application of the same argument we obtain 
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11.10—11 
(11.10.3) OZA Styan ..-. nn. 


The sign of equality holds here only when 4 is a diagonal matrix. — 
For a general non-negative matrix, the relation (11.10.3) holds, of 
course, if we replace the sign < by <S 


n 


11.14. Decomposition of > a}. — In certain statistical applications 


1 
we are concerned with various relations of the type 


n 
(11.11.1) d= Q3 

1 
where Q; is for 2— 1,2,..., k, a non-negative quadratic form in 
Li,- £n Of rank ry. 


Consider first the particular case k= 2, and suppose that there 
exists an orthogonal transformation changing Q, into a sum of r, 


Ti 
squares: Q= 5s. Applying this transformation to both sides of 
n 
. (11.11.1), the left-hand side becomes >) vi, and it follows that Q, is 
1 


n 
changed into >) yi. Thus the rank of Q, is r, =n —r,, and all its 


rtl 


characteristic numbers are 0 or 1. — As an example, we consider the 
identity 

n n 
(11.11.2) Di = nz + Daz), 

1 1 


1 n 
where Z = 3 > a;. Any orthogonal transformation y = Cx such that 
1 


1 
Va Va" 


x x. QT : 
(7 Vat Yn Tc cR into yi. Thus the same transformation 
n 


changes Xe xı — 1) into » yi. In the decomposition of 2 xi ac- 


the first row of C is — ^ iya will change the form n z* — 
n 


cording to (11.11.2), the Pt terms in the second member are thus of 
ranks 1 and » — 1 respectively. 
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Consider now the relation (11.11.1) for an arbitrary k>1. We 
shall prove the following proposition due to Cochran (Ref. 66; cf 
also Madow, Ref. 154): i 

n 


If > r; — n, there exists an orthogonal transformation x — Cy chang- 
1 


ing each Q; into a sum of squares according to the relations 


L^ Tits n 
= 5s, G= Dy = Dat, 
1 nl a-r tl 


i.e. such that no two Q: contain a common variable yi. 

We shall prove this theorem by induction. For k — 1, the truth 
of the theorem is evident. We thus have to show that, if the theo- 
rem holds for a decomposition in k— 1 terms, it also holds for k 
terms, In order to show this, we first apply to (11.11.1) an orthogonal 

n 


transformation x — C,» changing Q, into D3 xe}. This gives us 
1 


n 
»0—34-538—0t-—* Qk, 

1 ntl 
where @Q,..., Qe denote the transforms of Q,,..., Qk. We now 
assert that all the x; are equal to 1. Suppose, in faet, that p of the 
x, are different from 1, while the rest are equal to 1. Both members 
of the last relation are quadratic forms in z;,...,2». The rank of 
the first member is n — r, + p, while by 11.6 the rank of the second 
member is at most equal to ry +--+ re=n—r,. Thus p =0, and 
all x; = 1, so that we obtain si 


n 
(11.11.38) POLI IE Qi. 
rl 

Here, the variables z,,..., Zr do not occur in the first member, and 
we shall now show that these variables do not occur in any term in 
the second member. If, e.g., Qh would not be independent of z,, then 
by the preceding paragraph Q must contain a term cz; with c>0. 
Since the coefficients of z? in Qj,..., Qt are certainly non-negative, 
this would, however, imply a contradiction with (11.11.83). 

n 


Thus (11.11.3) gives a representation of >) 2? as a sum of k—1 
nl 


117 


11.11—12 


non-negative forms in 25,41,..., Zn. By hypothesis the Cochran theo- 
rem holds for this decomposition. Thus there exists an orthogonal 
transformation in n—r, variables, replacing 2r,41,.-+,8n by new 
variables y;,41, ..., Yn such that 

Titre n 
(11.11.4) Q — Xy... G=D> yt. 

Tl ad aca 


If we complete this transformation by the r, equations 2, LU RR, 
Zr = Yr, We obtain an orthogonal transformation in x variables,  — C,y, 
such that (11.11.4) holds. 

The result of performing successively the transformations x — C,z 
and z= C,y will be a composed transformation x = C,C,y which is 
orthogonal, since the produet of two orthogonal matrices is itself 
orthogonal. This transformation has all the required properties, and 
thus the theorem is proved. 

Let us remark that if, in (11.11.1), we only know that every Q; is 


non-negative and that the rank of Q; is at most equal to r;, where 
k 


>X "; —n, we can at once infer that Q; is effectively of rank 7;, so that 
1 


the conditions of the Cochran theorem are satisfied. In fact, since 
the rank of a sum of quadratic forms is at most equal to the sum 
of the ranks, we have, denoting by 7; the rank of Qi, 


k k 
nz*nz»n-n 
1 1 


Thus >) ri — >)7, and 7;<7;. This evidently implies 7j = r; for all i. 


We finally remark that the Cochran theorem evidently holds true if, 
in (11.11.1), the first member is replaced by a quadratic form Q in any 
number of variables which, by an orthogonal transformation, may be 


n 
transformed into X ai. 


il 


11.12, Some integral formulae. — We shall first prove the im- 
portant formula 


(11.12.1 a) [ femme am ER nns 
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41.12 


or in ordinary notation 


ra f 144-1 Ole... 9) 
(11.19.1 b) f e fe 5 da. dam 
(2 re)? S7 ttn) 
= e Y 
VA 
where Q is a definite positive quadratic form of matrix A, while 
t=(t,,..., tn) is a real vector. As in the preceding paragraphs, A is 


the determinant |4|, while Q-' is the reciprocal form defined in 11.7. 
— For n= 1, the formula reduces to (10.5.2). 

In order to prove (11.12.12) we introduce new variables y = 
= (Y1, . . -, Yn) by the substitution x = Cy, where C is the orthogonal 
matrix of (11.9.3), so that C'AC — K, where K is the diagonal matrix 
formed by the characteristic numbers x; of A. At the same time we 
replace the vector t by a new vector u—(w,..., un) by means of 
the contragredient substitution (cf 11.7.7) t = (C')-! u, which in this 
case reduces to t= Cu, since C is orthogonal. By (11.7.6) we then 
have t'z — u'y, Denoting the integral in the first member of (11.12.12) 
by J, we then obtain, since C= + 1, 


[3 


[3 CJ , ; kd Bo 3 " 
J= |f dry Ey dy, ... dy, — [T | gut is dy. 
A -o PER 


Applying (10.5.2) to every factor of the last expression, we obtain 
n AGE 2 
(2 m)? aS 2 1 N (2 7)? g du Ku 


J= 
Vier A VA 


Lr 
since by 11.7 the diagonal matrix with the diagonal elements 2 is 


identical with the reciprocal K-!, while by (11.9.5) we have A= 
= %,%,...%. We have, however, K-! = (C'A C)! = C1 A- (C')' = 
= C'A-1Q, since C is orthogonal. Hence w'K-!u = u'C'A-! Cu = 
=t'A-'t, and thus finally 


(2.2) -4At 
J= 5 
VÀ e 
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i.e. the formula (11.12.13). — Putting in particular t = 0, we obtain 
the formula 


o LJ 1 E 
(1.12.2) 13 cu e dn... da, =E, 


“ja 


This holds even for a matrix A with complex elements, provided 
that the matrix formed by the real parts of the elements is definite 
positive. 

We further consider the integral 


V=[--- faz... das, 


Q(z,,..., PARET 


which represents the n-dimensional »volume» of the domain bounded | 
by the ellipsoid Q — c°. The orthogonal transformation used above, 


followed by the simple substitution y; =y shows that we have 
Xi 


ees 
È FVA 5s de,...ds,. 


o) 
Be <i 
1 


The last integral represents the volume of the n-dimensional »unit 


n 


Ta: so that 
r(5+ 1) 


sphere», and it will be shown below that its value is 


n 


nm c 
n Ya 
r(s +1) 


We shall finally require the value of the integral 


(11.12.3) y- 


Bu = f faaedx, ART oes 
Q«c 


extended over the same domain as the integral V. Making the same 
substitutions as in the case of V, we find by some calculation that the 
matrix B with the elements B;; is 

B=g,CK-'C’ = g, A“, 
where 
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5 cni ES c y 
n =" , 
VA 2r(2 +2) i 
so that 
-LV Aw 
(11.12.4) Ba-— 4 


The Dirichlet integrals used above: 
jm f f dns din and Auf f dne dis 


extended over the n-dimensional unit sphere >i <1, can be calculated by means 


1 


of the transformation E 


ay = COB Pi, 
Z, = sin Q, COB 9, 
Z, = Bin Q, Sin P; COB Pz, 


£n 8ing,... Bin q, ., €08 Pp 


whieh establishes a one-to-one correspondence between the domains Y, z} < 1 and 
0<g;< x (i=1,2,..., n). The Jacobian of the transformation is (—1)" (sin gj). 
(sin q,)^—1... sin Pp, With the aid of the relation 


a K r past! 
2 i 
fiasenae v f caw ten (x Va 
2 


which is proved by substituting x = sin’ q and using (12.4.2), we then obtain 


na " x 
jı = f (ing, dg, wef sin 9549.7 —7. 7? 
Niger e QUARTA 
2 
n 
x x x E 
j — f (sin p," eos! 9, dg, f (sim gon71 dos... f sin e, do, = —7 
ò [] [] r( m 
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CHAPTER 12. 
MiscELLANEOUS COMPLEMENTS. 


12.1. The symbols 0,0 and œ. — When we are investigating 
the behaviour of a function f(x) as x tends to zero, or infinity, or 
some other specified limit, it is often desirable to compare the order 
of magnitude of f(x) with the order of magnitude of some known 
simple function g(x). In such situations we shall often use the fol- 
lowing notations. 


1) When fe) remains bounded as x tends to its limit, we write 


g(x) 
f(x) = O(g(z), which may be read: »/f(x) is at most of the order g(x)». 


2) When i tends to zero, we write f(x) =o0(g(x)), which may 
be read: »f(x) is of a smaller order than g(x)». 
3) When a tends to unity, we write /(x)œ g(x), which may be 


read: »f(x) is asymptotically equal to g(z)». 1 


Thus as z — © we have e.g. az + b = O (x), à? = o (e), cog. 
z-loga 
Symbols like O(z), o(1) ete. will often be used without reference 
to a specified function f(z). Thus e.g. O(x) will stand for »any func- 
tion which is at most of order x», while O(1) signifies »any bounded 
function», and o(1) »any function tending to zero». 


As a further example we consider a function f(x) which, in some neighbourhood 
of x = 0, has n continuous derivatives. We then have the Mac Laurin expansion 


fe) = Ow RE, 
0 


where 
EAD) (8 x) — f((0) an 


R, (@) — (0« 0 «1. 


Now by hypothesis f(")(8 x) — f(")(0) tends to zero with x. According to the above 
we may thus write, as x tends to zero, 


n 
ER PAZIO! 
f-2 vp Z + olan). 
9 
This relation, which holds even when f(x) is complex, has already been used in 


(10.1.3). 
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12.2 


12.2. The Euler-MacLaurin sum formula. — We define a sequence 
of auxiliary functions P, (x), P, (a), . . . by the trigonometric expansions 


«c cos2vzx 
Pu (x)= 2 BE y ape 
(12.2.1) 


< sin 2»zx 
Parsi (x =à 1 DPF (yat 


All these functions are periodical with the period 1, so that 
Py (x + 1) = Pr (a). 


For n> 1, the series representing P,(x) is absolutely and uniformly 
convergent for all real æ, so that P(x) is bounded and continuous 
over the whole interval (— co, co). 

The series for P, (x), on the other hand, is only conditionally con- 
vergent, and it is well known that we have P,(r)—-— v +} for 
0-z- 1. Denoting by [a] the greatest integer < x, it follows from 
the periodicity that we have for all non-integral values of æ 


P, (a) = [x] — x + 4. 


Thus every integer is a discontinuity point for P,(x), and we have 
| A, (x) | < } for all a. 
For integral values of z we have 


S (aeu 
Pan) = gui iuis uc Uer 


Papa (m) = 


The numbers B, appearing here are the Bernoulli numbers defined by 
the expansion 


(12.2.2) ==> d) 
0 
We have 
B, — 1, B,——1, B, =}, B,—— h, B, = is ny 


while all the B, of odd order = 3 are zero. — For »>1 we have 


d P.) = (7 19 Pam (a) 
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For n>2 this relation holds for all x, while for n = 2 its validity 
is restricted to non-integral values of z. 

Consider now a function g(x) which is continuous and has a con- 
tinuous derivative g'(x) for all æ in the closed interval (a + n, h, a+ ns h), 
where a and h>O are constants, while*», and n, are positive or 
negative integers. For any integer v such that 7, Sv < n, we then 
find by partial integration 


»+1 vt. 
hf P, (æ)g' (a + ha) da — — 3 g (a +vh)—}gla+ w+1)h) )+ fol (a+ hz) dx. 
Hence we obtain, summing over v = n, ..., ns — 1, 


Sola + hy») = fala + hz)dz + à g(a + mh) + 3 g(a + m, 1) — 


(12.2.3) fh (a) g' (a + ha) d 


This is the simplest case of the Euler-MacLaurin sum formula, which 
is often very useful for the summation of series. If g(x) has con- 
tinuous derivatives of higher orders, the last term can be transformed 
by repeated partial integration, and we obtain the general formula 


ne Ng 
Dgla+ hy) = f g(a + hz)da + gla + nh) + 39(a nh) — 


n L1 


a B. b 
(12.2.4) = Zi » 2*1 (gi*72 (a + nh) — g**7? (a + m, h)] + 
1 


+ (—1iyttee {Pas (x) g+) (a + ha) da, 
my 


where s may be any non-negative integer, provided that all derivatives 
appearing in the formula exist and are continuous. 


e o 
If Mesa + hy) and fala + hz)dz both converge, we obtain from 


-o 
the formula (12.2.3) 


(12.2.5) Sigla +n) = fola +ha)jdz—h f Pg + ha) dx 


-o —o 
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where the last integral must also converge. If, in addition, g?*-9 (x) + 0 
as z— 4 o for v=1,2,..., $, we obtain from (12.2.4) 


(12.2.6) 5 gla + h)= 


— fala + ha) dx + (— 1th f Prost (a) g8**? (a + ha) da. 


-0 


If, in (12.2.3), we take g(x) H, a=0, h=1, n, —1 and n, — n, we obtain 


du jl 7 P, (x) 
yo = : ena TEL 
2 lgncityt[ a dz. 
1 1 


From the definition of P,(x) it is easily seen that 


Pix) 1 
0 P E dx < En” 
n 
so that we have 
n 
; dun do). d ees ba 
(12.2.7) D5 = ens c++ +0(5). 


1 
where 


LJ 
cma f A2 dx = 0.6772 ... 
1 
is known as Euler's constant. 


12.3. The Gamma function. — The Gamma function T (p) is de- 
fined for all real p — 0 by the integral 


(12.8.1) T(p) = f antea. 


By 7.8, the function is continuous and has continuous derivatives of 
all orders: 


T” (p) = fa (log x)" e-* dx 
0 


for any p>0. When p tends to 0 or to + œ, T (p) tends to + ©. 
Since the second derivative is always positive, T (p) has one single 
minimum in (0, ©). Approximate calculation shows that the minimum is 
situated in the point p= 1.4616, where the function assumes the 
value T (po) = 0.8856. 
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12.3—4 
By a partial integration, we obtain from (12.3.1) for any p — 0 
T(p + 1)=pT (p). 


When p is equal to a positive integer n, a repeated use of the last 
equality gives, since T (1)= 1, 


T({n+1)=n! 


From (12.3.1) we further obtain the relation 
(12.3.2) Í e aeae = TUI, 
Q 
0 


where «7 0, 4— 0. If we replace here « by « + it and develop the 
factor e`“? in series, it can be shown that the last relation holds 
true for complex values of «, provided that the real part of a is 
positive.!) 

By (12.3.2), the function 


gne 
(12.3.3) F(x; a, 2) ra" ez** for v. 0, 
0 for x <0, 


has, with respect to the variable x, the fundamental properties of a 
frequency function (cf 6.6): the function is always non-negative, and 
its integral over (— ©, ©) is equal to 1. The corresponding distribu- 
tion plays an important róle in the applications (cf e.g. 18.1 and 
19.4. It has the characteristic function 


CEA ade. aite -aniis d, = 
AC rw, 
(12.3.4) yt EDU) EN 

= ra ey 


12.4. The Beta function. — The Beta function B(p,q) is defined 
for all real p > 0, g>0 by the integral 


1) A reader acquainted with Cauchy's theorem on complex integration will be 
able to deduce the validity of (12.3.2) for complex « by a simple application of that 
theorem. 
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1 


(12.4.1) B(p,q)= | 3*3 (1 — zy dz. 
0 
We shall prove the important relation 


(12.4.2) B(p,q)= z " r a. 


The integral 


LJ 
fer gt e-t(1+2) da; = T (p) 1 e7*, 
9 


regarded as a function of the parameter t, satisfies the conditions of 
the integration theorem of 7.3 for any interval (s, œ) with & 0, so 
that we have 


r(p) f t-t etat = f dæ f eter ar tet dt. 
Li 9 e 


When s tends to-zero, the first member tends to T(p)T (a). In the 


second member, the integral with respect to ¢ tends increasingly to the 
-1 
limit (p + 4) mun which is integrable with respect to x over 


(0,00). According to (5.5.2) we then obtain 


r(pr(- r(»* d f aant 


z 
l+ 


Introducing the new variable y = in the integral, we obtain the 


relation (12.4.2). 
Taking in particular p= çg in (12.4.2) we obtain, introducing the 
new variable y — 2z — 1, 


1 1 
(12.4.3) I = f^ (1—2y-7!dz— am fa — y!y7! dy. 


For p=} this gives 


rQg-2 


0 


C ; E 
nF m, r()-Ys. 
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On the other hand, putting in (12.4.3) y* =z, we obtain 


Ku) See Lk nT G) 
TO» =2 ay e-tdz=2 SNEEN 


(12.4.4) T(2p)= vs rrp + 3). 
If we define a function B(x; p, g) by the relation 


d ptaqs c Nu ME 
(12.4.5) B(x; p,q) = Tora” (1— zy 
for 0<a<1, and put f(x; p,q) — 0 outside that interval, it follows 
from (12.4.1) and (12.4.2) that this function has the fundamental pro- 
perties of a frequency function. The corresponding distribution, which 
has its total mass confined to the interval (0, 1), will be further dis- 
cussed in 18.4. 


12.5. Stirling’s formula. — We now proceed to deduce a famous 
formula due to Stirling, which gives an asymptotic expression for T (p) 
when p is large. We shall first prove the relation 


nin? 
Lope T1)...(p t n) 


(12.5.1) T(p)= 


for any p> 0. 
By repeated partial integration we obtain 


Jes pues ier. 


The first member of this relation may be written as f g(x, n) da, 
0 


9 (en) cn (1 8" for 0€ z « n, and g(z,») —0 for xz n. As n 


tends to infinity, g(x,») tends to z?-!e-7 for every x — 0, and it is 
easily seen that we always have O0 x g (x,n) < a?-!e-*. Hence by 
(5.5.2) we obtain (12.5.1). 
It follows from (12.5.1) that log T (p) —lim Sn, where 
n-o 
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n n 
S, — p log n + >) log » — J log (p + »). 
1 0 


Applying the Euler-MacLaurin formula (12.2.3) to both sums in the 
last expression, we obtain after some reductions 


S,=(p— i) log p— (p + n +4) log (1+ P + 


FP, (x) * P.) 
jh = ao f3 de 
1 0 


As n tends to infinity, the second term on the right-hand side tends 
to — p, while the two integrals are convergent (though not absolutely), 
owing to the fluctuations of sign of P,(z). Thus we obtain 


(12.5.2) log T (p) = (p — 4) log p— p + k + R(p), 


where & is a constant, and the remainder term R (p) has the expression 


( P, (a) 


This integral may be transformed by repeated partial integration, as 
shown in (12.2.4), and we obtain in this way 


Bay « js Pail) g 
=a a my (p arid 
for s=0,1,2,... For any s>0, the integral appearing here is 


absolutely convergent, and its modulus is smaller than 


where A is a constant. It follows in particular that R(p) > 0 as 
peo. 

In order to find the value of the constant k in (12.5.2), we observe 
that by (12.4.4) we have 


log T (2p) —log T (p) + log T (p + 3) + (2 — 1) log 2 — $ log x. 
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Substituting here for the I-functions their expressions obtained from 
(12.5.2), and allowing p to tend to infinity, we find after some reductions 


k=} log 2z. 
We have thus proved the Stirling formula: 
(12.5.3) log T (p) = (p — 4) log p — p + ł log 2% + R (p), 


where — 


1 1 
= (2p -mp + 0 (3) 


From Stirling's formula, we deduce i.a. the asymptotic expressions 
n n 
n!=T (n+ N) V2zn, 


and further, when p > © while h remains fixed, 


I(p-4h) 
T'(p) 


By differentiation, we obtain from Stirling's formula 


eo ph. 


T) 1_f BA) 
TQ) EP ap] taf 


(12.5.4) 


m) (ry i.i Pi) 
noc cont jas 


For p — 1, the first relation gives 


(12.5.5) ra) -4- f BS ae--1-f AQ a, —— 6, 
0 1 


where C is Euler's constant defined by (12.2.7). — Differentiating the equation 
I'(p-1)—pF(p) we further obtain 
I'(p-t D, 1, L(y) 
P(p+1) p r’ 
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12.5—6 


and hence for integral values of p 


I"(n) 
T(n) 


An application of the Euler-MacLaurin formula (12.2.8) gives 


1 
(12.6.6) =1 "Tcu 


Taking p — n in the second relation (12.6.4), we thus obtain (ef p. 12%) 


IT') (Pe wi oz ERN 
(12.8.7) ( ) 35-5 Xs 


T(n Ww» 


12.6. Orthogonal polynomials. — Let F(z) be a distribution function 
with finite moments (cf 7.4) a, of all orders. We shall say that z, is 
a point of increase for F(x), if F(x, + h) > F(x, — h) for every h > 0. 

Suppose first that the set of all points of increase of F is infinite. 
We shall then show that there exists & sequence of polynomials 
po (x), p, (æ), ... uniquely determined by the following conditions: 

a) pn(zx) is of degree n, and the coefficient of x" in ps (x) is positive. 

b) The pn(x) satisfy the orthogonality conditions 


LJ 
1 for m=n, 


F(»- 
[7-92 e E for mæn. 
—o 
The p,(x) will be called the orthogonal polynomials associated with the 
distribution corresponding to F(z). 
We first observe that for any n2O the quadratic form in the 
n +1 variables wo, t, . . ., tn 


o n 

(mm te + santa) = D acum 

~o i, k=0 
is definite positive. For by hypothesis F'(x) has at least n + 1 points 
of increase, and at least one of these must be different from all the 
n zeros of u+: + tng”, so that the integral is always positive as 
long as the w; are not all equal to zero. It follows (cf 11.10) that 
the determinant of the form is positive: 


On @nti--- Can 
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Obviously we must have po(z) — 1. Now write 
pn (x) = uy + uz bod tn ms, 


where 5: 0, and try to determine the coefficients u; from the condi 
tions a) and b). Since every p;(r) is to have the precise degree 7, 
any power z? can be represented as a linear combination of po(2), . . ., pia). 
It follows that we must have 


fat ps 2) aF (x) — 0 


for (—0,1,...,» — 1. Carrying out the integrations, we thus have 
n linear and homogeneous equations between the n +1 unknowns 
Up. ùm and it follows that any polynomial pn (a) satisfying our 


conditions must necessarily be of the form 


Qo ay an 

(12.6.1) pi (y xs |t anti e e | 
On—1 Gn + C2n—1 
NEC ESTE 


where K is a constant. For K0, this polynomial is of precise 
degree », as the coefficient of z^ in the determinant is Da-ı > 0. 
Thus p,(x) is uniquely determined by the conditions that if pial =1 
and that the coefficient of z^ should be positive." We have thus 
established the existence of a uniquely determined sequence of ortho- 
gonal polynomials corresponding to any distribution with an infinite 
number of points of increase. 

If F(x) has only N points of increase, it easily follows from the 
above proof that the p(x) exist and are uniquely determined for 
n—0,1,..., N —1. The determinants D, are in this case still posi- 
tive for n —0,1,..., N — 1, but for n= N we have D, — 0. 

Consider in particular the case of a distribution with a continuous 
frequency function f(x) — F'(x), and let p(x), .. . be the corresponding 
orthogonal polynomials. If g(x) is another frequency function, we 
may try to develop g(z) in a series 


(12.6.2) g (x) = dy polz) (x) + by pi (a) fia) + 


1) It can be shown that K=(Dn-1 Dont Cf e.g. Szegó, Ref. 36. 
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Multiply with p,(z) and suppose that we may integrate term by term. 
The orthogonality relations then give 


(1263) b. = f os (go do. 


Thus in particular 5,— 1. Expansions of this type may sometimes 
render good service for the analytic representation of distributions. 
— We shall now give some examples of orthogonal polynomials. 


1. The Hermite polynomials Hn(x) are defined by the relations 


(12.6.4) (2) 3 2 iim dars ccs (nemo 159, ee 


H.(x) is a polynomial of degree n, and we have 
H(z) — 1, H, (x) ==, B, (x) ^ z* — 1, 
(12.6.5) A,(a)=2°— 3a, H,(2)= a*— 62° +3, 
H,(z) —a^—102* + 15a, H,(x)= a9 — 15 z* + 45 a* — 15, 


By repeated partial integration, we obtain the relation 


fn! for m—n, 


(12.6.6) f H(z) Hy(2) 4 (c) 7 — f Ha (2) Hala) aseo ace 


which shows that : H,(x)\ is the sequence of orthogonal poly- 
Vn! 


nomials associated with the normal distribution defined by (10.5.3). 
We also note the expansions 


< A, (x) X Site 
(12.6.7) 2r t—e 
and duca 
2 H, (x) Hy 1 EES = zy 
(12.6.8) > 2 () te ate Ust] e eo 


The first of these follows simply from the definition (12.6.4). A proof of 
(12.6.8) given by Cramér will be found in Charlier, Ref. 9 a, p. 50—53. 


2. The Laguerre polynomials Lo (æ) are defined by the relations 
n 5 
(&) (an+i-1 e72) = (— 1P n! LO xài e, 
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which give 


TOR ese E Lo Rtr, 


2 


By repeated partial integration we find 


1 


a Cie) for m =n, 


o 
JRO Eies de= { 
0 0 for m # n, 
Lf) @) 
so that y (23) is the sequence of orthogonal polynomials associated with 
n 


the distribution defined by the frequency function f(a; a, 2) considered in (12.3.3), 
when we take « — 1. 
1 
3. Consider the distribution obtained by placing the mass 5 in each of the V 


points £y, Ts, ..., zy. The corresponding distribution function is a step-function with 


a step of height HI each ai. Let po(X) ...py.,(X) be the associated orthogonal 


polynomials, which according to the above are uniquely determined. The orthogonality 
relations then reduce to l 


N 
1 1 for m=n, l 
= > c; = 
x2 i) Pa (2) F fo m#n. 


These polynomials may be used with advantage e.g. in the following problem. Sup- 
pose that we have WN observed points (x, yi, - - » (Xy, yy), and want to find the para- 


bola y = q (x) of degree n < N, which gives the closest Jit to the observed ordinates, 
in the sense of the principle of least squares, i.e. such that 


becomes a minimum. We then write q(x) in the form 


q(x) = co Po (x) +--+ en pn (a), 


and the ordinary rules for finding à minimum now immediately give 


N 
1 
or = 2 y pu Gn) 


for r=0,1,...,”, while the corresponding minimum value of U is 


The case when the points x, are equidistant is particularly important in the applica- 
tions. In that case, the numerical calculation of q(x) and Umin may be performed 
with a comparatively small amount of labour. Cf e.g. Esscher (Ref. 82) and Aitken 
(Ref. 50). — Cf further the theory of parabolic regression in 21.6. 
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SECOND PART 


RANDOM VARIABLES 
AND PROBABILITY DISTRIBUTIONS 


CHAPTERS 13—14. FOUNDATIONS. 


CHAPTER 13. 
STATISTICS AND PROBABILITY. 


13.1. Random experiments. — In the most varied fields of practi- 
cal and scientific activity, cases occur where certain experiments or 
observations may be repeated a large number of times under similar 
circumstances. On each occasion, our attention is then directed to a 
result of the observation, which is expressed by a certain number of 
characteristic features. 

In many cases these characteristics directly take a quantitative 
form: at each observation something is counted or measured. In other 
cases, the characteristics are qualitative: we observe e. g. the colour 
of a certain object, the occurrence or non-occurrence of some specified 
event in connection with each experiment, etc. In the latter case, it 
is always possible to express the characteristics in numerical form 
according to some conventional system of notation. Whenever it is 
found convenient, we may thus always suppose that the result of each 
observation is expressed by a certain number of quantities. 


1. If we make a series of throws with an ordinary die, each throw yields as its 
result one of the numbers 1,2,..., 6. 

2. If we measure the length and the weight of the body of each member of a 
group of animals belonging to the same species, every individual gives rise to an 
observation, the result of which is expressed by two numbers. 

. 

3. If, in a steel factory, we take a sample from every day's production, and 
measure its hardness, tensile strength and percentage of coal, sulphur and phosphorus, 
the result of each observation is given by five numbers. 

4. If we observe at regular time intervals the prices of k different commodities, 
the result of each observation is expressed by k numbers. 

5. If we observe the sex of every child born in a certain district, the result of 
each observation is not directly expressed by numbers. We may, however, agree to 
denote the birth of a boy by 1, and the birth of a girl by 0, and thus conventionally 
express our results in numerical form. 
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In.some cases we know the phenomenon under investigation suffi- 
ciently well to feel justified in making exact predictions with respect 
to the result of each individual observation. Thus if our experiments 
consist in observing, for every year, the number of eclipses of the 
sun visible from a given observatory, we do not hesitate to predict, 
on the strength of astronomical calculations, the exact value of this 
number. A similar situation arises in every case where it is assumed 
that the laws governing the phenomena are known, and these laws are 
sufficiently simple to be used for calculations in practice. 

In the majority of cases, however, our knowledge is not precise 
enough to allow of exact predictions of the results of individual 
observations. This is the situation, e.g., in all the examples 1—5 
quoted above. Even if the utmost care is taken to keep all relevant 
circumstances under control, the result may in such cases vary from 
one observation to another in an irregular way that eludes all our 
attempts at prediction. In such a case, we shall say that we are 
concerned with a sequence of random experiments. 

Any systematic record of the results of sequences of this kind will 
be said to constitute a set of statistical data relative to the pheno- 
menon concerned. The chief object of statistical theory is to in- 
vestigate the possibility of drawing valid inferences from statistical 
data, and to work out methods by which such inferences may be 
obtained. As a preliminary to the discussion of these questions, we 
shall in the two following paragraphs consider some general properties 
of random experiments. 


13.2. Examples. — It does not seem possible to give a precise 
definition of what is meant by the word »random». The sense of the 
word is best conveyed by some examples. 

If an ordinary coin is rapidly spun several times, and if we take 
care to keep the conditions of the experiment as uniform as possible 
in all respects, we shall find that we are unable to predict whether, 
in a particular instance, the coin will fall »heads» or »tails». If the 
first throw has resulted in heads and if, in the following throw, we 
try to give the coin exactly the same initial state of motion, it will 
still appear that it is not possible to secure another case of heads. 
Even if we try to build a machine throwing the coin with perfect 
regularity, it is not likely that we shall succeed in predicting the 
results of individual throws. On the contrary, the result of the ex- 
periment will always fluctuate in an uncontrollable way from one 
instance to another. 
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At first, this may seem rather difficult to explain. If we accept 
a deterministic point of view, we must maintain that the result of 
each throw is uniquely determined by the initial state of motion of the 
coin (external conditions, such as air resistance and physical properties 
of the table, being regarded as fixed). Thus it would seem theoretic- 
ally possible to make an exact prediction, as soon as the initial state 
is known, and to produce any desired result by starting from an 
appropriate initial state. A moment's reflection will, however, show 
that even extremely small changes in the initial state of motion must 
be expected to have a dominating influence on the result. In practice, 
the initial state will never be exactly known, but only to a certain 
approximation. Similarly, when we try to establish a perfect uniformity 
of initial states during the course of a sequence of throws, we shall 
never be able to exclude small variations, the magnitude of which 
depends on the precision of the mechanism used for making the throws. 
Between the limits determined by the closeness of the approximation, 
there will always be room for various initial states, leading to both 
the possible final results of heads and tails, and thus an exact pre- 
diction will always be practically impossible. — Similar remarks 
apply to the throws with a die quoted as Ex. 1 in the preceding 
paragraph, and generally to all ordinary games of chance with dice 
and cards. 

According to modern biological theory, the phenomenon of heredity 
shows in important respects a striking analogy with a game of chance. 
The combinations of genes arising in the process of fertilization seem 
to be regulated by a mechanism more or less resembling the throwing 
of a coin. In a similar way as in the case of the coin, extremely 
small variations in the initial position and motion of the gametes 
may produce great differences in the properties of the offspring. 
Accordingly we find here, e.g. with respect to the sex of the offspring 
(Ex. 5 of the preceding paragraph), the same impossibility of indivi- 
dual predietion and the same »random fluctuations» of the results as 
in the case of the coin or the die. 

Next, let us imagine that we observe a number of men of a given 
age during a period of, say, one year, and note in each case whether 
the man is alive at the end of the year or not. Let us suppose that, 
with the aid of a medical expert, we have been able to collect detailed 
information concerning health, occupation, habits etc. of each ob- 
served person. Nevertheless, it will obviously be impossible to make 
exact predictions with regard to the life or death of one particular 
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person, since the causes leading to the ultimate result are far too 
numerous and too complicated to allow of any precise calculation. 
Even for an observer endowed with a much more advanced biological 
knowledge than is possible at the present epoch, the practical con- 
clusion would be the same, owing to the multitude and complexity of 
the causes at work. 

In the examples 2 and 4 of the preceding paragraph, the situation 
seems to be largely analogous to the example just discussed. The laws 
governing the phenomena are in neither case very well known, and 
even if they were known to a much greater extent than at present, 
the structure of each case is so complicated that an individual predic- 
tion would still seem practically impossible. Accordingly, the observa- 
tions show in these cases, and in numerous other cases of a similar 
nature, the same kind of random irregularity as in the previous 
examples. 

It is important to note that a similar situation may arise even in 
cases where we consider the laws of the phenomena as perfectly known, 
provided that these laws are sufficiently complicated. Consider e. g. 
the case of the eclipses of the sun mentioned in the preceding para- 
graph. We do assume that it is possible to predict the annual num- 
ber of eclipses, and if the requisite tables are available, anybody 
ean undertake to make such predictions. Without the tables, however, 
it would be rather a formidable task to work out the necessary calcu- 
lations, and if these difficulties should be considered insurmountable, 
predietion would still be practically impossible, and the fluctuations 
in the annual number of eclipses would seem comparable to the 
fluctuations in a sequence of games of chance. 

Suppose, finally, that our observations consist in making a series 
of repeated measurements of some physical constant, the method of 
measurement and the relevant external conditions being kept as uni- 
form as possible during the whole series. It is well known that, in 
spite of all precautions taken by the observer, the successive measure- 
ments will generally yield different results. This phenomenon is com- 
monly ascribed to the action of a large number of small disturbing 
factors, which combine their effects to a certain total »error» affecting 
each particular measurement. The amount of this error fluctuates from 
one observation to another in an irregular way that makes it impos- 
sible to prediet the result of an individual measurement. — Similar 
considerations apply to cases of fluctuations of quality in manufac- 
tured articles, such as Ex. 3 of the preceding paragraph. Small and 
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uneontrollable variations in the production process and in the quality 
of raw materials will combine their effects and produce irregular 
fluctuations in the final product. 

The examples discussed above are representative of large and 
important groups of random experiments. Small variations in the 
initial state of the observed units, which cannot be detected by our 
instruments, may produce considerable changes in the final result. 
The complieated character of the laws of the observed phenomena 
may render exact calculation practically, if not theoretically, impossible. 
Uncontrollable action by small disturbing factors may lead to irregular 
deviations from a presumed »true value». 

It is, of course, clear that there is no sharp distinction between 
these various modes of randomness. Whether we ascribe e.g. the 
fluctuations observed in the results of a series of shots at a target 
mainly to small variations in the initial state of the projectile, to the 
complicated nature of the ballistic laws, or to the action of small 
disturbing factors, is largely a matter of taste. The essential thing 
is that, in all cases where one or more of these circumstances are 
present, an exact prediction of the results of individual experiments 
becomes impossible, and the irregular fluctuations characteristic of 
random experiments will appear. 

We shall now see that, in cases of this character, there appears 
amidst all irregularity of fluctuations a certain typical form of regula- 
rity, that will serve as the basis of the mathematical theory of sta- 
tistics. 


13.3. Statistical regularity. — We have seen that, in a sequence 
of random experiments, it is not possible to predict individual results. 
These are subject to irregular random fluctuations which cannot be 
submitted to exact calculation. However, as soon as we turn our 
attention from the individual experiments to the whole sequence of 
experiments, the situation changes completely, and an extremely im- 
portant phenomenon appears: In spite of the irregular behaviour of 
individual results, the average results of long sequences of random ex- 
periments show a striking regularity. 

In order to explain this important mode of regularity, we consider 
a determined random experiment ©, that may be repeated a large 
number of times under uniform conditions. Let S denote the set of 
all a priori possible different results of an individual experiment, 
while S denotes a fixed subset of S. If, in a particular experiment, 
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we obtain a result ë belonging to the subset S, we shall say that the 
event defined by the relation E < S, or briefly the event E < S, has 
occurred.') We shall often also denote an event by a single letter E, 
writing E = E(E < S), and we may then speak without distinction of 
»the event E» or »the event § < S». 


When our experiment ( consists in throwing a die, the set S contains the six 


numbers 1,2,...,0. Let S denote e.g. the subset containing the three numbers 
2, 4, 6. The event 6 < S then occurs at any throw resulting in an even number of 
points, 


When we are concerned with measurements of some physical constant z, the 
value of which is a priori completely unknown, it may be at least theoretically pos- 
sible for a measurement to yield as its result any real number, and accordingly the 
set S would then be the one-dimensional space R,. Let S denote e.g. the closed 
interval (a, b). The event § c S then occurs every time a measurement yields a value 
& belonging to (a, b). 


Let us now repeat our experiment © a large number of times, and 
observe each time whether the event E = E(E < S) takes place or not. 
If we find that, among the n first experiments, the event E has 
occurred exactly » times, the ratio y/n will be called the frequency 
ratio or simply the frequency of the event E in the sequence formed 
by the n first experiments. 

Now, if we observe the frequency vn of a fixed event E for increasing 
values of m, we shall generally find that it shows a marked tendency to 
become more or less constant for large values of m. 

This phenomenon is illustrated by Fig. 3, which shows the varia- 
tion of the frequency »/n of the event »heads» within a sequence of 
throws with a coin. As shown by the figure, the frequency ratio 
fluctuates violently for small values of n, but gradually the amplitude 
of the fluctuations becomes smaller, and the graph may suggest the 
impression that, if the series of experiments could be infinitely con- 
tinued under uniform conditions, the frequency would approach some 
definite ideal or limiting value very near to j. 

It is an old experience that this stability of frequency ratios usu- 
ally appears in long series of repeated random observations, performed 
under uniform conditions. For an event of the type 5 — S observed 
in connection with such a series, we shall thus as a rule obtain a 
graph of the same general character as in the particular case illustrated 


1) We assume here that S is some set of simple structure, so that it may be 
directly observed whether § belongs to S or not. In the following chapter, the ques- 
tion will be considered from a more general point of view. 
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Fig. 3. Frequency ratio of »heads» in a sequence of throws with a coin, Logarithmic 
scale for the abscissa. 


by Fig. 3. Moreover, in a case where this statement is not true, a 
careful examination will usually disclose some definite lack of uni- 
formity in the conditions of the experiments. We might thus be 
tempted to advance a conjecture that, generally, a frequency of the 
type here considered would approach a definite ideal value, if the 
corresponding series of experiments could be infinitely continued. 

A conjecture of this kind can, of course, neither be proved nor 
disproved by actual experience, since we can never perform an infinite 
sequence of experiments. The experiments do, however, strongly support 
the less precise conjecture that, to any event E connected with a random 
experiment ©, we should be able to ascribe a number P such that, in a 
long series of repetitions of &, the frequency of E would be approxim- 
ately equal to P. 

This is the typical form of statistical regularity which constitutes 
the empirical basis of statistical theory. We must now attempt to 
give a precise meaning to the somewhat vague expressions used in 
the above statement, and we shall further have to investigate the laws 
that govern this mode of regularity, and to show how these laws may 
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be applied in drawing inferences from statistical data. In order to 
carry out this task, we shall in the first place try to'work out a 
mathematical theory of phenomena showing statistical regularity. Be- 
fore attempting to do this it will, however, be convenient to give in 
the following paragraph some general remarks concerning the nature 
and object of any mathematical theory of a group of empirically 
observed phenomena. 


Historically, this remarkable behaviour of frequency ratios was first observed in 
the field of games of chance, of which our example with the coin forms a particularly 
simple case. Already at an early epoch, it was observed that, in all current games 
with cards, dice etc., the frequency of a given result of a certain game seemed to 
cluster in the neighbourhood of some definite value, when the game was repeated a 
large number of times. The attempts to give a mathematical explanation of certain 
observed facts of this kind became the immediate cause of the origin (about 1650) 
and first development of the Mathematical Theory of Probability, under the bands of 
Pascal, Fermat, Huygens and James Bernoulli. A little later, the same type of regularity 
was found to occur in frequencies connected with various demographie data, and the 
theory of population statistics was based on this fact, Gradually, the field of applica- 
tion of statistical methods widened, and at the present time we may regard it as an 
established empirical fact that the »long run stability» of frequency ratios is a general 
eharacteristic of random experiments, performed under uniform conditions. 

In some cases, especially when we are concerned with observations on individuals 
from human or other biological populations, this statistical regularity is often in- 
terpreted by considering the observed units as samples from some very large or even 
infinite parent population. 

Consider first the case of a finite population, consisting of N individuals. For 
any individual that comes under observation we note a certain characteristic ë, and 
we denote by ŒE some specified event of the type Ẹ < S. The frequency of E in a 
sample of n observed individuals tends, as the size of the sample increases, towards 
the frequency of E in the total population, and actually reaches this value when we 
take n — N, which means that we observe every individual in the whole population. 

The idea of an infinite parent population is a mathematical abstraction of the 
same kind as the idea that a given random experiment might be repeated an infinite 
number of times. We may consider this as a limiting case of a finite population, 
when the number N of individuals increases indefinitely. The frequency of the event 
E in a sample of » individuals from an infinite population will always be subject to 
random fluctuations, as long as n is finite, but it may seem natural to assume that, 
for indefinitely increasing values of n, this frequency would ultimately reach a »true» 
value, corresponding to the frequency of E in the total infinite population. 

This mode of interpretation by means of the idea of sampling may even be ex- 
tended to any type of random experiment. We may, in fact, conceive of any finite 
sequence of repetitions of a random experiment as a sample from the hypothetical 
infinite population of all experiments that might have been performed under the given 
conditions. — We shall return to this matter in Ch. 25, where the idea of sampling 
wil be further discussed. 
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13.4. Object of a mathematical theory. — When, in some group 
of observable phenomena, we find evidence of a confirmed regularity, 
we may try to form a mathematical theory of the subject. Such a 
theory may be regarded as a mathematical model of the body of 
empirical facts which constitute our data. 

We then choose as our starting point some of the most essential 
and most elementary features of the regularity observed in the data. 
These we express, in a simplified and idealized form, as mathematical 
propositions which are laid down as the basic axioms of our theory. 
From the axioms, various propositions are then obtained by purely 
logical deduction, without any further appeal to experience. The 
logically consistent system of propositions built up in this way on an 
axiomatic basis constitutes our mathematical theory. 

Two classical examples of this procedure are provided by Geometry 
and Theoretical Mechanics. Geometry, e.g., is a system of purely 
mathematical propositions, designed to form a mathematical model of 
a large group of empirical facts connected with the position and con- 
figuration in space of various bodies. It rests on a comparatively 
small number of axioms, which are introduced without proof. Once 
the axioms have been chosen, the whole system of geometrical pro- 
positions is obtained from them by purely logical deductions. In the 
choice of the axioms we are guided by the regularities found in 
available empirical facts. The axioms may, however, be chosen in 
different ways, and accordingly there are several different systems of 
geometry: Euclidean, Lobatschewskian ete. Each of these is a logic- 
ally consistent system of mathematical propositions, founded on its 
own set of axioms. — In a similar way, theoretical mechanics is a 
system of mathematical propositions, designed to form a mathematical 
model of observed facts connected with the equilibrium and motion 
of bodies. à 

Every proposition of such a system is true, in the mathematical 
sense of the word, as soon as it is correctly deduced from the axioms. 
On the other hand, it is important to emphasize that no proposition 
of any mathematical theory proves anything about the events that 
will, in fact, happen. The points, lines, planes etc. considered in pure 
geometry are not the perceptual things that we know from immediate 
experience. The pure theory belongs entirely to the conceptual 
sphere, and deals with abstract objects entirely defined by their pro- 
perties, as expressed by the axioms. For these objects, the proposi- 
tions of the theory are exactly and rigorously true. But no proposi- 
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tion about such conceptual objects will ever involve a logical proof 
of properties of the perceptual things of our experience. Mathe- 
matical arguments are fundamentally incapable of proving physical 
facts. 

Thus the Euclidean proposition that the sum of the angles in a 
triangle is equal to z is rigorously true for a conceptual triangle as 
defined in pure geometry. But it does not follow that the sum of the 
angles measured in a concrete triangle will necessarily be equal to 7, 
just as it does not follow from the theorems of classical mechanics 
that the sun and the planets will necessarily move in conformity with 
the Newtonian law of gravitation. These are questions that can only 
be decided by direct observation of the facts. 

Certain propositions of a mathematical theory may, however, be 
tested by experience. Thus the Euclidean proposition concerning the 
sum of the angles in a triangle may be directly compared with actual 
measurements on concrete triangles. If, in systematic tests of this 
character, we find that the verifiable consequences of a theory really 
conform with sufficient accuracy to available empirical facts, we may 
feel more or less justified in thinking that there is some kind of re- 
semblance between the mathematical theory and the structure of the 
perceptual world. We further expect that the agreement between 
theory and experience will continue to hold also for future events and 
for consequences of the theory not yet submitted to direct verification, 
and we allow our actions to be guided by this expectation. 

Such is the case, e. g., with respect to Euclidean geometry. When- 
ever a proposition belonging to this theory has been compared with 
empirical observations, it has been found that the agreement is suffi- 
cient for all ordinary practical purposes. (It is necessary to exclude here 
certain applications connected with the recent development of physics.) 
Thus, although it can never be logically proved that the sum of the 
angles in a concrete triangle must be equal to z, we regard it as 
practically certain — i.e. sufficiently certain to act upon in practice — 
that our measurements will yield a sum approximately equal to this 
value. Moreover, we believe that the same kind of agreement will be 
found with respect to any proposition deduced from Euclidean axioms, 
that we may have occasion to test by experience. 

Naturally, our relying on the future agreement between theory and 
experience will grow more confident in the same measure as the 
accumulated evidence of such agreement increases. The »practical 
certainty» felt with respect to a proposition of Euclidean geometry 
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will be different from that connected with, say, the second law of 
thermodynamics. Further, the closeness of the agreement that we 
may reasonably expect will not always be the same. Whereas in 
some cases the most sensitive instruments have failed to discover 
the slightest disagreement, there are other cases where a scientific 
»law» only accounts for the main features of the observed facts, the 
deviations being interpreted as »errors» or »disturbances». 

In a ease where we have found evidence of a more or less accurate 
and permanent agreement between theory and facts, the mathematical 
theory acquires a practical value, quite apart from its purely mathe- 
matical interest. The theory may then be used for various purposes. 
The majority of ordinary applications of a mathematical theory may 
be roughly classified under the three headings: Description, Analysis 
and Prediction. 

In the first place, the theory may be used for purely descriptive 
purposes. A large set of empirical data may, with the aid of the theory, 
be reduced to a relatively small number of characteristics which repre- 
sent, in a condensed form, the relevant information supplied by the 
data. Thus the complicated set of astronomical observations concerning 
the movements of the planets is summarized in a condensed form by 
the Copernican system. 

Further, the results of a theory may be applied as tools for a 
scientific analysis of the phenomena under observation. Almost every 
scientific investigation makes use of applications belonging to this 
class. The general principle behind such applications may be thus 
expressed: Any theory which does not fit the facts must be modified. Sup- 
pose, e.g., that we are trying to find out whether the variation of a 
certain factor has any influence on some phenomena in which we are 
interested. We may then try to work out a theory, according to which 
no such influence takes place, and compare the consequences of this 
theory with our observations. If on some point we find a manifest 
disagreement, this indicates that we should proceed to amend our 
theory in order to allow for the neglected influence. 

Finally, we may use the theory in order to predict the events that 
will happen under given circumstances. Thus, with the aid of geo- 
metrical and mechanical theory, an astronomer is able to predict the 
date of an eclipse. This constitutes a direct application of the prin- 
ciple mentioned above, that the agreement between theory and facts 
is expected to hold true also for future events. The same principle is 
applied when we use our theoretical knowledge with a view to produce 
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some determined event, as e.g. when a ballistic expert shows how to 
direct a gun in order to hit the target. 


13.5. Mathematical probability. — We now proceed to work out 
a theory designed to serve as a mathematical model of phenomena 
showing statistical regularity. We want a theory which takes account 
of the fundamental facts characteristic of this mode of regularity, and 
which may be put to use in the various ways indieated in the pre- 
ceding paragraph. 

In laying the foundations of this theory, we shall try to imitate 
as strictly as possible the classical construction process described in 
the preceding paragraph. In the case of geometry, e.g., we know that 
by certain actions, such as the appropriate use of a ruler and a piece 
of chalk, we may produce things known in everyday language as 
points, straight lines etc. The empirical study of the properties of 
these things gives evidence of certain regularities. We then postulate 
the existence of conceptual counterparts of the things: the points, 
straight lines ete. of pure geometry. Further, the fundamental fea- 
tures of the observed regularities are stated, in an idealized form, as 
the geometrical axioms. 

Similarly, in the case actually before us, we know that by certain 
actions, viz. the performance of sequences of certain experiments, we 
may produce sets of observed numbers known as frequency ratios. 
The empirical study of the behaviour of frequency ratios gives evidence 
of a certain typical form of regularity, as described in 13.3. Consider 
an event Æ connected with the random experiment €. According to 
13.3, the frequency of E in a sequence of n repetitions of Č shows a 
tendency to become constant as n increases, and we have been led to 
express the conjecture that for large » the frequency ratio would with 
practical certainty be approximately equal to some assignable num- 
ber P. 

In our mathematical theory, we shall accordingly introduce a definite 
number P, which will be called the probability of the event E with respect 
to the random experiment G. 


Whenever we say that the probability of an event E with respect to 
an experiment (E is equal to P, the concrete meaning of this assertion 
will thus simply be the following: In a long series of repetitions of Č, 
it is practically certain that the frequency of E will be approximately 
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equal to PJ) — This statement will be referred to as the frequency in- 
terpretation of the probability P. 

The probability number P introduced in this way provides a concep- 
tual counterpart of the empirical frequency ratios. It will be observed 
that, in order to define the probability P, both the type of random 
experiment © and the event E must be specified. Usually we shall, 
however, regard the experiment © as fixed, and we may then without 
ambiguity simply talk of the probability of the event E. 

For the further development of the theory, we shall have to con- 
sider the fundamental properties of frequency ratios and express these, 
in an idealized form, as statements concerning the properties of the 
corresponding probability numbers. These statements, together with 
the existence postulate for the probability numbers, will serve as the 
axioms of our theory. — In the present paragraph, we shall only add 
a few preliminary remarks; the formal statement of the axioms will 
then be given in the following chapter. 

For any frequency ratio v/n we obviously have 0 S v/n S 1. Since, 
by definition, any probability P is approximately equal to some fre- 
quency ratio, it will be natural to assume that P satisfies the corres- 
ponding inequality 

0s PEL 
and this will in fact be one of the properties expressed by our axioms. 

If E is an impossible event, i.e. an event that can never occur at 
a performance of the experiment ©, any frequency of E must be zero; 
and consequently we take P=0. — On the other hand, if we know 
that for some event E we have P=0, then E is mot necessarily an 
impossible event. In fact, the frequency interpretation of P only 
implies that the frequency v/m of E will for large » be approwimately 
equal to zero, so that in the long run E will at most occur in a very 
small percentage of all cases. The same conclusion holds not only when 
P=0, but even under the more general assumption that Of P<e, 
where e is some very small number. If E is an event of this type, and 
if the experiment © is performed one single time, it can thus be con- 
sidered as practically certain that E will not occur. — This particular 
case of the frequency interpretation of a probability will often be 
applied in the sequel. 

Similarly, if E is a certain event, i.e. an event that always occurs 
at a performance of Œ, we take P=1. — On the other hand, if we 

1) At a later stage (cf 16.3), we shall be able to give a more precise form to this 
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know that P=1, we cannot infer that E is certain, but only that in 
the long run E will occur in all but a very small percentage of cases. 
The same conclusion holds under the more general assumption that 
1—«< PS1, where e is some very small number. Jf E is an event 
of this type, and if the experiment G is performed one single time, it 
can be considered as practically certain that E will occur. 


With respect to the foundations of the theory of probability, many different 
opinions are represented in the literature. None of these has so far met with uni- 
versal acceptance. We shall conclude this paragraph by a very brief survey of some 
of the principal standpoints. 

The theory of probability originated from the study of problems connected with 
ordinary games of chance (cf 13.3), In all these games, the results that are a priori 
possible may be arranged in a finite number of cases supposed to be perfectly sym- 
metrical, such as the cases represented by the six sides of a die, the 52 cards in an 
ordinary pack of cards, etc. This fact seemed to provide a basis for a rational explana- 
tion of the observed stability of frequency ratios, and the 18:th century mathematicians 
were thus led to the introduction of the famous principle of equally possible cases 
which, after having been more or less tacitly assumed by earlier writers, was ex- 
plicitly framed by Laplace in his classical work (Ref, 22) as the fundamental prin- 
ciple of the whole theory. According to this principle, a division in »equally pos- 
sible» cases is conceivable in any kind of observations, and the probability of an 
event is the ratio between the number of cases favourable to the event, and the to- 
tal number of possible cases. 

The weakness of this definition is obvious. In the first place, it does not tell us 
how to decide whether two cases should be regarded as equally possible or not. 
Moreover, it seems difficult, and to some minds even impossible, to form a precise 
idea as to how a division in equally possible cases could be made with respect to 
observations not belonging to the domain of games of chance. Much work has been 
devoted to attempts to overcome these difficulties and introduce an improved form of 
the classical definition. 


On the other hand, many authors have tried to replace the classical definition 
by something radically different. Modern work on this line has been largely in- 
fluenced by the general tendency to build any mathematical theory on an axiomatic 
basis. Thus some authors try to introduce a system of axioms directly based on the 
properties of frequency ratios. The chief exponent of this school is von Mises (Ref. 
27, 28, 169), who defines the probability of an event as the limit of the frequency v/n of 
that event, as tends to infinity. The existence of this limit, in a strictly mathema- 
tical sense, is postulated as the first axiom of the theory. Though undoubtedly a 
definition of this type seems at first sight very attractive, it involves certain mathe- 
matical difficulties which deprive it of a good deal of its apparent simplicity. Be- 
sides, the probability definition thus proposed would involve a mixture of empirical 
and theoretical elements, which is usually avoided in modern axiomatic theories. It 
would, e.g. be comparable to defining a geometrical point as the limit of a chalk 
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spot of infinitely decreasing dimensions, which is usually not done in modern axio- 
matie geometry. 

A further school chooses the same observational starting-point as the frequency 
school, but avoids postulating the existence of definite limits of frequency ratios, and 
introduces the probability of an event simply asa number associated with that event. 
The axioms of the theory, which express the rules for operating with such numbers, 
are idealized statements of observed properties of frequency ratios. The theory of 
this school has been exposed from a purely mathematical point of view by Kolmo- 
goroff (Ref. 21) More or less similar standpoints are represented by Doob, Feller 
and Neyman (Ref. 75, 84, 30). A work of the present author (Ref. 11) belongs to the 
same order of ideas, and the present book constitutes an attempt to build the theory 
of statistics on the same principles. 

So far, we have throughout been concerned with the theory of probability, con- 
ceived as a mathematical theory of phenomena showing statistical regularity. Ac- 
cording to this point of view, the probabilities have their counterparts in observable 
frequency ratios, and any probability number assigned to a specified event must, in 
principle, be liable to empirical verification. The differences between the various 
schools mentioned above are mainly restricted to the foundations and the mathema- 
tical exposition of the subject, whereas from the point of view of the applications the 
various theories are largely equivalent. 

In radical opposition to all the above approaches stands the more general 
conception of probability theory as a theory of degrees of reasonable belief repre- 
sented e.g. by Keynes (Ref. 20) and Jeffreys (Ref. 18). According to this theory in its 
most advanced form given by Jeffreys, any proposition has a numerically measurable 
probability, Thus e.g. we should be able to express in definite numerical terms the 
degree of »practical certainty» felt with respect to the future agreement between 
some mathematical theory and observed facts (cf 13.4. Similarly there would be a 
definite numerical probability of the truth of any statement such as: »The ‘Masque 
de Fer' was the brother of Louis XIV», »The present European war will end within 
a year», or »There is organic life on the planet of Mars». Probabilities of this type 
have no direct connection with random experiments, and thus no obvious frequency 
interpretation. In the present book, we shall not attempt to diseuss the question 
whether such probabilities are numerically measurable and, if ihis question could be 
answered in the affirmative, whether such measurement would serve any useful 


purpose. 


CHAPTER 14. 
FuNDAMENTAL DEFINITIONS AND AXIOMS. 


14.1. Random variables. (Axioms 1-2.) — Consider a determined 
random experiment ©, which may be repeated a large number of times 
under uniform conditions. We shall suppose that the result of each 
particular experiment is given by a certain number of real quantities 
E,, &,..-) E where £z 1. 
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We then introduce a corresponding variable point or vector § = 
(E,...,E) in the k-dimensional space R,. We shall call § a £-di- 
mensional random variable)) Each performance of the experiment © 
yields as its result an observed value of the variable §, the coordinates 
of which are the values of &,...,& observed on that particular 
occasion. 

Let S denote some simple set of points in R,, say a k-dimensional 
interval (cf 3.1), and let us consider the event § < S, which may or 
may not occur at any particular performance of ©. We shall assume 
that this event has a definite probability P, in the sense explained in 
13.5. The number P will obviously depend on the set S, and will 
accordingly be denoted by any of the expressions 


P= P(S)= PẸ < 8). 


It is thus seen that the probability may be regarded as a set func- 
tion, and that it seems reasonable to require that this set function 
should be uniquely defined at least for all k-dimensional intervals. 
However, it would. obviously not be convenient to restrict ourselves 
to the consideration of intervals. We may also want to consider the 
probabilities of events that correspond e.g. to sets obtained from 
intervals by means of the operations of addition, subtraction and 
multiplication (cf 1.3). We have seen in 2.3 and 3.3 that, by such 
operations, we are led to the class of Borel sets in R, as a natural 
extension of the class of all intervals. It thus seems reasonable 
directly to extend. our considerations to this class, and assume that 
P(S) is defined for any Borel set. It is true that when S is some 
Borel set of complicated structure, the event & — S may not be directly 
observable, and the introduction of probabilities of events of this 
type must be regarded as a theoretical idealization. Some of the con- 
sequences of the theory will however, always be directly observable, 
and the practical value of the theory will have to be judged from the 
agreement between its observable consequences and empirical facts. — 
We may thus state our first axiom: 


Axiom 1. — To any random variable § in R, there corresponds a 
set function P (S) uniquely defined for all Borel sets S in Ry, such that 
P (S) represents the probability of the event (or relation) & < S. 


1) Throughout the exposition of the general theory, random variables will pre- 
ferably be denoted by the letters € and 7. We use heavy-faced types for multi-dimen- 
sional variables (k > 1), and ordinary types for one-dimensional variables. 
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As we have seen in 13.5, it will be natural to assume that any 
probability P satisfies the inequality 0<P<1. Further, at any per- 
formance of the experiment G, the observed value of E must lie some- 
where in Ry, so that the event ë < R, is a certain event, and in ac- 
cordance with 13.5 we then take P(R,)=1. 

Let now S, and S, be two sets in R, without a common point.!) 
Consider a sequence of n repetitions of ©, and let 


», denote the number of occurrences of the event & < S, 


» » » » » » > > > $£«5, 
v » » » » » ».23. 3. Be i E Sy: 


We then obviously have » =», + »,, and hence the corresponding 
frequency ratios satisfy the relation 


X 
exu. 
n ^ 


For large values of » it is, by assumption, practically certain that 
the frequencies e z and ^ are approximately equal to P(S, + Sa), 


P(S,) and P(S,) respectively. It thus seems reasonable to require that 
the probability P should possess the additive property M 


P(S, + $) = P(S,) + P(Sy) 


The argument extends itself immediately to any finite number of sets. 
In order to obtain a simple and coherent mathematical theory we shall, 
however, now introduce a further idealization. We shall, in fact, 
assume that the additive property of P(S) may be extended even to 
an enumerable sequence of sets Sis 8,,..., no two of which have a 
common point, so that we have P(S, + S, + .-) = P(S) + P(S;) ++" 
(As in the case of Axiom 1 this implies, of course, the introduction 
of relations that are not directly observable.) Using the terminology 
introduced in 6.2 and 8.2, we may now state our second axiom: 


Axiom 2. — The function P(S) is a non-negative and additive set 
function in R; such that P(R;) = 1. 

According to 6.6 and 8.4, any set function P(S) with the proper- 
ties stated in Axiom 2 defines a distribution in R,, that may be con- 
eretely interpreted by means of a distribution of a mass unit over 

1) As already stated in 5.1, we only consider Borel sets. 
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the space R,, such that any set S carries the mass P(S) This dis- 
tribution will be called the probability distribution of the random 
variable E, and the set function P(S) will be called the probability 
function (abbreviated pr. f.) of &. Similarly, the point function F(x) = 
F(z,,..., ay) corresponding to P(S), which is defined by (6.6.1) in the 
case k= 1, and by (8.4.1) in the general case, will be called the dis- 
tribution function: (abbreviated d.f.) of &. As shown in 6.6 and 8.4, 
the distribution may be uniquely defined either by the set function 
P(S) or by the point function F (x). 

Finally, we observe that the Axioms 1 and 2 may be summed up 
in the following statement: Any random variable has a unique prob- 
ability distribution. 


If, e.g., the experiment © consists in making a throw with a die, and observing 
the number of points obtained, the corresponding random variable € is a number 
that may assume the values 1, 2,..., 6, and these values only. Our axioms then 
assert the existence of a distribution in R, with certain masses p,, Ps,- .-, po placed 
in the points 1, 2,..., 6, such that p, represents the probability of the event § = r, 

6 
while X p, — 1. On the other hand, it is important to observe that it does not follow 
1 


from the axioms that p,— $ for every r. The numbers p, should, in fact, be regarded 
as physieal constants of the partieular die that we are using, and the question as to 
their numerical values cannot be answered by the axioms of probability theory, any 
more than the size and the weight of the die are determined by the geometrieal and 
mecbanieal axioms. However, experience shows that in a well made die the frequency 
of any event =r in a long series of throws usually approaches j, and accordingly 
we shall often assume that all the p, are equal to j, when the example of the die 
is used for purposes of illustration. This is, however, an assumption and not a logical 
consequence of the axioms. 

If, on the other hand, © consists in observing the stature & of a man belonging 
to some given group, 5 may assume any value within a certain part of the scale, 
and our axioms now assert the existence of a non-negative and additive set function 
P(S) in R, such that P(S) represents the probability that & takes a value belonging 
to the set S. 

The Axioms 1 and 2 are, for the class of random variables here considered, 
equivalent to the axioms given by Kolmogoroff (Ref. 21). The axioms of Kolmogo- 
roff are, however, applicable to random variables defined in spaces of a more general 
character than those here considered. The same axioms as above were used in a work 
of the present author (Ref. 11). 


14.2. Combined variables. (Axiom 3.) — We shall first consider a 
particular case. Let the random experiments © and $ be connected 
with the one-dimensional random variables § and 7 respectively. Thus 
the result of Œ is represented by one single quantity ë, while the 
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result of $y is another quantity 7. It often occurs that we have oc- 
casion to consider a combined experiment (E, S) which consists in 
making, in accordance with some given rule, one performance of each 
of the experiments © and $$, and observing jointly the results of both. 
This means that we are observing a variable point (E n), the co- 
ordinates of which are the results § and 7 of the experiments © and T. 
We may then consider the point (E, n) as representing a two-dimen- 
sional variable, that will be called a combined variable defined by § 
and z. The space of the combined variable is the two dimensional 
product space (cf 3.5) of the one-dimensional spaces of 5 and 7. 


Let the experiment © consist in a throw with a certain die, while Ẹ consists in 
a throw with another die, and the combined experiment (G, y) consists in a throw 
with both dice. The result of © isa number § that may assume the values 1, 2,..., 6, 
and the same holds for the result y of (y. The combined variable (5, 7) then ex- 
presses the joint results for both dice, and its possible »values» are the 36 pairs of 
numbers (1, 1),..., (6, 6). 

If, on the other hand, the experiment G consists in observing the stature § of a 
married man, while Ẹ consists in observing the stature 7 of a married woman, the 
combined experiment (,) may consist e.g. in observing both statures (5, 7) of a 
married couple. The point (&, n) may in this case assume any position within a 
certain part of the plane. 


The principle of combination of variables may be applied to more 
general cases. Let the random experiments G;,..., Œn be connected 
with the random variables §,.--, 8x of À,,...,k. dimensions re- 
spectively, and consider a combined experiment (&;, .. ., (E) which 
consists in making one performance of each (E,, and observing jointly 
all the results. We then obtain 2 combined variable (Bi, ..., Sn) 
represented by a point in the (k, + o kn)-dimensional product space 
(ef 3.5) of the spaces of all the &. 

The empirical study of frequency ratios connected with combined 
experiments discloses a statistical regularity of the same kind as in 
the case of the component experiments. Any experiment composed of 
random experiments shows, in fact, the character of a random experi- 
ment, and we may accordingly state our third axiom: 


Axiom 3. — If &....8» are random variables, any combined 
variable (8j, ..., §n) is also a random variable. 

It then follows from the preceding axioms that any combined 
variable has a unique probability distribution in its space of kı +- + kn 
dimensions. This distribution will often be called the joint or simul- 
taneous distribution of the variables §,,---, En. 
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Consider now the case of two random variables § and sj, of k, and 
k, dimensions respectively. Let P, and P, denote the pr. f:s of & and 
4, while P denotes the pr. f. of the combined variable (5, 7). If S 
denotes a set in the space of the variable §, the expression P(& < 8) 
represents the probability that the combined variable (5, xj) takes a 
value belonging to the cylinder set (cf. 3.5) defined by the relation § — S, 
or in other words the probability that § takes a value belonging to 
S, irrespective of the value of 4. Similarly, if T is a set in the space 
of 4, the expression P(y < T) represents the probability that 7 takes 
a value belonging to T, irrespective of the value of &. We thus have 


(14.2.1) P(§ < 8) = P, (8), P(y < T)= P,(T), 


and according to (8.4.2) this shows that the marginal distributions of 
the (k, + k,)-dimensional combined distribution, relative to the sub- 
spaces of the variables § and 7, are identical with the distributions 
of ë and « respectively. — Obviously this may be generalized to any 
number of component variables. When the mass in the combined 
distribution is projected on the subspace of any of the component 
variables, the marginal distribution thus obtained will always be ident- 
ical with the distribution of the corresponding variable. 


An important case of combination of variables arises when we consider a sequence 
of repetitions of a random experiment (€. Let us form a combined experiment by 
performing n times the same experiment C, and observing all the results €,,..., &n of 
the n repetitions. The result of this combined experiment will then be an ob- 
served value of the combined variable (E,,..., En), which expresses the joint results 
of all the n repetitions of ©. 

If, e.g, © consists in a throw with a die, the corresponding one-dimensional 
random variable € has the six possible values 1,2,..., 6. The combined variable 
(5,,..., £n) then expresses the joint results of n successive throws, and its »values* 
are the 6^ systems of n numbers (1,..., 1),..., (6,..., 6). According to Axiom 8, 
there exists a corresponding probability distribution in Rn, with determined prob- 
abilities p, 15+) Pe,...,g Corresponding to the various possible values of the 
combined variable. 


In problems where several random variables are considered simul- 
taneously, we shall always assume that a rule of combination is given 
for all the variables that enter into the question, so that the combined 
variable is defined. We shall then as a rule use the symbol P(S) to 
denote the pr.f. of the combined variable. 
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14.3. Conditional distributions. — Let § and 7 be random vari- 
ables of k, and k, dimensions, attached to the random experiments Œ 
and %. Let P denote the pr. f. of the combined variable (E, y), while 
S and T are sets in the spaces of § and 4 respectively. The expres- 
sion P(E<S, 4 € T) then represents the probability of the event 
defined by the joint relations &« 8, x € T, or, in other words, the 
probability that the combined variable (ë, y) takes a value belonging 
to the rectangle set (cf 3.5) with the sides S and T. 

Suppose now that P(§ < S) > 0. We then introduce a new quantity 
P(q- T|&« S) defined by the relation 
(14.3.1) PQ erige s PES ne. 

Similarly, supposing that P(ņ < T)>0, we introduce another new 
quantity P(§ < S| < T) by writing 


(14.3.2) P -Slu- p-P825372. 

In order to justify the names that will presently be given to these 
quantities, we shall now deduce some important properties of the 
latter. 

In the first place, let us in (14.3.2) consider T as a fixed set, while 
S is variable in the space R, of the variable &. The second member 
of (14.3.2) then becomes a non-negative and additive function of the 
set S. When S=R,,. the rectangle set ECR,, y<T is identical 
with the cylinder set (cf 3.5) y < T, so that the second member of 
(14.3.2) then assumes the value 1. Thus P(& < S| € T) is, for fixed 
T, a non-negative and additive function of the set S which for 
S= R, assumes the value 1. In other words, P(& < S| € T) is, for 
fixed T, the probability function of a certain distribution in Ry. In the 
same way it is shown that P(y< T|& < S) is, for fixed S, the pr. f. of a 
certain distribution in the space R, of the variable q. — We shall 
now show that, in a certain generalized sense, these quantities may in 
fact be regarded as probabilities having a determined frequency in- 
terpretation. 

Consider a sequence Z of n repetitions of the combined experi- 
ment (C, $). Each of the n experiments which are the elements of Z 
yields as its result an observed »value» of the combined variable 
(E, n). In the sequence Z, let 
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», denote the number of occurrences of the event < 8, 
Vs » » » » » ae UNT Y UE F, 
» » > » » » > » > gcs yT; 


while Z,, Z, and Z are the corresponding sub-sequences of Z. — 
Obviously the third event occurs when and only when the first and 
second events both occur, so that Z consists precisely of the elements 
common to Z, and Z,. 

According to the frequency interpretation of a probability (cf 13.5), 
it is practically certain that the relations 


PE<S) =", Pays T)=2% PE<S aS T=; 


will, for large n, be approximately satisfied. By (14.3.1) and (14.3.2) 
we then have, approximately, 


(14.3.3) P(aqeT|&cS-7. P&cSIucT)—7— 
1 2 


Consider now the », elements of the sub-sequence Z,. These are all 
cases among our n repetitions, where the event § < S has occurred. 
Among these, there are exactly » cases where, in addition, the event 
« -— T has occurred, viz. the v cases forming the sub-sequence Z. 


Thus the ratio > is the frequency of the event y < T in the sub- 
1 


sequence Z, or, as we may express it, a is the conditional frequency 
^ 1 
of the event xj < T, relative to the hypothesis § < S. The corresponding 
property of the ratio = is obtained by simple permutation. — The 
2 
approximate relations (14.3.3) now provide a frequency interpretation of 
the expressions P(y < T |§ <8) and P(§ < S |n < T), which will justify 
the introduction of the following definitions: 

The quantity P(n < T|& S) defined by (14.3.1) will be called the 
conditional probability of the event 4 < T, relative to the hypothesis § < 8. 
Accordingly, the distribution in Ry, defined by (14.3.1) for fixed S will be 
called the conditional distribution of wj, relative to the hypothesis & < S. 
— With respect to the quantity P(Ẹ < S|m < T) defined by (14.3.2), we 
shall use the denominations obtained by permutation of symbols. 

It should be well observed that each conditional probability is hereby 
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defined only in the case when the probability of the corresponding hy- 
pothesis is different from zero. 

When P(&-— S) and P(y<Z) are both different from zero, we 
obtain from (14.3.1) and (14.3.2) the relation 


(14.3.4) P(E< 8, n< T)=P(§ < 8S)Pm < T|§ < 8)= 
= P(n« T) P(§ < S|m < T). 


In the example considered in the preceding paragraph, where & is the stature of 
a married man, and 7 the stature of his wife, the data corresponding to all observed 
values of E determine the distribution of 5, Thus e.g. the probability of the relation 
a-«&zb will be approximately determined by the frequency of the corresponding 
event in the totality of our data. 

Suppose now that we select from our data the subgroup of all cases where 7 is 
larger than some given constant c. The data corresponding to the values of & in the 
cases belonging to this subgroup determine the conditional distribution of §, relative 
to the hypothesis 72» c. Thus e.g. the frequency of the event a < & S b within the 
subgroup is a conditional frequency as defined above, and for a large number of 
observations this becomes, with practical certainty, approximately equal to the con- 
ditional probability of the relation a < § 5 b, relative to the hypothesis 7 >c. Here 
the set S is the interval a < E S b, while the set T is the interval z > c. 

It is evident that, in this case, we have reason to suppose that the conditional 
probability will differ from the probability in the totality of the data, since the taller 
women corresponding to the hypothesis 7>¢ may on the average be expected to 
choose, or be chosen by, taller husbands than the shorter women. 

On the other hand, let E still stand for the stature of a married man, while 7 
denotes the stature of the wife belonging to the couple immediately following & in the 
population register from which our data are taken. In this case, there will be no 
obvious reason to expect the conditional probability of the relation a « ë < b, relative 
to the hypothesis ; >c, to be different from the unconditional probability P(a < § 5 b). 
On the contrary, we should expect the conditional distribution of § to be independent 
of any hypothesis made with respect to 5, and conversely. If this condition is satisfied, 
we are concerned with the case of independent variables, that will be discussed in the 
following paragraph. 


14.4, Independent variables. — An important particular case of 
the concepts introduced in the preceding paragraph arises when the 
multiplicative relation 


(14.4.1) P(ECS qc T)= P(6 c 8S)P < T) 


is satished for any sets S and T. The relations (14.3.1) and (14.3.2) 
show that this implies 


(14.4.2) P(EcS|uc T) - P(&$« S) if P(n < T) 0, 
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(14.4.3) P(y<T|E<S)\= Phs T) if P(§< S) 0, 


so that the conditional distribution of & is independent of any hypothesis 
made with respect to 4, and conversely. 

In this case we shall say that § and y are independent random 
variables, and that the events 3 < S and »j — T are independent events. 

Conversely, suppose that one of the two last relations, say (14.4.9), 
is satisfied for all sets S and 7 such that the conditional probability 
on the left-hand side is defined, i.e. for P(y < T) >0. It then fol- 
lows from (14.3.2) that the multiplicative relation (14.4.1) holds in all 
these cases. (14.4.1) is, however, trivial in the case P(y — T) — 0, 
since both members are then equal to zero. Thus (14.4.1) holds for 
all S and T, and hence we infer (14.4.3). Thus either relation (14.4.2) 
or (14.4.3) constitutes a necessary and sufficient condition of independence. 

We shall now give another necessary and sufficient condition. Let 
P, and P, denote the probability functions of § and y, while the 
distribution functions of §, » and (&, 7) are 


F, (x) = F,(a,,..., zy) = BE Say, .. ETILA 
Faly) = Fs. yi) = Pa (h S11, -- +5 mun) 
F(x,y) = Fla, .-., zs yeso y) = PS xi, my E y), 


for all 2— 1,2, ..., k, and j= i, 2,.. 5 ky. According to (14.2.1), the 
multiplicative relation (14.4.1) may be written 


(14.4.4) P(§<S,4< T) = P, (8) P, (T). 


Now it has been shown in 8.6 that, when P, and P, are given pr. 
fis in the spaces of $ and 4, there is one and only one distribution 
in the product space satisfying (14.4.4), viz. the distribution defined 
by the d.f. 


(14.4.5) F(x,y) = F, (x) F,(y). 


Thus (14.4.5) is a necessary and sufficient condition for the independence 
of the variables § and y. 

Consider now the case of » random variables Šis- - -s Šn, with pr. 
fs P,,..., P, and d. fis F,,..., Fy. Let P and F denote the pr. f. 
and the d.f. of the combined variable (Si, Sn). In direct general- 
ization of the above, we shall say that §,,... $, are independent random 
variables, if the multiplicative relation 
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(14.4.6) P(E, <S,,...,8.< S)— Il P(&cs)— II P,(S;) 


T=1 TL 


is satisfied for any sets S,,..., Sn. Using the final remark of 8.6, we 
find that the condition (14.4.5) may be directly generalized, so that 
in the present case the relation F= F, F, -Fn is a necessary and 
sufficient condition of independence. — If § and the combined variable 
(§,,.--, Ea) are independent for r = 2,3,..., n, then 8, ..., §n are in- 
dependent. This follows directly from the independence definition (14.4.6). 

If, in a sequence ğı, &,..., any group §,..., n of n variables 
are independent, we shall briefly say that $,, §,... form a sequence 
of independent variables. — An important case of a sequence of this 
type arises when we consider a sequence of repetitions of a random 
experiment ©. If the conditions of the successive experiments are 
strictly uniform, the probability P of any specified event connected 
with, say, the »:th experiment cannot be supposed to be in any way 
influenced by the results of the » — 1 preceding experiments. "This 
implies, however, that the distribution of the random variable 8, con- 
nected with the n:th experiment is independent of any hypothesis made 
with respect to the value assumed by the combined variable (Er eeen], 
so that & and (§,,..., &»-i) are independent. According to the above, 
it then follows that $i, §,... form a sequence of independent vari- 
ables. A sequence of repetitions of a random experiment © showing 
a uniformity of this character will be briefly denoted as a sequence 
of independent repetitions of ©. When nothing is said to the contrary, 
we shall always assume that any sequence of repetitions that we may 
consider is of this type. 


Consider a combined experiment consisting of two throws with a certain die. 
Let us repeat this combined experiment a large number of times, the conditions of 
each single throw being kept as uniform as possible. We may then study the be- 
haviour of the conditional frequency of any given result of the second throw, relative 
to any hypothesis made with respect to the result of the first throw. Long experi- 
ence has failed to detect any kind of influence of such hypotheses on the behaviour 
of the conditional frequency, and it seems reasonable to assume that the random 
variables connected with the two throws are independent. The same situation arises 
when we consider a combined experiment consisting of n throws, where n may have 
any value, and accordingly we assume that a sequence of throws made under uniform 
conditions form a sequence of independent repetitions, in the sense stated above. 

Suppose now that, in each throw, all the six possible results have the probabi- 
lity }. Then by (14.4.6) each of the 6” possible results of n consecutive throws will 


have the probability (J)^. 
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Finally, let us consider n independent variables 8,,..., n If, in 
the multiplicative relation (14.4.6), we allow a certain number of the 
sets S, to coincide with the whole spaces of the corresponding vari- 
ables, it follows that any group of n,<7n of the variables are inde- 
pendent. 


The converse of the last proposition is not true. We shall, in fact, give an 
example due to S. Bernstein of three one-dimensional variables &, ņ, 5, such that any 
two of the variables are independent, while the three variables 5, 7, ¢ are not independent. 
Let the three-dimensional distribution of the combined variable (5, 7, ¢) be such that 
each of the four points 

(1, 0, 0) 
(0, 1, 0) 
(0, 0, 1) 
(51,1) 


carries the mass }. It is then easily verified that any one-dimensional marginal dis- 
tribution has a mass equal to $ in each of the two points 0 and 1, while any two- 
dimensional marginal distribution has a mass equal to } in each of the four points 
(0, 0), (1,0), (0, 1) and (1,1). It follows that any two of the variables are independent. 
We have e. g. 


PE=1, g=1) = PE=1) PG =)=- a =4t 


and it is seen without difficulty that the analogous relation holds for any events 
ECS and 7 € T, so that (14.4.1) is satisfied. But the three variables &, , & are not 
independent, as we have 


ENG Ee maid) ok 


PE=1) Py =1) PE =)= GP +t 


but 


14.5. Functions of random variables. — Consider first the case of 
a one-dimensional random variable § with the pr.f. P. Suppose that, 
at each performance of the random experiment to which & is attached, 
we do not observe directly the variable & itself, but a certain real-. 
valued function g(t), which is finite and uniquely defined for all real &. 
As usual we assume that g(t) is B-measurable (cf 5.2). 

The equation 7 = g(t) defines a correspondence between the vari- 
ables ë and 7. Denote by Y a given set on the y-axis, and by X the 
corresponding set of all ë such that z = g(E) — Y. It has been shown 
in 5.2 that the set X corresponding to any Borel set Y is a Borel 
set. When X and Y are corresponding sets, we have 7 — Y when 
and only when £c X, so that the two events n< Y and Ec X are 
completely equivalent. The latter event has, by Axiom 1, a definite 
probability P(X), and thus the event 7< Y has the same probability. 
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We thus see that any function n= (E) of the random variable E is 
itself a random variable, with a probability distribution determined by 
the distribution of E. In fact, if Q denotes the pr. f. of n, it follows 
from the above that we have for any Borel set Y 


(14.5.1) Q(Y)— P(X), 


where X is the set corresponding to Y. If, in particular, we choose 
for the set Y the closed interval (— o», y), and denote by S, the set 
of all E such that ņ = g (E) € y, it follows that the d. f. of the variable 7 is 


(14.5.2) G (y) = Q (n € y) = P (Sy). 


Let the &-distribution be interpreted in the usual way as a distribution of mass 
on the &axis. Let us imagine that every mass particle in this distribution is moved 
from its original place on the &axis, first in a vertical direction until it reaches the 
curve y = g (E), and then horizontally towards the y-axis. The distribution on the 7- 
axis generated in this way will be the distribution defined by (14.6.1). 


The above considerations are immediately extended to any number 


of dimensions. Let § — (E, ..., E) be a random variable in a j-dimen- 
sional space Rj, with the pr.f. P. Consider a k-dimensional vector 
function y = g(E) — (m, -... m), which is finite and uniquely defined 


for all E in Rj, and is itself represented by a point in a k-dimensional 
space R;. We assume that any component 7, of 4 is a B-measurable 
function (cf 9.1) of the variables 5,,..., Ej. It then follows as in the 
one-dimensional case that x is a random variable in R,, with a pr. f. 
Q determined by the relation (14.5.1) where, now, Y denotes any given 
set in R,, while X is the corresponding set of all § in R; such that 
4 = g(8) < Y. 

For a set Y such that the corresponding set X is empty, we 
obtain, of course, Q(¥)=0. — The condition that g(§) should be 
finite and uniquely defined for all § in R; may obviously be replaced 
by the more general condition that the points § where g(§) is not 
finite or not uniquely defined, should form a set S such that P(S)=0. 

As an example, we may take g(§)=(&,..-, E), where r <j, so 
that g(E) is simply the projection of the point § on a certain subspace 
(cf 3.5) of r dimensions. The pr. f. of g(&) is then Q(Y) = P(X), 
where Y is a set in the subspace, while X is the cylinder set (cf 3.5) 
in Rj; defined by the relation (E... 5, 0,..-; 0) < Y. The corre- 
sponding distribution is the marginal distribution (cf 8.4) of (, ..., E); 
which is obtained by projecting the original distribution on the r- 
dimensional subspace. Taking, in particular, r= 1, it is seen that 
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every component £, of the random variable & is itself a random variable, 
with a marginal distribution obtained by projecting the original 
distribution on the axis of &,. 


A function 7 = g(8,, . .., §n) of n random variables may be regarded 
as a function of the combined variable (§,,..., n). Thus according 


to the above aj is always a random variable, with a probability dis- 
tribution uniquely determined by the simultaneous distribution of 


S» - 2-1 Sn 
If &,,..., § are independent variables, it is immediately seen that 
the variables g,(&),..., gn(§n) are also independent. 


14.6. Conclusion. — The contents of the present chapter may be 
briely summed up in the following way. — From the domain of 
empirical data connected with random experiments, we have selected 
the fundamental fact of statistical regularity, viz. the long run sta- 
bility of frequeney ratios. In our mathematical theory, we have 
idealized this fact by postulating the existence of conceptual counter- 
parts of the frequency ratios: the mathematical probabilities. The 
process of idealization has then been carried one step further by our 
assumption that the additive property of the probabilities may be 
extended from a finite to an enumerable sequence of »events». In 
this way, we have reached the concept of a random variable and its 
probability distribution. 

We have further introduced the assumption that any number of 
random experiments may be joined to form a combined random ex- 
periment, showing the same kind of statistical regularity as the 
component experiments. Thus we have obtained the idea of the joint 
probability distribution of a number of random variables. 

The study of certain conditional frequencies has led us to intro- 
duce their conceptual counterparts, under the name of conditional 
probabilities. These are connected with a certain conditional distribu- 
tion of a random variable, which in a particular case gives rise to the 
important concept of independent random variables. 

Finally, it has been shown that a B-measurable function of any 
number of random variables is itself a random variable, with a pro- 
bability distribution uniquely determined by the joint distribution of 
the arguments. 

We have thus laid the foundations for a purely mathematical 
theory of random variables and probability distributions. Our next 
object will now be to work out this theory in detail, and the rest of 
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Part IL wil be devoted to this purpose. In Chs 15—20 we shall 
mainly be concerned with variables and distributions in one dimen- 
sion, while the multi-dimensional case will be dealt with in Chs 
21—24. 

In Part III, we shall then turn to questions of testing the mathe- 
matical theory by experience, and using the results of the theory for 
purposes of statistical inference. 
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Cuaprers 15-20. VARIABLES AND DISTRIBUTIONS IN R,. 


CHAPTER 15. 
GENERAL PROPERTIES. 


15.1. Distribution function and frequency function. — Consider a 
one-dimensional random variable E. By Axioms 1 and 2 of 14.1, § 
possesses a definite probability distribution in R,. This distribution 
may be concretely interpreted as the distribution of a unit of mass 
over R, in such a way that the mass quantity P(S) allotted to any 
Borel set S represents the probability that the variable 5 takes a 
value belonging to S. 

As we have seen in 6.6, we are at liberty to define the distribu- 
tion either by the non-negative and additive set function P(S), which 
is called the probability function (abbreviated pr.f.) of the variable &, 
or by the corresponding point function F(x) defined by the relation 


P(E S x) = F(a), 


which is called the distribution function (abbreviated d.f.) of E. In the 
present case of a one-dimensional distribution, we shall practically 
always use F(x). 

The reader is referred to the discussion of the general properties 
of a d.f. given in 6.6. In particular it has been shown there that 
any d.f. F(x) is a non-decreasing function of x, which is everywhere 
continuous to the right, and is such that F(— œ) = 0 and F(+%)=1. 
The difference F(b) — F (a) represents the probability that the variable 
E takes a value belonging to the interval a < E < b: 


P(a < § < b) = F (b) — F(a). 


If x, is a discontinuity point of F(x), with a saltus equal to po, 
it follows from 6.6 that the mass p, is concentrated in the point x, 
which means that we have the probability p, that the variable § takes 
the value 2p: 
P(E = zo) = po- 
166 


15.1 


If, on the other hand, the derivative F'(x)— f(x) exists in a 
certain point z, then f(z) represents the density of mass at this point, 
and we shall call f(a) the probability density or the frequency function 
(abbreviated fr. f.) of the variable. The probability that the variable 
E takes a value belonging to the interval x < E < æ + 4x is then for 
small sæ asymptotically equal to jf(z)z4/z, which is written in the 
usual differential notation 


Pla<&<a+dz)=f(z) dx. 


This differential will be called the probability element of the dis- 
tribution. 

Any function 7 = g(§) of the random variable E is, by 14.5, itself 
a random variable, with a d.f. given by (14.5.2), We shall consider 
two simple examples, that will often occur in the sequel. 

In the case of a linear function 7 =a + b, the relation n Sy is 
equivalent to EX (y — b)/a or to EZ: (y — b)/a, according as a > 0 or 
a -— 0. It then follows from (14.5.2) that ņ has the d.f. 


(7) if a 0, 
(15.1.1) Gly) = : 
po r(%) if a <0, 


where F(x) denotes the d.f. of E. The formula for G (y) in the case 
a<0 is, however, only valid if (y — b)/a is a continuity point of F. 
In a discontinuity point, the function should, according to our usual 
convention, be so determined as to be always continuous to the right. 
If the fr.f. f(x) -— F'(z) exists for all values of æ, it follows that n 
has the fr.f. 


(15.1.2) s= ew ir ="): 


Next, we consider the function z — &*. The variable 7 is here always 
non-negative, and for y>0 the relation y E y is equivalent to 
—YyzE&zVy. Consequently 7 has the d.f. 


ie 0 for y < 0, 
Coe mans for y =0. 
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This time, the last expression is valid only if —Vy is a continuity 
point of F. If the fr.f. f(z) = F (x) exists for all x, it follows that 
n has the fr. f. 

Í 0 for y < 0, 


gly) = G (y=) 1 
lays SVD tHE Vy) org 0. 
Other simple functions may be treated in a similar way. 


15.2. Two simple types of distributions. — In the majority of 
problems occurring in statistical applications, we are concerned with 
distributions belonging to one of the two simple types known as the 
discrete and the continuous type. 

1. The discrete type. A random variable E will be said to be of 
the discrete type, or to possess a distribution of this type, if the 
total mass of the distribution is concentrated in discrete mass points’) 
and if, moreover, any finite interval contains at most a finite number 
of the mass points. By 6.2, the set of all mass points is finite or 
enumerable. Let us denote the mass points by 2, #,..., and the 
corresponding masses by pi ps... The distribution of § is then 
completely described by saying that, for every », we have the proba- 
bility p, that E takes the value z,: 


P(E = ay) = p. 
For a set S not containing any point z, we have, on the other hand, 
P(E<S)=0. 


Since the total mass in the distribution must be unity, we always have 


Dp =1. 


» 


The d. f. F(a) is then given by 
(15.2.1) F(x) = P(E < x)= X P» 


the summation being extended to all values of » such that x, S v. 
Thus F(x) is a step-function (cf 6.2 and 6.6), which is constant over 


1) This corresponds to the case c, = 1, c, = 0 in (6.6.2). 
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every interval not containing any point z,, but has in each 2, a step 
of the height p,. 

A distribution of the discrete type may be graphically represented 
by means of a diagram of the function F(x), or by a diagram showing 
an ordinate of the height p, over each point z,, as illustrated by 
Figs 4 and 5. 


* bl 90 » M x x 


Fig. 4. Distribution function of the discrete type. (Note that the median is indeter- 
minate; ef p. 178.) 


=i E 


x £ 90 X» x X, 
Fig. 5. Probabilities corresponding to the distribution in Fig. 4. 


In statistical applications, variables of the discrete type occur e. g. in cases where 
the variable represents a certain number of units of some kind. Examples are: the 
number of pigs in a litter, the number of telephone calls at a given station during 
one hour, the number of business failures during one year. In such cases, the mass 
points æy are simply the natural numbers 0; 1,3, se 


2. The continuous type. A variable 5 will be said to be of the 
continuous type, or to possess a distribution of this type, if the d. f. 
F(x) is everywhere continuous?) and if, moreover, the fr. f. f (a) = F (a) 
exists and is continuous for all values of x, except possibly in certain 
points, of which any finite interval contains at most a finite number. 
The d.f. F(z) is then 


F(x) = P(E S 2) -f fdt. 


1) This corresponds to the case c, = 0, c, = 1 in (6.6.2). 
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The distribution has no discrete mass points, and consequently the 
probability that § takes a particular value z is zero for every ay: 


P(E=2)=0. 


The probability that 5 takes a value belonging to the finite or infinite 
interval (a,b) has thus the same value, whether we consider the inter- 
val as closed, open or half-open, and is given by 


b 
P(a < E< b) = F(b) — Fla) = f f()àt. 
a 
Since the total mass in the distribution must be unity, we always have 
LJ 
[fat — 1. 
-o0 


A distribution of the continuous type may be graphically repre. 
sented by diagrams showing the d.f. F(x) or the fr.f. f(x), as illus- 
trated by Figs 6—7. The curve y — f(x) is known as the frequency 
curve of the distribution. 


In statistical applications, variables of the continuous type occur when we are 
concerned with the measurement of quantities which, within certain limits, may as- 
sume any value. Examples are: the price of a commodity, the stature of a man, the 
yield of a corn field. In such cases variables are treated as continuous, although 
strictly speaking the actual data are practically always discontinuous, since every 
measurement is expressed by an integral multiple of the smallest unit registered in 
our observations. Thus prices are expressed in money units, lengths may be expressed 
in em and weights in kg, etc. When, for theoretical purposes, variables of this kind 
are considered as continuous, a certain mathematical idealization of actually observed 
facts is thus already implied. 


15.8. Mean values. — Consider a random variable E with the d. f. 
F(z), and let g(t) be a function integrable over (— ©, oc) with re- 
spect to I’ (cf 7.2). The integral 


f(x) dF(@) 


has, in 7.4, been interpreted as a weighted mean of the values of g (x) 
for all values of x, the weights being furnished by the mass quantities 
dF situated in the neighbourhood of each point 2. 

Accordingly we shall denote this integral as the mean value or 
mathematical expectation of the random variable g(§), and write 
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x, x 


Fig. 6. Distribution function of the continuous type. (Note that the distribution 
has a unique median at Tọ; cf p. 178.) 


- 


c a x 


Fig. 7. Frequency function of the distribution in Fig. 0. The shaded area corresponds 
to the probability P(a < § S b). The distribution has a unique mode (ef p. 179) at c. 
The skewness (cf p. 184) is positive. 


(15.3.1) E(g®) = f g(x) dF (x). 
er] 

More generally, if § is a j-dimensional random variable with the 
probability function P(S), and if g(&) is a one-dimensional function 
(particular case k= 1 of 14.5) of § which is integrable over R; with 
respect to P(S), we define the mean value of g(&) by the relation 
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(15.3.2) E(g(8) = f g (2) aP(S). 


Rj 


For a complex-valued function g(E) =a(§) + ?b(E), we use the same 
formula to define the mean value, and thus obtain 


E (g (5) = E(a(8) + 4E(b(&). 


When there is no risk of a misunderstanding, we shall write simply 
E g (E) or E (g) instead of E(g(§). 

In the case of a one-dimensional distribution of the discrete type, 
as defined in the preceding paragraph, the mean value. reduces ac- 
cording to (7.1.8) to a finite or infinite sum: 


E (g6) = X p g (a), 


while for the continuous type, assuming g(x) to be continuous except 
at most in a finite number of points, we obtain by (7.5.5) an ordinary 
Riemann integral: 


E(9®) =f g(a) fle)an. 


-0 


The condition that g should be integrable over (— ©, ©) with respect 
to F is, in the last two particular cases, equivalent to the absolute 
convergence of the series or integral representing the mean value. Thus 
it is only subject to this condition that the mean value exists. The 
condition is always satisfied in the particular case of a bounded func- 
tion g(E), as pointed out in 7.4. 

Consider now two variables ë and 7, defined in the spaces R' and 
R” of any number of dimensions, with the pr.f:s P, and P, respect- 
ively. Let g(&) and h(ņ) be two real or complex functions such that 
the mean values Eg(&) and Eh(y) both exist. We shall consider the 
sum g(&)-- A(n). By 14.5, this sum is a random variable, which may 
be regarded as a function of the combined variable ($, 2). If R de- 
notes the space of the combined variable, while P is the corresponding 
pr. f., the mean value of the sum has the expression 


E(g® + hy) = f (goo - hy)dP — f g(x)dP + f h(y)aP. 
R R R 


By (9.2.2) the last two integrals reduce, however, to 
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folx)aP,=Eg(§) and [h(y)aP, =Eh(y) 
R R” 


respectively, so that we obtain 
(15.3.3) E(g(& + hap) = Eg(&) + E h (n). 


The extension of this relation to an arbitrary finite number of terms 
is immediate, and we thus have the following important theorem: 
The mean value of a sum of random variables is equal to the sum of 
the mean values of the terms, provided that the latter mean values exist. 

It should be observed that this theorem has been proved without 
any assumption concerning the nature of the dependence between the 
terms of the sum. In the case of the mean value of a product, it is 
not possible to obtain an equally general result. Using the same nota- 
tions as above, we have 


E(g (ha) = f g(a) h(y) aP. 
R 


In order to reduce this integral to a simple form, we mow suppose 
that & and w are independent, so that the pr. f. P satisfies the multi- 
plicative relation (14.4.4). By the final remark of 14.5, the vari- 
ables g(ë) and A(n) are then also independent. On this hypothesis, 


the formula for the mean value reduces according to (9.3.1) to 


(15.3.4)  E(g(hGj) 5 [amar f h(y) dP, = Eg (8) Eh (n). 
; ay 


The extension to an arbitrary finite number of factors is immediate, 
so that we have the following theorem: The mean value of a product 
of independent random variables is equal to the product of the mean 
values of the factors, provided that the latter mean values exist. 

We finally consider some simple particular cases of the preceding 
general relations. — If E is a one-dimensional random variable, such 
that the mean value E(é) obtained by taking g (5) = § in (15.3.1) exists, 
we have for any constant a and b 


(15.3.5) E(atbeaEQ b ^ 


Putting E(E) — m we have, in particular, 


(15.3.6) E(—m-—m—m-9. / 
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Taking g(E) =ë, h(g) — in the addition theorem (15.3.3), we obtain 


(15.3.7) E(§ + n) = E ($) + E (n). 
If E and y are independent, the multiplication theorem (15.3.4) gives 
(15.3.8) E (§ n) = E ($) E (7). 


15.4. Moments. — The moments of a one-dimensional distribution 
have been introduced in 7.4. If, for a positive integer », the function 
a" is integrable over (— ©, ©) with respect to F(x), the mean value 


(15.4.1) e, = E(£) = f a’ dF (2) 


is called the moment of order v, or simply the »:th moment, of the 
variable or the distribution, and we say that the v:th moment is finite 
or exists. Obviously a always exists and is equal to unity. 

If a, exists, the function |x|” is also integrable, so that the »:th 
absolute moment 


LJ 
(15.4.2) B =E EP) = fle} aF(@) 
exists. It follows that, if a, exists, then a, and £, exist for 0 < v S k. 


For a distribution of the discrete type, the moments are according 
to 15.3 expressed by the series 


a, = X Pi 2}, 
i 
and for a distribution of the continuous type by the Riemann integral 
[2 = faf) dz. 
-0 


It is only in the case when the series or integral representing the 

moment is absolutely convergent that the moment is said to exist. 
The first moment a, is equal to the mean value, or briefly the 

mean, of the variable, and will often be denoted by the letter m: 


a, = E(E) — m. 


If c denotes any constant, the quantities 
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E[§ — 7) = f (æ — o) dF (a), 
are called the moments about the point c. For c — 0, we obtain the 
ordinary moments. The absolute moments about c are, of course, de- 
fined in an analogous way. The moments about the mean m are often 
called the central moments. These are particularly important and de- 
serve a special notation. We shall write 


(15.4.3) p, = E [Ẹ — my) = j (a — m) dF (a). 


Developing the factor (x — m)", we find 


My — 1, 
PET 0, 
(15.4.4) ls — a, — m, 


usa, — 3 ma, + 2m?, 


My = a,—4ma, + 6m? a, — 3 m*, 


For the second moment about any point c, we have 
E(E — o] - E(& — m +m- cj 
= us + (c — m) 2 us, 


so that the second moment becomes a minimum when taken about the 
mean. 

The moments of any function g (E) are the mean values of the suc- 
cessive powers of g(é). In the particular case of a linear function 
g(E) — a& + b, the moment a, is given by the expression 


» 


eee chee cn cia Ota 


a, = E(aE + by] = a” ay + ( 


In 7.4, we have given a simple sufficient condition for the existence of the mo- 
ment of a given order k. We remark further that, when the variable & is bounded, 
i.e. when finite a and b can be found such that P(a < § < b) = 1, all moments are 
finite, and |e»| < |a|” + lèl. 


We shall now prove an important inequality for the absolute mo- 
ments f, defined by (15.4.2). The quadratic form in w and v 
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.—1 12 
[eis +v || ? ) dF (x) =,-10 + 28,uv + Boi? 


is evidently non-negative. Thus by 11.10 the determinant of the form 
is non-negative, so that we have 8,—18,41 — 8; = 0, or 


(15.4.5) [E 


Replacing here v successively by 1, 2,...,», and multiplying all the 
inequalities thus formed, we obtain 8;*! S 8; ,,, or finally 


(15.4.6) & sE  (—12,.. 


It is often important to know whether a distribution is wniquely 
determined by the sequence of its moments. We shall not enter upon a 
complete discussion of this difficult problem, but shall content our- 
selves with proving the following criterion that is often useful. 


Let a, — 1, a, Gs, . . . be the moments of a certain d. f. F(x), all of 


E 
which are assumed to be finite. Suppose that the series SA is absolutely 
3:2 


convergent for some r 2 0. Then F(x) is the only d. f. that has the mo- 
ments Qo, @, €, . . + 


We shall first show that Er — 0 as n— c. If n is restricted 


to even values, this follows directly from our hypothesis, and for odd 
values of » we have by (15.4.5) 


As (Ee) (eps 


which completes the proof of our assertion. — For any integer » > 0 
and for any real z we have the MacLaurin expansion 


where 9 denotes a real or complex quantity of modulus not exceeding 
unity. Hence we obtain by means of (10.1.2) the following expansion 
for the c.f. p(t) of F(z): 
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g(t +h)= [ e earo) 


n-1 


=> fomno +98 fierari a) 
0 


n=l 
225 h* “ott + ober. 


n! 


For {h|<+r the remainder tends to zero, so that for amy t the c.f. 
y(t +h) can be developed in Taylor's series, convergent for |h| <r. 

Taking first t= 0, we find that the series (where we have written 
t in the place of h) 


(15.4.7) g (t) — Det 


represents the function g(t) at least in the interval — r < t < r. In 
this interval, g(t) is thus uniquely determined by the moments ay. 
In the points t=+ ir, the series obtained by differentiating (15.4.7) 
any number of times is convergent, so that all the derivatives 
gy (+ ir) ean be calculated from (15.4.7), i.e. from the moments «y. 
These derivatives appear as coefficients in the Taylor developments of 
y(t 4r+h), which converge and represent g (f) for |h|<7, so that 
the domain where g(t) is known is now extended to the interval 
—%r<t<4r. From the last developments, we can now calculate the 
derivatives p”(t) in the points t=+ r, and use these as coefficients 
in the Taylor developments of g(- r + h), ete. In this way we may 
go on as long as we please, and it will be seen that by this procedure 
the c.f. p(t) is uniquely defined by the moments ay for all values of wA 
It then follows from the uniqueness theorem (10.3.1) that the d.f. 
F(x) is also uniquely determined by the «,, and our theorem is proved. 

In the particular case when F(x) is the d. f. of a bounded variable, 
it follows from the remark made above that the conditions of the 
theorem are always satisfied. 


15.5. Measures of location. — In practical applications it is im- 
portant to be able to describe the main features of a distribution by 


1) This is the method known as analytic continuation in the Theory of Analytic 
Functions. 
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means of a few simple parameters. In the first place, we often want 
to locate a distribution by finding some typical value of the variable, 
which may be conceived as a central point of the distribution. There 
are various ways of calculating such a typical parameter, and we shall 
here discuss the three most important cases, viz. the mean, the median, 
and the mode. 

The mean E(E)=m is the first moment of the distribution, and 
has already been defined in the preceding paragraph. In terms of our 
mechanical interpretation of the probability distribution as a distribu- 
tion of mass, the mean has an important concrete significance: it is 
the abscissa of the centre of gravity of the distribution (cf 7.4). This 
property gives the mean an evident claim of being regarded as a 
typical parameter. 

The median. — If a is a point which divides the whole mass of 
the distribution into two equal parts, each containing the mass $, £o 
is called a median of the distribution. Thus any root of the equation 
F(x)-—1 is a median of the distribution. In order to discuss the 
possible cases, we consider the curve y = F (x), regarding any vertical 
step as part of the curve, so that we have a single connected, never 
decreasing curve (ef Figs 4 and 6). This curve has at least one point 
of intersection with the straight line y=}. If there is only one point 
of intersection, the abscissa of this point is the unique median of the 
distribution (cf Fig. 6) It may, however, occur that the curve and the 
line have a whole closed interval in common (ef. Fig. 4). In this case 
the abscissa of every point in the interval satisfies the equation 
F(x)= 4, and may thus be taken as a median of the distribution. 

We thus see that every distribution has at least one median. In the 
determinate case, the median is uniquely defined; in the indeterminate 
case, every point in a certain closed interval is a median. 

The mean, on the other hand, does not always exist. Even in 
cases when the mean does exist, the median is sometimes preferable 
as a typical parameter, since the value of the mean may be largely 
influenced by the occurrence of very small masses situated at a very 
large distance from the bulk of the distribution. 

As shown in the preceding paragraph, the mean is characterized 
by a certain minimum property: the second moment becomes a mini- 
mum when taken about the mean. There is an analogous property of 
the median: the first absolute moment E(|E — c|) becomes a minimum 
when c is equal to the median. This property holds even in the in- 
determinate case, and the moment has then the same value for c equal 
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to any of the possible median values. Denoting the median (or, in 
the indeterminate case, any median value) by p, we have in fact the 
relations 


[stc un +2 fe- are for cu, 
E(|ġ— c|) = Y 
[ein +2 fe-oare eee 


The second terms on the right hand sides are evidently positive, ex- 
cept in the case when c is another median value (indeterminate case), 
when the corresponding term is zero.) The proof of these relations 
will be left as an exercise for the reader. 

The mode of a distribution will only be defined for distributions 
of the two simple types introduced in 15.2. For a distribution of the 
continuous type, any maximum point z, of the frequency function f(x) 
is called a mode of the distribution. A unique mode thus only exists 
for frequency curves y= f(x) having a single maximum (cf Fig. 7); 
such unimodal distributions occur, however, often in statistical applica- 
tions. When the frequency curve has more than one maximum, the 
distribution is called bémodal or multimodal, as the case may be. — 
For a distribution of the discrete type, we may suppose the mass 
points x, arranged in increasing order of magnitude. The point a, 
is then called a mode of the distribution, if p, > p,-: and py > peu. 
The expressions unimodal, bimodal and multimodal distributions are 
here defined in a similar way as for continuous distributions. 

In the particular case when the distribution is symmetric about a certain point a, 
we have F(a +a) + F(a — {x)= 1 as soon as a+ v are continuity points of F. It 


is then seen that the mean (if existent) and the median are both equal to a. If, in 
addition, the distribution is unimodal, the mode is also equal to a. 


15.6. Measures of dispersion. — When we know a typical value 
for a random variable, it is often required to calculate some parameter 
giving an idea of how widely the values of the variable are spread 
on either side of the typical value. A parameter of this kind is called 
a measure of spread or dispersion. It is sometimes also called a 
measure of concentration. Dispersion and concentration vary, of course, 


1) In the particular case when yu is a discontinuity point of F, the ordinary de- 
finition of the integrals in the second members must be somewhat modified, as the 
integrals should then in both cases include half the contribution arising from the 
discontinuity. 
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in inverse sense: the greater the dispersion, the smaller the concentra- 
tion, and conversely. 

If our typical value is the mean m of the distribution, it seems 
natural to consider the second moment about the mean, u, as a 
dispersion measure. This is called the variance of the variable, and 
represents the moment of inertia of the mass distribution with respect 
to a perpendicular axis through the centre of gravity (cf 7.4). We 
have, of course, always u, — 0. When gu, = O0, it follows from the de- 
finition of u, that the whole mass of the distribution must be con- 
centrated in the single point m (cf 16.1). 

In order to obtain a quantity of the first dimension in units of 
the variable, it is, however, often preferable to use the non-negative 
square root of u, which is called the standard deviation (abbreviated 
s.d.) of the variable, and is denoted by D (E) or sometimes by the 
single letter c. We then have for any variable such that the second 
moment exists 

D? ($) = òè = m = E(E — EG] 
= E(P)-— E*(é). 


It then follows from (15.3.5) that we have for any constant a and b 
D (a5 + 0) — |a |D (5. 


When ë is a variable with the mean m. and the s.d. o, we shall 
often have occasion to consider the corresponding standardized variable 


E 


—m T "- : 
rre which represents the deviation of E from its mean m, expressed 


in units of the s.d. c. It follows from the last relation and from 
(15.3.5) that the standardized variable has zero mean and unit s.d.: 


x (E) <0, » (Eti. 


If § and 7 are independent variables, it further follows from (15.3.8) 
that we have 
(15.6.1) D*(5 + n) = D? (5) + D° (n). 


This relation is immediately extended to any finite number of terms. If 
£,...E, are independent variables, we thus obtain 


(15.6.2) LUA Se alee k En) = D?(E,) +--- + D'(5). 


We have seen that the second moment is a minimum when taken about 
the mean, and the first absolute moment when taken about the median 
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(cf 15.4 and 15.5) If we use the median yw as our typical value, it 
thus seems natural to use the first absolute moment 


E(£— ul) 


as measure of dispersion. This is called the mean deviation of the 
variable. Sometimes the name of mean deviation is used for the first 
absolute moment taken about the mean, but this practice is not to be 
recommended. 

In the same way as we have defined the median by means of the 
equation F(r)— 1, we may define a quantity Cp by the equation 
F(L)- p, where p is any given number such that 0 — p — 1. The 
quantity £j will be called the quantile of order p of the distribution. 
Like the median, any quantile ¢, may sometimes be indeterminate. 
The quantile Cy is, of course, identical with the median. The know- 
ledge of C, for some set of conveniently chosen values of p, such as 
p=}, }, 3%, or p=0.1, 0.2,.... 0.9, will obviously give a good idea of 
the location and dispersion ‘of ‘the distribution. The quantities Cy and Cy 
are called the lower and upper quartiles, while the quanties Coi Cory 7 

—ü 


[d 
are known as the deciles. The halved difference — is sometimes 


used as a measure of dispersion under the name of semi-interquartile 
range. 

If the whole mass of the distribution is situated within finite 
distance, there is an upper bound g of all points x such that F (x) = 
and a lower bound G of all x such that F'(x)= 1. The interval (g, G) 
then contains the whole mass of the distribution. The length G — g 
of this interval is called the range of the distribution, and may be 
used as a measure of dispersion. 

The word range is sometimes also used to denote the interval (g, G) 
itself. If we know this interval, we have a fairly good idea both of the 
location and of the dispersion of the distribution. For a distribution 
where the range is not finite, intervals such as (m — o, m + o) or (5. 53); 
although they do not contain the whole mass of the distribution, may 
be used in a similar way, as a kind of geometrical representation of 
the location and dispersion of the distribution (cf 21.10). 

All measures of location and dispersion, and of other similar pro- 
perties, are to a large extent arbitrary. This is quite natural, since 
the properties to be described by such parameters are too vaguely 
defined to admit of unique measurement by means of a single number. 
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Each measure has advantages and disadvantages of its own, and a 
measure which renders excellent service in one case may be more or 
less useless in another. 

If, in particular, we choose the variance o? or the s.d. ø as our 
measure of dispersion, this means that the dispersion of the mass in 
a distribution with the mean m = 0 is measured by the mean square 


E= fatar(a) 


The concentration of the variable E about the point m — 0 will be 
measured by the same quantity: the smaller the mean square, the 
greater the concentration, and conversely. Thus the mean square of 
2 variable quantity is considered as a measure of the deviation of this 
quantity from zero. This is a way of expressing the famous principle 
of least squares, that we shall meet in various connections in the 
sequel. — It follows from the above that there is no logical necessity 
prompting us to adopt this principle. On the contrary, it is largely 
a matter of convention whether we choose to do so or not. The main 
reason in favour of the principle lies in the relatively simple nature 
of the rules of operation to which it leads. We have, e. g., the simple 
addition rule (15.6.2) for the variance, while there is no analogue for 
the other dispersion measures discussed above. 


15.7. Tchebycheff’s theorem. — We shall now prove the following 
generalization of a theorem due to Tchebycheff : 

Let g(E) be a non-negative function of the random variable E. For 
every K>0 we then have 
(15.1.1) Po = xj s F9, 
where P denotes as usual the pr. f. of E. 

If we denote by S the set of all E satisfying the inequality g(t) = K, 
the truth of the theorem follows directly from the relation 


Eg (8) comae K[aF—KP(S). 


It is evident that the theorem holds, with the same proof, even when 
§ is replaced by a random variable § in any number of dimensions. 
Taking in particular g(f) — (E— m)*, K — &*5?, where m and c 
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denote the mean and the s.d. of E, we obtain for every k — 0 the 
Bienaymé-Tchebycheff inequality: 


1 
(15.7.2) P(i—m|z ko) 


This inequality shows that the quantity of mass in the distribution 
situated outside the interval m — ka < < m + ka is at most equal 


to and thus gives a good idea of the sense in which o may be 


1 
p 
used as a measure of dispersion or concentration. 


For the particular distribution of mean m and s.d. g which has a mass E 


in each of the points x = m + ko, and a mass 1 — — in the point x = m, we have 


E 
P(5—m|zko)— = and it is thus seen that the upper limit of the probability 
given by (16.7.2) cannot generally be improved. 

On the other hand, if we restrict ourselves to certain classes of distributions, it 
is sometimes possible to improve the inequality (15.7.2). Thus it was already shown 
by Gauss in 1821 that for a unimodal distribution (cf 15.5) of the continuous type 
we have for every k>0 
(16.7.8) PU — a] = kt) Soop 


where ay is the mode, and z* =o" + (a) — m) is the second order moment about 
the mode. A simple proof of this relation will be indicated in Ex. 4 on p. 250. 
Hence we obtain the following inequality for the deviation from the mean: 


(16.7.4) P(&—m|zko)s$i (k — [s]* 


for every k>|s|, where s denotes the Pearson measure of skewness defined by 
(15.8.8). For moderate values of |s], this inequality often gives a lower value to the 
limit than (15.7.2. Thus if |s| — 0.25, the probability of a deviation exceeding 3.6 
is by (15.7.4) smaller than 0.0624, while (15.7.2) gives the less precise limit 0.1111. 
For the probability of a deviation exceeding 46, the corresponding figures are 0.0336 
by (15.7.4), and 0.0625 by (16.7.2). 


15.8. Measures of skewness and excess. — In a symmetric distri- 
bution, every moment of odd order about the mean (if existent) is 
evidently equal to zero. Any such moment which is not zero may 
thus be considered as a measure of the asymmetry or skewness of the 


‘distribution. The simplest of these measures is ms, which is of the 


third dimension in units of the variable. In order to reduce this to 
zero dimension, and so construct an absolute measure, we divide by 
o and regard the ratio 
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(15.8.1) n= 


as a measure of the skewness. We shall call y, the coefficient of 
skewness. 

In statistical applications, we often meet unimodal continuous 
distributions of the type shown in Fig. 7, where the frequency curve 
forms a »long tail» on one side of the mode, and a »short tail» on 
the other side. In the curve shown in Fig. 7, the long tail is on the 
positive side, and in mw, the cubes of the positive deviations will then 
generally outweigh the negative cubes, so that y, will be positive. 
We shall call this a distribution of positive skewness. Similarly we 
have negative skewness when y, is negative; the long tail will then 
generally be on the negative side. 

Reducing the fourth moment u, to zero dimension in the same 
way as above, we define the coefficient of excess 


(15.8.2) m= 4-3, 
o 
which is sometimes used ag a measure of the degree of flattening of 
a frequency curve near its centre. For the important normal distribu- 
tion (cf 17.2), », is equal to zero. Positive values of y, are supposed 
to. indieate that the frequency curve is more tall and slim than the 
normal curve in the neighbourhood of the mode, and conversely for 
negative values. In the former case, it is usual to talk of a positive 
excess, as compared with the normal curve, in the latter case of a 
negative excess. This usage is, however, open to certain criticism 
(cf 17.6). 
In the literature, the quantities 2, = yj and 8, = y, +3 are often used instead 
of y, and ys. 
Many other measures of skewness and excess have been proposed. Thus K. 
Pearson introduced the difference between the mean and the mode, divided by the s. d.: 
m — Xo 


(15.8.8) rdi 


as a measure of skewness. For the class of distributions belonging to the Pearson 
system (cf 19.4), it can be shown that 
s= zat 8) 7 
2(8y, — 6yi-- 6) 
When y, and y, are small, this gives approximately 
s=ty, o 2=m—ty,o. 
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The last relation also holds approximately for distributions given by the Edgeworth 
or Charlier expansions (cf 17.6—17.7) Charlier used the coefficient S —— $y, as 
measure of skewness, and E = $ y, as measure of excess. 


15.9. Characteristic functions. — The mean value of the particular 
function etë will be written 


(15.9.1) g (t) = E(ets) = fear. 


This is a function of the real variable £, and will be called the charac- 
teristic function (abbreviated c.f) of the variable & or of the corre- 
sponding distribution. The reader is referred to the discussion of the 
mathematical theory of characteristic functions given in Ch. 10. 

It follows in particular from this discussion that there is a one- 
to-one correspondence between distributions and characteristic func- 
tions. If two distributions are identical, so are their c.f:s, and con- 
versely. This property has important consequences. In many problems 
where it is required to find the distribution of some given random 
variable, it is relatively easy to find the c.f. of the variable. If this 
is found to agree with the c.f. of some already known distribution, 
we may conclude that the latter must be identical with the required 
distribution. 

The c.f. of any function g(t) is the mean value of eft), In the 
particular case of a linear function g(E) — a E +b the c.f. becomes 


(15.9.2) E (eit 5*9) = ett o (at). 


Thus e.g. the variable — 5 has the c.f. g(— !) — p (t). Further, the 
standardized varialle (E — m)/o has the c. f. 


(eee e qose un 
s(77)- e») 


15.10. Semi-invariants. — If the k:th moment of the distribution 
exists, the c.f. may according to (10.1.3) be developed in MacLaurin’s 
series for small values of t: 


k 
(15.10.1) g()—1- ME + o). 
T 
For the function log (1 + z) we have the corresponding development 
zi 2t 
EAE ek dotar k 
mu eS og o (z^). 
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Replacing here 1--z by g(t), we obtain after rearrangement of the 


terms a development of the form 


k 


(15.10.2) log p(t) = 3 ty + o(t*). 


1 


The coefficients x, were introduced by Thiele (Ref. 37), and are called 
the semi-invariants or cumulants of the distribution. 

In order to deduce the relations between the moments a, and the 
semi-invariants x,, we may use the identities 


log g (t) = log ( + S50) - pia it), 


1 


By T co" 


S dy 
= mr e! 


in a purely formal way, without paying any attention to questions 
of existence of moments or convergence of series. It is seen that xn 
is a polynomial in «,,...,«, and conversely a, is a polynomial in 
X, s.s Xy In particular we have 


P Eos 
X, =, — ai — o^, 
(15.10.3) xs = a, — 3a a, + 201, 
x,— 0,— 3a; — 4a, a, + 12a1o, — Gai, 


and conversely 


(15.10.4) Oy = xy + 3x, Xa + xi, 


a =x, + 3x + 4x, xy + Oxix, + xi, 


In terms of the central moments ,, the expressions of the x, become 
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x, =M, 
X, = Hy — 0", 
Xg = Hs, 
(15.10.5) x4 = p, — 9 ui, 


X; = ps — 10 ps us, 
Xs = He — 15 us u4 — 10 pi + 30 ui, 
so that the coefficients of skewness and excess introduced in 10.8 are 


Xs 


mE ELA 
Yi xh and y,—-7- 


x 
The semi-invariants x, of a linear function g(Eb) — a£ + b are, by 
(15.9.2), found from the development 
ie Ae 
log [ttp (at) = XL + o(£). 


1 
Comparing with (15.10.2), we obtain the expressions 


xi 4x, b, and x,—a*x, for »>1. 


15.11. Independent variables. Let 5 and 7 be random variables 
with the d.f:s F, and F,, and the joint pr.f. P. By (14.4.5) a ne- 
cessary and sufficient condition for the independence of § and y is 
that the joint d.f. of the variables is, for all x and y, given by the 
expression!) 

(15.11.1) F(v,y)— P(E < x, € y) =F, (x) F, (y). 


When both variables have distributions belonging to the same simple 
type, the independence condition may be expressed in a more con- 
venient form, as we are now going to show. 

Consider first the case of two variables of the discrete type, with 
distributions given by 


PE=2,)=pn Ph =y)= h, 


where v= 1, 2,... It is then easily seen that the independence con- 
dition (15.11.1) is equivalent to 
(15.11.2) P(E = £u, N= Y») = Pug» 


for all values of & and ~». 


1) Another necessary and sufficient condition will be given in 21.3. 
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In the case of two variables of the continuous type, the independ- 
ence condition (15.11.1) may be differentiated with respect to x and y, 
and we obtain 


(15.1.3) f(x,y)= = fie). 


Z5 
where f, and f, are the fr.f:s of § and ņ, while f is according to 
8.4 the fr.f. of the joint distribution, or the joint fr. f. of § and n. 
Conversely, from (15.11.3) we obtain (15.11.1) by direct integration. 

Thus a necessary and sufficient condition for independence is given 
by (15.11.2) in the case of two discrete variables, and by (15.11.38) in 
the case of two continuous variables. Both conditions immediately extend 
themselves to an arbitrary finite number of variables. 


15.12. Addition of independent variables. — Let § and ņ be in- 
dependent random variables with known distributions. By 14.5, the 
sum ë +n has a distribution uniquely determined by the distributions 
of § and y. In many problems it is required to express the d.f., the 
c.f., the moments etc. of this distribution in terms of the corresponding 
functions and quantities of the given distributions of 5 and 7. The 
problem may, of course, be generalized to a sum of more than two 
independent variables. 

We shall first consider the c.f:s. Let g(t), p,(f) and g(t) denote 
the c. fis of 5, y and E + ņ respectively. We then have, by the theo- 
rem (15.3.4) on the mean value of a product of independent factors, 


p(t) = E(et6+2) = E (ets at) 
= Ee) E (et) = pili) gall. 


This relation is immediately extended to an arbitrary finite number 
of variables. If £,...,£, are independent variables with the c. f:s 
gilt), ..-, pn(t), the c.f. p(t) of the sum E +--+ E, is thus given by 
the relation 


(15.12.1) P(t) = gilt) palt) . . . palt), 


so that we have the following important theorem, which expresses a 
fundamental property of the c. f:s. 

The characteristic function of a sum of independent variables is equal 
to the product of the characteristic functions of the terms. 

We now want to express the d.f. of the sum ë +y by means of 
the d. f:s F, and F, of the terms. This problem will be treated as an 
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example of the general method (cf 10.3 and 15.9) of finding a d.f. 
with the aid of its c.f. Consider the integral 


F(z)= fr, (a — 2) dF, (2). 


Since F, is bounded, this integral has by 7.1 a finite and determined 


value for every x. Now F(x — z) is, for every fixed z, a never de- 
creasing function of x which is everywhere continuous to the right, 
and tends to 1 as x>+ o, and to 0 as z— — o». Consider the 
difference F(x + h)— F(x), where h>0. It follows from (7.1.4) that 
this difference is non-negative, and from (7.3.1) that it tends to zero 
with A. It further follows from (7.3.1) that F(x) tends to 1 as 
x-4 o, and to 0 as z—— o. Thus F(z) is a d.f. The corre- 
sponding c.f. 


f éaF (x) 
is, by (7.5.6), the limit as n > © of a sum s, of the form 


ea = Sie! Fe) Fle] 


provided that the maximum length of the sub-intervals (2,1, £y) tends 
to zero, while z,-— — © and a,>+. Introducing here the inte 
gral expression of F(x), we obtain 

Sn = f saet" d Fle), 

-o 

where 

n , 

s, = Se [Fi (5) — F, (5-1) 
1 


Le = ay ce. 


As n>, sh tends for every fixed z to the limit 
e 
lim s; = fear, (x) = g ($). 
Further, s is uniformly bounded, since we have 
n 
Iil s DIE Gn) — F, (s) S 1 
1 
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According to (7.1.7) it then follows that 


lim s, = vf erar (2) = p: (0) pa (ë). 


Thus the c.f. of F(x) is identical with the c. f. p(t) = p, (t) pa(t) of the 
sum Ë+ n, so that F(x) is the required d.f. Since the functions F, 
and F, may evidently be interchanged without affecting the proof, 
we have established the following theorem: 

The distribution function F(x) of the sum of two independent vari- 
ables is given by the expression 

LJ "o 

(15.12.2)  F@)={ F, (æ — 2) 4 F,(2)= f Fy (£ — 2) dF, (2), 
where F, and F, are the distribution functions of the terms.) 

When three d. f:s satisfy (15.12.2), we shall say that F is composed 
of the components F, and F, and we shall use the abbreviation 


(15.12.2 a) F(x) = F, (x) * F, (x) = F, (x) * F, (a). 


By (15.12.1), this symbolical multiplication of the d. f:s corresponds to 
a genuine multiplication of the c. f:s. 

If the three variables 5, £, and & are independent, an evident 
modification of the proof of (15.12.2) shows that the sum E, + & + E, 
has the d.f. (F, * F,)* F,— F, * (F, * F,). Obviously this may be 
generalized to any number of components, and it is seen that the opera- 
tion of composition is commutative and associative. For the sum 
§, oo Ën of n independent variables we have the d. f. 


(15.12.3) F-FXFSGSCéx*EF. 


Let us now consider the following two particular cases of the 
composition of two components according to (15.12.92): 

a) Both components belong to the discrete type (cf 15.2). 

b) Both components belong to the continuous type, and at least 
one of the fr. f:s, say f, = Fi, is bounded for all x. 


In case a), let £, £a... and y, ys ... denote the discontinuity 
points of F, and F, respectively. It is then evident that the total 


1) The reader should try to construct a direct proof of this theorem, witliout the 
use of characteristic functions. It is to be proved that, in the two-dimensional 
distribution of the independent variables & and 7, the mass quantity F(a) situated 
in the half-plane §+ 7 S x is given by (15.12.2). Cf. Cramér, Ref. 11, p. 35. 
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mass of the composed distribution is concentrated in the points 
£r + ys, where r and s independently assume the values 1,2,... If 
the set of all these points has no finite limiting point, the composed 
d.f. thus also belongs to the discrete type. This is the case e.g. 
when all the z, and y, are non-negative, or when at least one of the 
sequences {x} and [y,] is finite. 

In case b), the first integral in (15.12.2) satisfies the conditions for 
derivation with respect to z (cf 7.3.2). Further, by (7.3.1) and (7.5.5), 
the derivative F'(x)-— f(x) is continuous for all z, and may be ex- 
pressed as a Riemann integral i 


(15.12.4) flx) — [Ato V CIT (a — 2) fi (z) dz. 


Thus the composed distribution belongs to the continuous type, and 
the fr.f. f(x) is everywhere continuous. 

Returning to the general case, we denote by m, m, and m the 
means, and by o, c, and c the s. d:s of E, y and § + : respectively. 
Since E and 7 are independent, we then have by (15.3.7) and (15.6.1) 


(15.12.5) m=m +m, = Fo. 


For the higher moments about the mean, a general expression is de- 
duced from the relation 


m — E(E + n — my] = E(E— m + n — my. 


Since any first order moment about a mean is zero, we have in par- 
ticular, using easily understood notations, 


Hs = iQ + ug, 
(15.12.6) ty = ul + 6 n pP + ul, 


The composition formulae for moments are directly extended to 
the case of more than two variables. For the addition of n indepen- 
dent variables, we thus have the following simple expressions for the 
moments of the three lowest orders: 

m= m, + m +--+ Mn, 
(15.12.7) of =o1+ of +--+ on, 
Bs = BY) + uP ++ ap. 
For the higher moments (» > 3), the formulae become more complicated. 
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Finally, we shall consider the semi-invariants of the composed 
distribution. The multiplication theorem for characteristic functions 
gives us 

log g (t) = log p; (t) + log p; (i). 
Hence we obtain by (15.10.2) x, =x") + x®. This simple composition 
rule is the chief reason for introducing the semi-invariants. The ex- 
tension to the case of » independent variables is immediate and gives 


(15.12.8) x,— x + x ESSE x. 


CHAPTER 16. 
Various DISCRETE DISTRIBUTIONS. 


16.1. The function s(x). — The simplest discrete distribution has 
the total mass 1 concentrated in one single point, say in the point 
z —0. This is the distribution of a variable E which is »almost al- 
ways» equal to zero, i.e. such that P (= 0)= 1. The corresponding 
d. f. is the function s(x) defined by (6.7.1): 


b for «0, 
if 2 B=. 0; 


The c.f. is identically equal to 1, as we have already remarked in 10.1. 

More generally, a »variable» which is almost always equal to 2, 
has the d.f. s(r — x) and the cf. ef. The mean of this variable 
is a, and the s.d. is zero. Conversely, if it is known that the s.d. 
of a certain variable is equal to zero, it follows (cf 15.6) that the 
whole mass of the distribution is concentrated in one single point, so 
that the d.f. must be of the form e(x — ,). 

The general d.f. of the discrete type as given by (15.2.1) may be 
written 


(16.1.2) _F(z)= Xp e(x — 2). 


(16.1.1) s) = 


Let us consider the particular case of a discrete variable &, the distri- 


bution of which is Specified in the following way: 
1 with the probability p, 
(16.1.3) Fes { m 
0 » » > q=1—p. 
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In the following paragraph, we shall make an important use of 
variables possessing this distribution. From (16.1.2) we obtain the 
d.f. of E 

F(x) —pe(x—1)4 qe(z). 
and hence the c.f. 


(16.1.4) g (t) — pe +4=1 + p(et— 1). 


The mean and variance of £ are 
E(S)=p-1+q-0=p, 
D° (E) = E(& — »*) = p(1 — p)? + a (0 — p}? = pq. 


(16.1.5) 


16.2. The binomial distribution. — Let © be a given random ex- 
periment, and denote by E an event having a definite probability p 
to occur at each performance of ©. Consider a series of » independent 
repetitions of © (cf 14.4), and let us define a random variable Z, 
attached to the r:th experiment by writing 


. fi when E occurs at the 7:th experiment (probability =p), 
>" lO otherwise (probability = q = 1 — p). 


Then each ë, has the probability distribution (16.1.3) considered in 
the preceding paragraph, and the variables E,,..., £y are independent. 

Obviously § denotes the number of occurrences of E in the r:th ex- 
periment, so that the sum 


à 


»—-&c-h rb 


denotes the total number of occurrences of the event E im our series of. 
n repetitions of the experiment ©. 

Since v is a sum of n independent random variables, it is itself 
a random variable!) the distribution of which may be found by the 
methods developed in 15.12. Thus we obtain by (15.1.1) and (16.1.5) 
the following expressions for the mean, the variance and the s. d. of v: 


(16.2.1) E(v)=np, D*()-—npq, D (v) - V npq. 


1) Throughout the general theory developed in the preceding chapters, we have 
systematically used the letters & and 7 to denote random variables. From now on it 
would, however, be inconvenient to adhere strietly to this rule! We shall thus often 
find it practical to allow any other letters (Greek or italic) to denote random variables, 
It will thus always be necessary to observe with great eare the significance of the 
various letters used in the formulae. 
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The ratio »/n expresses the frequency of E in our series of n repeti- 
tions. For the mean and the s.d. of v[n, we have 


2 de er iA Ea Pg. 
(16.2.2) z(*) p, D[») r 


The c.f. of v is by (15.12.1) equal to the product of the c.f:s of 
all the č., and thus we obtain from (16.1.4) 


(16.2.3) E(e) — (pet + gy — (1 + pet — Dy. 


Developing the first expression by the binomial theorem, we find 


E(et”) = > (”) pr q-r etr, 


r=0 


By (10.1.5) this is, however, the c.f. of a variable which may assume 
the values r—0,1,..., » with the probabilities P,— (ore 


Owing to the one-to-one correspondence between distributions and char- 
acteristic functions, we may thus conclude (cf 15.9) that the probability 
distribution of v is specified by the relation 


(16.2.4) P(v—)— P, — (" pgr (r—0,1,.. n). 
y 


This is the binomial distribution, the simplest properties of which we 
assume to be already known. It is a distribution of the discrete type, 
involving two parameters n and P, where n is a positive integer, 
while 0<p<1. (The cases 2 — 0 and p — 1 are trivial and will be 
excluded from our discussion.) The corresponding d.f. 


(16.2.5) B, (x; p) = P(va)— 23 (re 


rsz 


is a step-function, with steps of the height P, in the n + 1 discrete 
mass points r — 0, 1,..., n. 

In order to find the moments ur about the mean of the binomial 
distribution, we consider the c.f. of the deviation »—np. This is 
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E (cits) = emrit (y git 4. q)" 


= (petit + ge-pitn 


= S nos , E2: » 
Dpr tac») 
r—0 


Thus all moments mw, are finite and may be found by equating coeffi- 
cients in the relation 

m ir “© e] 
Der =| D(oa +a— py) E 


2 El 
9 DO 


^ 


In particular, we find 
1, =F =npg, 
(16.2.6) Hs — npq(g — p), 
u, = 3n*p*g? + npq(1 —6pq), 


For the coefficients of skewness and excess, we thus have the expressions 


up Is2p My 3 .1—6pq, 
9 Ynpq Vnpq. 


y 


4/1 


The skewness is positive for p < 4, negative for p > 3, and zero for 
p=}. Both coefficients y, and y, tend to zero as n — œ. 

Let v, and v, denote two independent variables, both having bino- 
mial distributions with the same value of the parameter p, and with 
the values , and n, of the parameter n. We may, e.g., take v, and 
", equal to the number of occurrences of the event E in two indepen- 
dent series of n, and n, repetitions of the experiment G. 

The sum », + », is then equal to the number of occurrences of E 
in a series of n; + my repetitions. Accordingly the c.f. of », + 9», is 
(cf 15.12) 

E (ét 0+) = E (eit) E (et) 
— (pet + q)" (pet + q)" 
— (pe Us gmt, 


This is the c.f. of a binomial distribution with the parameters p and 
nı + ny. Thus the addition of two independent variables with the 
d.f:s Bn (x; p) and Be (x; p) gives (as may, of course, also be directly 


195 


16.2-3 


perceived) a variable with the d.f. B, (x; )). In the abbreviated 
notation of (15.12.2a) this may be written 


By, (x; p) * Bn, (v; p) = By is (2; p). 


Thus the binomial distribution reproduces itself by addition of indepen- 
dent variables, We shall call this an addition theorem for the bino- 
mial distribution, Later, we shall see that similar (but less evident) 
addition theorems hold also for certain other important distributions. 


16.3. Bernoulli's theorem. — For the frequency ratio »/n considered 
in the preceding paragraph, we have by (16.2.2) 


3 AA VATI 
sama aeey 
We now apply the Bienaymé-Tchebychef inequality (15.7.2), taking 


reS, where « denotes a given positive quantity. Denoting by 


P the probability function of the variable », we then obtain the 
following result: 


(16.9.1) (| -» 


" PY 1 
zı) = ne ane 


If à denotes another given positive quantity, it follows that, as soon 
as we take ">a the probability on the left hand side of (16.3.1) 


becomes smaller than d, Since d is arbitrarily small, we have proved 
the following theorem. 

The probability that the frequency vin differs from its mean value 
p by a quantity of modulus at least equal to & tends to gero as n > o0, 
however small & 2» 0 is chosen. 

This is, in modern terminology, the classical Bernoulli theorem, 
originally proved by James Bernoulli, in his posthumous work Ars 
Conjectandi (1713), in a quite different way. Bernoulli considered the 
two complementary probabilities 


rie x (er 


iere )-. x ("re 


Ir-tpl cna 


Zu dup cu 


4 16.3 
and proved by a direct evaluation of the terms of the binomial ex- 
pansion that, for any given «> 0, the ratio m may be made to 
exceed any given quantity by choosing n sufficiently large. 


The variable » in, according to the preceding paragraph, attached to a combined 
experiment, consisting in a series of n repetitions of the original experiment (. Thus 
by 13.5 any probability statement with respect to y is a statement concerning the 
approximate value of the frequency of some specified event in a series of repetitions 
of the combined experiment, The frequency interpretation (of 18.5) of any such 
probability statement thas always refers to a series of repetitions of the combined 
experiment, , 

Consider e.g. the frequency interpretation of the probability @ defined above. 
We begin by making a series of n repetitions of the experiment @, and noting the 
number » of occurrences of the event E, This i» our first performance of the com: 


bined experiment. If the observed number y satisfies the relation H -»| =e, we 


say that the event E' occurs in the first combined experiment, The event E' has 
then the probability cr. 

We then repeat the whole series of n experiments a large number n' of times, 
so that we finally obtain a series of n’ repetitions of the combined experiment. The 
total number of performances of Œ required will then, of course, be n'n. Let y’ 
denote the number of occurrences of E' in the whole series of n’ repetitions of 
combined experiment. The frequency interpretation of the probability @ then LJ 
in the following statement: For large values of n', it is practically certain that the 


frequency 7; will be approximately equal to e 

Now the Bernoulli theorem as expressed by (16.3.1) shows that, as soon as we 
take n> a zu we have œ < 4, where d is given and arbitrarily small. In a long 
series of repetitions of the combined experiment (i, e. for large n^, we should then 
expect the event |: -»| È + to occur with a frequency smaller than d. Choosing 


for d some very small number, and making one single performance of the combined 
experiment, i.e. one single series of n repetitions of the experiment @, we may then 


ef 13.5) consider it as practically certain that the event IH - »| Sa will nof occur. 


What value of 4 we should in order to realize a satisfactory degree of 
“practical certainty» depends on the that we are willing to ron with respect to 
^ failure of our predictions, Suppose, however, that we have agreed to consider a 
certain value d, as sufficiently small for our purpose. Returning te the original 
event E with the probability p, we may then give the following more precise state 
ment of the frequency Interpretation of this probability, as given in 13.5: 


Let © >0 be given. If we choose n> quoi it f practically certain that, in 
one single serie of m repetitions of the experiment ©, we shalt have |” - | r. 
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This statement may be called the frequency interpretation of the Bernoulli theorem. 
Like all frequency interpretations, this is not a mathematical theorem, but a state- 
ment concerning certain observable facts, which must hold true if the mathematical 
theory is to be of any practical value. 


16.4. De Moivre's theorem. — The random variable 
(16.4.1) v= tE too ft B 


considered in the two preceding paragraphs has, by (16.2.1), the mean 


np and the standard deviation Vn pq. The standardized variable (cf 15.6) 


(16.4.2) 4=2 uP 

Vnpq 
thus has the mean 0 and the s.d. 1. The transformation by which 
we pass from » to À consists, of course, only in a change of origin 
and scale of the variable. The ordinates in the diagram of the prob- 
ability distribution have the same values for both variables. We have, 
in fact, using the same notations as in the preceding paragraphs, 


r—np n 
Pla e Po =)= (t) pron 
( vai) er) ent 


for r=0,1,...,”. 

The d.f. and the c.f. of the variable » are given by (16.2.5) and 
(16.2.3). Denoting by F(x) and gn(t) the corresponding functions of 
the standardized variable 2, we obtain (cf 15.9) 


Fn (x)= By(np + zVnpq; p), 
16.4.3) BLUE pit in 
( g»(t) = (pasi +qe Vasa) 

We shall now consider the behaviour of the probability distribution 
of À for increasing values of n, when g^ a fixed value. We begin 
by making a transformation of the above expression for the c.f. g»(t). 

For any integer k — 0 and for any real z we have the MacLaurin 
expansion 
AG ey 


(16.4.4) di y 


ok 
TOT; 


where we use 2 as a general symbol for a real or complex quantity 
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of modulus not exceeding unity. Using this development with & = 3, 
we obtain 
qit 
penp = p+ 


pgit pg, 4 pq 

Vnpg 2npa 31(npq)^ 
pqit pat |, pqU 
Vnpg ?npq 31(n pq) 


| pit 
qe Ynpa=q 


and hence, introducing in (16.4.3), 


B E n 
m= (1-35 thua): 


Bg t 
y= 4E 
2  (pgVn 


Writing 


this gives us 


rd y). 
log qs (f) = y y 98 (1+) 


Now as n tends to infinity while ¢ remains fixed, it is obvious that y 
2 
tends to -i Hence : tends to zero, and - og (1+ ? tends to 
p 
unity. It then follows that log ọn (t) tends to — S and finally that 
atl 
Prali) >e ° 
for every t. 
We are now in a position to apply the continuity theorem 10.4 
for c.f:s. We have just proved that the sequence {øn (t)} of c.f:s 
e 


defined by (16.4.3) converges, for every t, to the limit e ? which is 
continuous for all ¢. By the continuity theorem we then infer 1) that 


e 
the limit e ? is itself the c. faf a certain d. f., and 2) that the sequence 
of d.f:s {Fn(x)} defined by (16.4.3) converges to the d.f. which cor- 


responds to the c.f. e ?. 
Now we have by (10.5.3) and (10.5.4) 


LJ 


e 
i= [eave 


-o 
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where 


a 
so that e ? is the c.f. of the d.f. @ (x) given by the last expression. 
This is the important normal distribution function that will be se- 
parately treated in the following chapter. For our present purpose 
we only observe that Ø (x) is continuous for every æ. We have thus 
proved the following limit theorem for the binomial distribution first 
obtained by De Moivre in 1733: 
For every fixed x and p, we have 


(16.4.5) lim By (np + zVnpq; p) = O (x). 


Thus the binomial distribution of the variable v=% t: 4E 
appropriately standardized by the mean and the s.d. according to 
(16.4.2), tends to the normal distribution as n tends to infinity. We 
shall see later (cf 17.4) that this is only a particular case of a very 
general and important theorem concerning the distribution of the sum 
of a large number of independent random variables. — The method 
of proof used above has been chosen with a view to prepare the 
reader for the proof of this general theorem. In the present particular 
case of the binomial distribution it is, however, possible to reach the 
same result also by a more direct method, without the use of char- 
acteristic functions. This is the method usually found in text-books, 
and we shall here content ourselves with some brief indications on 
the subject, referring for further detail to some standard treatise on 
probability theory. 

The relation (16.4.5) is equivalent to 


de 
X "row E e ee frs 
(16.4.6) A ()r« 1500)-00) ven! eiat 


np+a, Vnpqeesnpkà Vnpq V^ 


for any fixed interval (4,4). Now (16.4.6) may be proved by means 
of a direct evaluation of the terms in the binomial expansion. For 
this purpose, we express the factorials in the binomial coefficient 
appearing in (16.4.6) by means of the Stirling formula (12.5.3). We 
then obtain after some caleulations the expression 

LUN TY HER; (e 
(16.4.1) ()o gS y ) zs 


16.4 


where C is a quantity depending on p, but not on v or n, while 9 
has the same significance as before. The first member of (16.4.6) is 
thus equal to 


1 -a(pue (e—a) 
——— npq of) SoS 
Vaan tet Vn 


the sum being extended over the same values of v as in (16.4.6). As 


Scale of v 


Seale of 
An. 
Vag 
Fig. 8. Distribution function of » (or 4) and normal distribution function. 
p= 0.8, n — 5. 
lof 


Os) 


0 
Scala twp a rer pi EE d 
Scale of. 
L9-np o ———-———u———$—-—£--—-—----4---A4---—4---- 
À Yd 3 2 1 o | H 3 4 


Fig. 9. Distribution function of v (or å) and normal distribution function. 
p= 0.3, n = 30. 
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Fig. 10. Ynpq * () p" q"—* and normal frequency function. p= 0.5, n = 5. 
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Scaleof v = To et mec i es ciu. 


15 20 


DO -— p ———-—-4——-—4-—--—- SSS fa 
Fig. 11. Ynpq- (A p”q”—” and normal frequency function. p — 0.8, n = 30. 


n> c, the second term in this expression tends to zero, while the 
first term is a Darboux sum approximating the integral in the second 
member of (16.4.6) and tending to this integral as its limit. Thus 
(16.4.6) is proved. 

For the graphical illustration of the limit theorem (16.4.5), we may 
in the first place have recourse to a direct comparison between the 
graphs of the distribution functions B, and @, as shown in some 
cases by Figs. 8—9. We may, however, also use the relation (16.4.7). 
If we allow here v to tend to infinity with », in such a way that 
v—np 


V npg 


tends to a finite limit z, we obtain 
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vereri 


If the scale of v is transformed by choosing the mean np as origin 


and the s.d. Vn pq as unit, and if at the same time every probability 
P, is multiplied by V»pq, the upper end-points of the corresponding 


ordinates will thus approach the frequency-curve y — y 2 of the 
«m 


normal distribution, as n > co. This is illustrated by Figs. 10—11. 


16.5. The Poisson distribution. — In the preceding paragraph, we 
have seen that the discrete binomial distribution may, by a limit pas- 
sage, be transformed into a new distribution of the continuous type, 
viz. the normal distribution. 

By an appropriate modification of the limit passage, we may also 
obtain a limiting distribution of the discrete type. Suppose that, in 
the binomial distribution, we allow the probability p to depend on » 
in such a way that p tends to zero when n tends to infinity. More 
precisely, we shall suppose that 


a 
(16.5.1) p= 


where 4 is a positive constant. For the probability P, given by (16.2.4) 
we then obtain, as n > oo, 


P E a ( 2 
n 


r! n 


for every fixed r — 0,1,2,.... The sum of all the limiting values 
is unity, since we have 
22 P a ee?^-—1. 
r! 


r=0 


If the probability distribution of a random variable 5 is specified by 


(16.5.2) P(§=rn)=—e* for r=0,1,2,..,, 


L 2 3 4 5 
Fig. 12. Poisson distribution, 7 = 0.8. 
^ 


EB. 


Fig. 13. Poisson distribution, 4 — 3.5. " 


Š is said to possess a Poisson distribution. This is a discrete distribu- 
tion with one parameter 2, which is always positive. All points 
r— 0,1,2,... are discrete mass points. Two cases of the distribution 
are Jeata by Figs. 12—13. 
The c.f. of the Poisson distribution is 

(16.5.3) E (ét) = see setir — gilett—a) 

Zl ; 
According to (15.10.2), this shows that the semi-invariants of the 
distribution are all finite and equal to 4. From the two first semi- 
invariants, we find the mean and the s.d. of the Poisson distribution: 


E()—2, D®=Vi2. 
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ae i. 
Writing p = in the second expression (16.2.3) of the c.f. of the 


binomial distribution, and allowing n to tend to infinity, it is readily 
seen that this function tends to the c.f. (16.5.3) of the Poisson distri- 
bution. By the continuity theorem 10.4, it then follows that the bino- 
mial distribution tends to the Poisson distribution, which confirms 
the result already obtained by direct study of the probability P,. 

It is also easily shown that the condition (16.5.1) can be replaced 
by the more general condition np — 4, without modifying the result. 

Finally, if §, and & are independent Poisson-distributed variables, 
with the parameters 4, and 4A, the sum &, + & has the c.f. 


ghi —1) . gis (P —51) — olds +d) (it-1), 


This is the c.f. of a Poisson distribution with the parameter 2, + ds. 
Thus the sum E, + ğ, has a Poisson distribution with the parameter 
À,-t À, and we see that the Poisson distribution, like the binomial, 
has the property of reproducing itself by addition of independent 
variables. Denoting by (zx; A) the d.f. of the Poisson distribution, 
the addition theorem for this distribution is expressed by the relation 


(16.5.4) F(x; 4,)* F(a; 4.) = F(x; 4, + 4). 


In statistical applications, the Poisson distribution often appears when we are 
concerned with the number of occurrences of a certain event in a very large number 
of observations, the probability for the event to occur in each observation being very 
small. Examples are: the annual number of suicides in a human population, the 
number of yeast cells in a small sample from a large quantity of suspension, etc. 
Cf e.g. Bortkiewicz, Ref. 63 a. 

In an important group of applications, the fundamental random experiment con- 
sists in observing the number of occurrences of a certain event during a time inter- 
val of duration t, where the choice of £ is at our liberty. This situation occurs e. g. 
in problems of telephone traffic, where we are concerned with the number of tele- 
phone calls during time intervals of various durations. — Suppose that, in such a 
case, the numbers of occurrences during non-overlapping time intervals are always 
independent. Suppose further that the probability that exactly one event occurs in 
an interval of duration At is, for small 4t, equal to 


2 At t oldi), 


Where À is a constant, while the corresponding probability for the occurrence of more 
than one event is o(4¢). — Dividing a time interval of duration ¢ in n equil parts, 
we may consider the n parts as representing repetitions of a random experiment, 
where the probability for the event to occur in each instance is 
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Pon 
n |n, 


Allowing n to tend to infinity, we find that the total number of events occurring 
during the time ¢ will be distributed in a Poisson distribution with the parameter 
At. — Variables of this type are, besides the number of telephone calls already 
mentioned, the number of disintegrated radioactive atoms, the number of claims in 
an inshrance company, etc. 


16.6. The generalized binomial distribution of Poisson. — Suppose 
that G,,..., €, are n random experiments, such that the random vari- 
ables attached to the experiments are independent. With each experi- 
ment Č, we associate an event E, having the probability p, = 1 — qr to 
occur in a performance of G,. 

Let us make one performance of each experiment G,, .... En, and 
note in each case whether the associated event occurs or not. We 
shall call this a series of independent trials. If, in the experiment 
C, the associated event E, occurs, we shall say that the r:th trial 
is a success; in the opposite ease we have a failure. Let » be the total 
number of successes in all » trials. What is the probability distribu- 
tion of v? 

In the particular case when all the experiments Œ, and all the 
events E, are identical, » reduces to the variable considered in 16.2, 
and' the required distribution is the binomial distribution. The general 
case was considered by Poisson (Ref. 32). 

In the same way as in 16.2, we define a variable ër attached to 
the r:th trial, and taking the value 1 for a success (probability p,), 
and 0 for a failure (probability q, = 1 — p,). The variables A TS 
are independent, and each has a distribution of the form (16.1.8). 
As in the previous case, the total number of successes is » = e+ 
His d ES i 

The c.f. of the random variable » is the product of the c. f:s of 
all the 5: 1 


E (et*) = II» et + q). 


r=1 


The possible values for » are » — 0,1, ..., », and the probability that 
v takes any particular value r is equal to the coefficient of e't” in the 
development of the product. 

For the mean value and the variance of » we have the expres- 
sions 
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16.6 


= > E(E)— D Pr 


(16.6.1) j 7 
D*(v) = X D*(b) = X prar 


Denoting by P the probability function of v, and writing p for the 


arithmetic mean 5 p pr, an application of the Bienaymé-Tchebycheff 
1 


inequality (15.7.2) now gives the result analogous to (16.3.1) 


(16.6.2) 


We thus have the following generalization of Bernoulli's theorem found 
by Poisson: 

The probability that the frequency of successes vin differs from the 
arithmetic mean of the probabilities p. by a quantity of modulus at least 
equal to & tends to zero as n> œ, however small e > 0 is chosen. 


The frequency interpretation of the generalized theorem is quite similar to the 
one given in 16.3 for the Bernoulli theorem. Consider in partieular the case when 
all the probabilities p, are equal to p. We then sec that in a long series of indepen- 
dent trials, where the probability of a success is constantly equal to p, though all trials 
may be different experiments, it is practically certain that the frequency of successes 
will be approximately equal to p. 

There is also a generalization of De Moivre's theorem (16.4.5) to the present case. 
This will, however, not be proved here, but will be deduced later as a particular case 
of a still more general theorem to be proved in 17.4. 


For the variance of », we have found the value D'(vy)— X D,q, In a series of n 


trials with the constant probability p=. 30, the corresponding variance is npq, 


1 ' P 
where q = 1—p=—Yq,. In order to compare the two variances we write 
q P= 7d% o 


Xp.q, =X(p+p,— p) (a 4,—9) 


— XGO-cp,—2(t»—») 
—npq —X(, — p*. 


Thus the »Poisson variance» Ip, q, is always smaller than the corresponding »Ber- 
noulli variance» npq. At first sight, this result may seem a little surprising. It be- 
comes more natural if we consider the extreme case when all the probabilities p, are 
equal to 0 or 1, both values being represented. The Poisson variance is then equal 
to zero, while the Bernoulli variance is necessarily positive. 
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CHAPTER 17. 
Tue NORMAL DISTRIBUTION. 


17.1. The normal functions. — The normal distribution function. 
which has already appeared in 10.5 and 16.4, is defined by the relation 


1 ays 
@O(x) =-= je *at. 
(=) zz) 


— o% 


The corresponding normal frequency function is 


Diagrams of these functions are given in Figs. 14—15, and some nu- 
merical values are found in Table 1, p. 557. 

The mean value of the distribution is 0, and the s.d. is 1, as 
shown by (10.5.1): 


anes 
xd O(x) =—— 2 dx — 0, 
| (x) vis J re ? da 
(17.1.1) Vu) DT 
[ 7499 [ee 2 de= 


Generally, all moments of odd order vanish, while the moments of 
even order are according to (10.5.1) 


2 3 3 
(17.1.2) [ 329m [ore taeat-8-....2r—0), 
* cT 


Finally, the c. f. is by (10.5.4) 


E 2 a 
(17.1.3) | et d O(a) = ee psy NER 
az 


208 


17.2 


— x 


+ -— + 
-4 -3 -2 4 0 I 2 3 


— 
4 


Fig. 14. The normal distribution function. 


os} 


-5 3 4 0 I 2 3 
Fig. 16. The normal frequency function. 


17.2. The normal distribution. — A random variable 5 will be 
said to be normally distributed with the parameters m and o; or briefly 


normal (m,c), if the d.f. of E is o(2—" 


) where c — 0 and m are 


constants. The fr.f. is then 


and we obtain from (17.1.1) 
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1 po lem (52 a 
E(§) = — Me Gee ne E a | (m+ox)e ? dx =m, 
oV 2r V2x 


so that m and c denote as usual the mean and the s. d. of the variable. 
The frequency curve 


_ (=m)? 


20* 


1 
US ys 


is symmetric and unimodal (cf 15.5), and reaches its maximum at the 
point x =m, so that m is simultaneously mean, median and mode of 
the distribution. For x — m + o, the curve has two inflexion points. 
A change in the value of m causes only a displacement of the curve, 
without modifying its form, whereas a change in the value of o 
amounts to a change of scale on both coordinate axes. The total area 
included between the curve and the «-axis is, of course, always equal 
to 1. Curves corresponding to some different values of o are shown 
in Fig. 16. 


Fig. 16. Normal frequency curves. m = 0, ¢ = 0.4, 1.0, 2.5. 
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The smaller we take o, the more we concentrate the mass of the 
distribution in the neighbourhood of z=m. In the limiting case 
0 —0, the whole mass is concentrated in the point z =m, and con- 
sequently (cf 16.1) the d.f. is equal to e (x — m). This case will be 
regarded as a degenerate limiting case and called a singular normal 
distribution. The corresponding d. f. 0 5") will always be inter- 
preted as e (x — m). 

It is often important to find the probability that a normally dis- 
tributed variable differs from its mean m in either direction by more 
than a given multiple Ac of the s.d. This probability is equal to the 
joint area of the two »tails» of the frequency curve that are cut off 
by ordinates through the points z — m + 4c. Owing to the symmetry 
of the distribution, this is 


du as 
P-—P(|E—m|22c)—2(1— 00) IE Tg 
Y2a, 


Conversely, we may regard 4 as a function of P, defined by this 

equation. Then 4 expresses, in units of the s. d. c, that deviation from 

the mean value m, which is exceeded with the given probability P. 

When P is expressed as a percentage, say P = p/100, the corresponding 

£—m 
c 


=ù, is called the p percent value of the normal deviate 


Some numerical values of p as a function of Aj, and of A, as a func- 
tion of p, are given in Table 2, p. 558. From the value of Àj for 
p — 50, it follows that the quartiles (cf 15.6) of the normal distribu- 
tion are m + 0.67450. It is further seen that the 5 % value of = 
is about 2.0, the 1 % value about 2.6, and the 0.1 % value about 3.3. 
Deviations exceeding four times the standard deviation have extremely 
small probabilities. 


The standardized variable 


P—m 
a 


has the d. f. Ø (x) and consequently 


a 
by (17.1.3) the c. f. e ?. It follows from (15.9.2) that the variable 5 
has the c. f. 


(17.2.1) E(g5) = eco? , 
From this expression, the semi-invariants are found by (15.10.2), and 


we obtain 
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(17.2.2) x,—m, x,—05 = X= = 0. 
The moments about the mean of the variable § are 
(17.2.3) farsi =0, Hi. 1-95... (2» — 1)o**. 


Ín particular, the coefficients of skewness and excess (cf 15.8) are 


u 
n-5-0 n-5-8-0 

Finally we observe that, if the variable § is normal (m, o), it 
follows from (15.1.1) that any linear function aë +'b is normal 
(am + b, |a|o). 


17.3. Addition of independent normal variables. — Let 5,,..., 5, 
be independent normally distributed variables, the parameters of &, 
béing m, and c,. Consider the sum — 


P-&5 tA wA 


Denoting by m and c the mean and the 's. aof E, we then have by 
(15.12.7) 


m= m, + My + + Mn, 


(17.3.1) 
o=o t0 d + on. 


By the multiplication rule (1.12.1) the c.f. of ë is the product of 
the c.f:s of all the Ej. From the expression (17.2.1) for the c. f. of 
the normal distribution, we obtain 


E (ets) = II erit- he — gnit-3o6. 
v=1 
This is, however, the c. f. of a normal distribution with the parameters 
m and o, and so we have proved the following important addition 
theorem for the normal distribution: 
The sum of any number of independent normally distributed variables 
is itself normally distributed: 


maa esten] ent) 


where m and o are given by (17.3.1). 
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We mention without proof the following converse (Cramér, Ref. 11) of this theo- 
rem: If the sum §=§,+-+:+ &, of n independent variables is normally distributed, 
then each component variable &, is itself normally distributed. Thus it is not only 
true that the normal distribution reproduces itself by composition, but, moreover, a 
normal distribution can never be exactly produced by the composition of non-normal 
components. On the other hand, we shall see in the following paragraph that, under 
very general conditions, the composition of a large number of non-normal components, 
produces an approximately normal distribution. 


Since any linear function of a normal variable is, by the preceding 
paragraph, itself normal, it follows from (17.3.2) that a linear function 
a, E, + dg S++: t+ anën +b of independent normal variables is itself 
normal, with parameters m and c given by m=a,m, +: + as mat b, 
and c*—aj0j +--+ anon. In particular, we have the important theorem 
that, if Ej,..., Ën are independent and all normal (m, o), the arithmetic 


ie c 
ics - TE ^ —}- 
mean $= 2 is itself normal | m, Tes 


17.4. The Central Limit Theorem. — Consider a sum 
(17.4.1) ead ae to th 


of n independent variables, where ë, has the mean m, and the s. d. 0y. 
The mean m and the s.d. c of the sum ë are then given by the usual 
expressions (17.3.1). 

In the preceding paragraph we have seen that, if the 5, are nor- 
mally distributed, the sum E is itself normal. On the other hand, 
De Moivre's theorem (cf 16.4) shows that, in the particular case when 
the E, are variables having the simple distribution (16.1.3), the distri- 
bution of the sum is approximately normal for large values of ». In 
fact, De Moivre's theorem asserts that in this particular case the d. f. 


of the standardized variable Pm tends to the normal function O(c) 


as n tends to infinity. 

It is a highly remarkable fact that the result thus established by De 
Moivre's theorem for a special case holds true under much more general 
circumstances. 

It will be convenient to introduce the following terminology. 
Generally, if the distribution of a random variable X depends on a 


Patameten n, and if two quantities m, and c, (which may or may not 
depend on n) can be found such that the d.f. of the variable XI 
Oo 
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tends to Ø (x) as n> co, we shall say that X is asymptotically normal 
(mo, oo). This does not imply that the mean and the s.d. of X tend 
to m, and gp, nor even that these moments exist, but is simply equi- 
valent to saying that we have for any interval (a, b) not depending 


on n 
lim P(m, + a0) < X < m, + boy) = 0 (b) — O(a). 


n= o 


Thus e.g. the variable » considered in De Moivre's theorem is asympto- 
tically normal (np, V npq). 

The so called Central Limit Theorem in the mathematical theory 
of probability may now be expressed in the following way: Whatever 
be the distributions of the independent variables E, — subject to certain 
very general conditions — the sum E = E, +---+ Ei ts asymptotically nor- 
mal (m, c), where m and o are given by (17.3.1). 

This fundamental theorem was first stated by Laplace (Ref. 22) in 
1812. A rigorous proof under fairly general conditions was given by 
Liapounoff (Ref. 146, 147) in 1901. The problem of finding the most 
general conditions of validity has been solved by Feller, Khintchine 
and Lévy (Ref. 85, 86, 140, 145). We shall here only prove the theo- 
rem in two particular cases that will be sufficient for most statistical 
applications. 

Let us first consider the case of equal components, i.e. the case 
when all the & in (17.4.1) have the same distribution. In this case 
we have m —nm;, 0 — 0, V n, and the standardized variable may be 


written 
n 


Em cnma oe 
6 e, Vn aV n 26 n), 


where all the deviations §,—m, have the same distribution. Denote by 
g(t) the c.f. of any of these deviations, while F(x) and g(t) are the 


R9 Itihenfollows 


1 ` 


d. f. and the c.f. of the standardized variable 
from (15.9.2) and (15.12.1) that we have 


(17.4.2) "e |». mem 


The two first moments of the variable ë, — m, are 0 and oj, so 
that by (10.1.3) we have for the corresponding c.f. the expansion 


g,(t) =1—406; 8 + o(t). 
214 


17.4 


t 
a, Vn 


Substituting for t, we then obtain from (17.4.2) 


g) = (1-7 + EA’, 


where for every fixed ¢ the quantity C(»,t) tends to zero as n-» oo. 
a 


It follows that y(t) e ? for every t, and hence we infer as in 16.4 
that the corresponding d.f. F(x) tends to @(x) for every x. We 
thus have the following case of the Central Limit Theorem, first proved 
by Lindeberg and Lévy (Ref. 24, 148): 
If E, &,... are independent random variables all having the same 
probability distribution, and if m, and a, denote the mean and the s. d. 
n 


of every E, then the sum E = 2 E, is asymptotically normal (nm, , o, V n). 
1 


n 
It follows that the arithmetic mean PCIE is asymptotically normal 
1 


(m, e,/Vn). 


In the case of equal components, it is thus sufficient for the vali- 
dity of the Central Limit Theorem to assume that the common dis- 
tribution of the & has a finite moment of the second order. When 
we proceed to the general case of variables 5, that are not supposed 
to be equally distributed it is, however, no longer sufficient to assume 
that each ë, has a finite second order moment, and thus we have to 
impose some further conditions. The object of such additional condi- 
tions'is, generally speaking, to reduce the probability that an indivi- 
dual 5 will yield a relatively large contribution to the total value of 
the sum ë. An interesting sufficient condition: of this type has been 
found by Lindeberg. We shall, however, here only give the following 
somewhat less general theorem due to Liapounoff: 

Let &, E, ... be independent random. variables, and denote by m, and 
9, the mean and the s. d. of &. Suppose that the third absolute moment 
of E, about its mean 


e = E(|& — m. |) 
ts finite for every v, and write 
CHA tert +e. 
If the condition 
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(17.4.3) lim* 0 


n=% 0 


is satisfied, then the sum § = DE is asymptotically normal (m, o), where 
1 


m and o are given by (17.3.1). 
In the particular case when all the & are equally distributed, we 


have 9' — 19i, ° —n0;, and thus e— Pa so that the condition is 
2 o, Vn 
satisfied. It should not be inferred, however, that the Lindeberg-Lévy 
theorem proved above is a particular case of the Liapounoff theorem, 
since the former does not assume the existence of the third moment. 
In order to prove the Liapounoff theorem, we denote by g,(t) the 
c, f. of the »:th deviation E, — m,, and by p(t) thee. f. of the stand- 
ardized sum ino SE — m,). From (15.9.2) and (15.12.1) it then 
1 


follows that we have 
n t 
(17.4.4) pi II 2. (). 


As before, it is sufficient to prove that for every fixed ¢ we have 
e 

g(t) >e ? when n- c, as the theorem then directly follows from 

the continuity theorem 10.4. — Using the expansion (16.4.4) with 

k= 3, we obtain 


g» (t) =E (Em) —1— 3o; tiot, 


where, as in 16.4, we use 2 as a general notation for a quantity of 
modulus not exceeding unity. We further obtain 


i FUE Pit 
log e) = v (1-7 + 9€ 2 log (1 + 2), 


6c 
where 
ot ae 
Jr OE 60 


Owing to the condition (17.4.3) we have, however, for all sufficiently 
large values of n 
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en 
o 
and thus, observing that by (15.4.6) we have co, X o, for every v, 


et ot ny d ele 
gee m any 
f 20° MT ZU 2 E 6 


The condition (17.4.3) now shows that for every fixed t we have z>0 
as no, Thus certainly |z|< à for all sufficiently large n. For 
|z|<4 we have, however, 


2 2 e 
log (1 «J-f-S(i- ger ) 
1 1 
=e ee (inj 
=e we, 


and hence 
t Geet. Oye te nO ere Lele 
tog v» () mg PO bs at 6 


nom E gt (lie y (Lal y) 
-—5 «oS ia + (ee + cte) 


Summing over y=1,2,..., 2, we now obtain by (11.4.4) 


NI 


e 8/1 TRG IET 
eam eS (Agr Ge + gle): 


As n tends to infinity, it now follows from the condition (17.4.3) that 
2 
log p(t) tends to -5 for every fixed t, and thus the Liapounoff theo- 


rem is proved. 
n 


In the case (cf. 16.6) of the variable » = > ë, which expresses the number of 
1 


successes in a series of n independent trials with the probabilities p,,...,),, We have 


ot = E(|&, — |) — p, ar (pz + 05) S Pr d: 


n ^ 
es >? CM Ge M» dps 
1 1 


and thus 


17.4—5 
n pd 
e 
o5 (2ra) © 
1 


If the series 2s q, is divergent, the Liapounoff condition (17.4.3) is satisfied, and 
1 


thus the variable v is asymptotically normal 
n n x 
(2. M 2 
1 1 
A sufficient condition for the divergence of Xr, q, is, e.g., that a number c > 0 can 


be found such that c<p,<1—c for all r. — If, on the other hand, Ep, q, is con- 
vergent, it can be proved (Ref. 11) that the variable » is not asymptotically normal. 


17.5. Complementary remarks to the Central Limit Theorem. — 
The Central Limit Theorem has been modified and extended in various 
directions. In this paragraph, we shall give a few brief remarks on 
some of these questions, while the following paragraphs will be de- 
voted to a particular problem belonging to the same order of ideas. 


1. The theorems of the preceding paragraph are exclusively con- 
cerned with the distribution functions of the variables. It is the d. f. of 
the standardized sum = that is shown to tend to the normal d. f. 


Q (x). If the component variables ë, all belong to the continuous type, 


the question arises if the frequency function of m tends to the nor- 
E 
mal fr. f. Q' (x)= wate ?, It can, in fact, be shown (Cramér, Ref. 
m 


11, 70) that this is true if certain general regularity conditions are im- 
posed on the components (cf 17.7.4). 


2. In problems of theoretical statistics it often occurs that we 
are concerned with a function g(B,,..., E) of n independent random 
variables, where n may be considered as a large number. If the func- 
tion g has continuous derivatives of the first and second orders in the 
neighbourhood of the point m = (m,, . . ., mn), where m, denotes the 
mean of E,, we may write a Taylor expansion 


(17.5.1) — g(5,. +) Sa) = gm, my) + Se (6 — m) + B, 
1 
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oe in the point m, while the remainder R 
contains derivatives of the second order. The first term on the right 
hand side is a constant, while the second term is the sum of n in- 
dependent random variables, each having the mean zero. By the 
central limit theorem we can then say that, under general conditions, 
the sum of the two first terms is asymptotically normal, with a mean 
equal to the first term. In many important cases it is possible to 
show that, in the limit as n > oo, the presence of the term R has no 
influence on the distribution, so that the function g is, for large 
values of », approximately normally distributed (Cf von Mises, Ref. 
157, 158). We shall return to this question in Ch. 28. 


2. The central limit theorem may be extended to various cases 
when the variables E, in the sum are not independent. We shall here only 
indicate one of these extensions (Cramér, Ref. 10, p. 145), which has a 
considerable importance for various applications, especially to biological 
problems. For further information, the reader may be referred to a 
book by Lévy (Ref. 25), and to papers by Bernstein, Kapteyn and 
Wicksell (Ref. 63, 135, 230). It will be convenient to use here a termino- 
logy directly connected with some of the biological applications. If our 
random variable is the size of some specified organ that we are ob- 
serving, the actual size of this organ in a particular individual may 
often be regarded as the joint effect of a large number of mutually 
independent causes, acting in an ordered sequence during the time of 
growth of the individual. If these causes simply add their effects, 
which are assumed to be random variables, we infer by the central 
limit theorem that the sum is asymptotically normally distributed. 

In general it does not, however, seem plausible that the causes 
co-operate by simple addition. It seems more natural to suppose that 
each cause gives an impulse, the effect. of which depends both on the 
strength of the impulse and on the size of the organ already attained 
at the instant when the impulse is working. 

Suppose that we have n impulses 5... E, acting in the order 
of their indices. These we consider as independent random variables. 
Denote by æ, the size of the organ which is produced by the impulses 
E... 5. We may then suppose e. g. that the increase caused by 
the impulse E,4; is proportional to E,4; and to some function g(x.) of 
the momentary size of the organ: 


where c, is the value of 


(11.5.2) Bra = Er + Era g(t). 
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It follows that we bave 


If each impulse only gives a slight contribution to the growth of the- 


organ, we thus have approximately 
E 


Btht-+ b= jiy 
where x= xn denotes the final size of the organ. By hypothesis 
5,...,5, are independent variables, and n may be considered as a 
large number. Under the general regularity conditions of the central 
limit theorem it thus follows that, in the limit, the function of the 
random variable «x appearing in the second member is normally dis- 
tributed. 

Consider, e. g., the case g(f)— t. The effect of each impulse is 
then directly proportional to the momentary size of the organ. In 
this case we thus find that log x is normally distributed. If, more 
generally, log (x— a) is normal (m, c), it is easily seen that the 
variable x itself has the fr. f. 


1 _ (low (z— a) ~ m 
20? 


17.5.3 MELE se 
| o (x — a) PX 


for z-- a, while for «<a the fr. f. is zero. The corresponding fre- 
quency curve, which is unimodal and of positive skewness, is illu- 
strated in Fig. 17. This logarithmico-normal distribution may be used 
as the basic function of expansions in series, analogous to those de- 
rived from the normal distribution, which are discussed in the follow- 
ing paragraphs. 


Similar arguments may be applied also in other cases, e. g. in certain branches 
of economic statistics. Consider the distribution of incomes or property values in a 
certain population. The position of an individual on the property scale might be re- 
garded as the effect of a large number of impulses, each of which causes a certain 
increase of his wealth. It might be argued that the effect of such an impulse would 
not unreasonably be expected to be proportional to the wealth already attained. If this 
argumentis accepted, we should expect distributions of incomes or property values to be 
approximately logarithmico-normal. For low va'.es of the income, the logarithmico- 
normal eurve seems, in fact, to agree fairly well with actual income curves (Quensel. 
Ref. 201, 202). For moderate and large incomes, however, the Pareto distribution 
diseussed in 19.3 generally seems to give a better fit. 
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Lj 


0 1 E 3 4 5 6 7 
Fig. 17. The logarithmico-normal distribution, frequency curve for a = 0, m = 0.46, 
o=1. 


17.6. Orthogonal expansion derived from the normal distribution, — 
Consider a random variable § which is the sum 


(17.6.1) f= 8+ Soto + bn 


of n independent random variables. Under the conditions of the 


central limit theorem, the d. f. F(x) of the standardized variable sm 


is for large n approximately equal to @ (x). Further, if all the com- 
ponents E, have distributions of the continuous type, the fr. f. f(x) = 
F(x) will (cf 17.5) under certain general regularity conditions be 
approximately equal to the normal fr. f£.) p (x)= D (x). — Writing 


F (x)= 0 (x) + R (x), 
f(a) = o (x) + r (2), 


this implies that R(x) and r(x) = R' (x) are small for large values of 
n, so that M(x) and g(x) may be regarded as first approximations to 

F(x) and f(x) respectively. It is then natural to ask if, by further 
analysis of the remainder terms R(x) and r(x), we can find more 
accurate approximations, e.g. in the form of some expansion of R (x) 
and r(x) in series. 


(17.6.2) 


1) As a rule we use the letter p to denote a characteristic function. In the 
paragraphs 17.6 and 17.7, however, g(x) will denote the normal frequency function 
3 
g (x) = d (x) = ze 2. while the letter y will be used for c. f:s. 
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The same problem may also be considered from a more general 
point of view. In the applications, we often encounter fr. f:s and 
d. f:s which are approximately normal, even in cases where there is 
no reason to assume that the corresponding random variable is gener- 
ated in the form (17.6.1), as a sum of independent variables. It is 
then natural to write these functions in the form (17.6.2), and to try 
to find some convenient expansion for the remainder terms. 

We shall here discuss two different types of such expansions. In 
the present paragraph, we shall be concerned with the expansion in 
orthogonal polynomials known as the Gram-Charlier series of type A 
(Ref. 9, 65, 118), while the following paragraph will be devoted to the 
asymptotic expansion introduced by Edgeworth. In both cases we shall 
have to content ourselves with some formal developments and some brief 
indications of the main results obtained, as the complete proofs are 
rather complicated. 

Let us first consider any random variable 5 with a distribution of 
the continuous type, without assuming that there is a representation 
of the form (17.6.1. As usual we denote the mean and the s.d. of E 
by m and c, while u, denotes the v:th order central moment (cf 15.4) 
of E, which is supposed to be finite for all». We shall consider 


— P! and denote its d. f. and fr. £. by F (x) 


the standardized variable 5 


and f(x) = F (a). 
For any fr. f. f(x), we may consider an expansion of the form 


(17.6.3) f(@) =e ple) + Hig’ a) + Rgp a+.. 


where the c, are constant coefficients. According to (12.6.4), we have 
g” (x)= (— 1) H, (x) p(x), where H, (x) is the Hermite polynomial of 
degree v, and thus (17.6.3) is in reality an expansion in orthogonal 
polynomials of the type (12.6.2). We shall now determine the coeffi- 
cients in the same way as in 12.6, assuming that the series may be 
integrated term by term. Multiplying with H,(z) and integrating, we 
directly obtain from the orthogonality relations (12.6.6) 


(17.6.4) e, =(— 1} | H, (x) fw) d. 


=o 


Now f(x) is the fr.f. of the standardized variable sn which has 
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zero mean and unit s.d., while its v:th moment is Accordingly 


we find c — 1, c, = e, = 0, so that the development (17.6.3), and the 
development obtained by formal integration, may be written 


F(x) = 0 (x) + A Q9) (x) + ioo (a) +... 
(17.6.5) ý É 


Se) = 9 (a) + 3 p(x) + F(a) +..., 


where the c, are given by (17.6.4). From the expressions (12.6.5) of 
the first Hermite polynomials, we obtain in particular, denoting by y, 
and y, the coefficients of skewness and excess (cf 15.8) of the variable E, 


Hs 


Cg amid aa 
n 
EET f= =t, 
(17.6.6) 
e — 5e 105, 
= Ec 15% 30. 


m 
| 


With any standardized variable 2 having finite moments of all 


orders, we may thus formally associate the expansions (17.6.5), the 
coeffieients of which are given by (17.6.4. But do these expansions 
really converge and represent f (x) and F (x)? 

It can in fact be shown (cf e. g. Cramér, Ref. 69, 70) that, whenever 
the integral 


(17.6.6a) fet ar) 


is convergent, the first series (17.6.5) will converge for every vto the 
sum F(a). If, in addition, the fr. f. f(x) is of bounded variation in 
(— œ, o»), the second series (17.6.5) will converge to f(x) in every 
continuity point of f(x). — On the other hand, it can be shown by 
examples (cf Ex. 18, p. 258) that, if these conditions are not satisfied, 
the expansions may be divergent. Thus it is in reality only for a 
comparatively small class of distributions that we can assert the 
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validity of the expansions (17.6.5). In fact, the majority of the im- 
portant distributions treated in the two following chapters are not 
included in this class. 

However, in practical applications it is in most cases only of 
little value to know the convergence properties of our expansions. 
What we really want to know ts whether a small number of terms — 
usually not more than two or three — suffice to give a good approximation 
to f(x) and F (x). If we know this to be the case, it does not con- 
cern us much whether the infinite series is convergent or divergent. 
And conversely, if we know that one of the series (17.6.5) is conver- 
gent, this knowledge is of little practical value if it will be necessary 
to calculate a large number of the coefficients c, in order to have the 
sum of the series determined to a reasonable approximation. 

It is particularly when we are dealing with a variable 5 generated 
in the form (17.6.1) that the question thus indicated becomes impor- 
tant. As pointed out above, we know that under certain general 
conditions F(x) and f(x) are approximately equal to M(x) and g (x) 
when n is large. Will the approximation be improved if we include 
the term involving the third derivative in (17.6.5)? And will the 
consideration of further terms of the expansions yield a still better 
approximation? It will be seen that we are here in reality concerned 
with a question relating to the asymptotic properties of our expansions 
for large values of n. 

In order to simplify the algebraical calculations, we shall consider 
the case of equal components (cf 17.4), when all the components &,, . . ., E, 
in (17.6.1) have the same distribution, with the mean m, and the s. d. 
9,, 80 that we have m = nm;, o = oV n. In this case, we now propose 
to study the behaviour of the coefficients c, of the A-series for large 
values of n. 


Let y(t) denote the c.f. of the standardized sum E ay while 


y(t) is the c. f. of the deviation E£ — m,. According to (17.4.2) we 


then have 
t n 
j= EUN D ie 
ve-[»( 7] 
For »—1,2,..., let x, denote the semi-invariants of ë — m = 


n 
> (E, — m), while x. are the semi-invariants of E, —m,, and put 
l 
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(17.6.7) ABA, y. 
[i o 
We then have by (15.12.8) 
(17.6.8) x,—mnx, y= k : 
op 


By the definition of the c. f. w(t) we have 


e EE 
eyl) = fe M pg) dx, 


and hence obtain according to (12.6.7) the expansion 


n iom 
(17.6.9) w(t) = D Ue 
or [ 
11.630 E CUM AE Mes DET BS 
(17.6.10)  w(t)—e +z De tac ote UG cer 


where c, is given by (17.6.4). 

It should be observed that we cannot in general assert that the 
power series in the second member is convergent, but only that it 
holds as an asymptotic expansion for small values of ¢ in the same 
sense as (10.1.3). 

If we compare (17.6.10) with the expansion 


(17.6.11) fle) =p (a) + Fp (2) + of (2) +..., 


it will be seen that the terms of the two expansions correspond by 
means of the following relation obtained from (10.5.5): 


LJ 


a 
_(17.6.12) feta) dz — (— ity e 3, (v=0,1,2,...). 


=% 


As remarked in an analogous case in 15.10, we may use power 
series of the type (17.6.9) in a purely formal way, without paying any 
attention to questions of convergence, as long as we are only concerned 
with the deduction of the algebraic relations between the various 
parameters, such as the c, and the 2,. Thus we may write, in accord- 
ance with 15.10 and using (17.6.7), 
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Sa 
v, (t) =e? 
9 X fit \y 
X 
t r! Yn 
t) = C ey E 1 4 
ve» = 


Now 5,— m, has the mean zero and the s.d. o. Thus x; — 0 and 
xi-— 0i, so that 4; — 0 and A,—1. Hence we may write the last 
relation 


(17.6.13) e w(t)—e p 


In order to obtain an explicit expression for c, in terms of the Aj, it 
now only remains to develop this expression in powers of t, and iden- 
tify the resulting series with (17.6.9). In this way we obtain 


Às 
OT a) 
A 
Cic Ds 
(17.6.14) i 
G= P 
Às , 104° 
E Eu are 
and generally 
ip — ntl = a, [it \ 
(ity = sl siya) | 
c 2n Aj n 


which shows that c, is of the form 


yin ayan? +H ausu nn 


v 


n? 


(17.6.15) e 


where [v/3] denotes the greatest integer <»/3, while the a,n are poly- 
nomials in the 4,, which are independent of n. Thus 


e, = O (n= h) 


226 


17.6-7 


as n tends to infinity. The following table shows the order of magni- 
tude of c, for the first values of v. 


Subscript v. Order of ¢,. 
3 mh 
4, 6 po 
D nz 
8, 10, 12 on 
11, 18, 15 n7 


Thus the order of magnitude of the terms of the A-series is not 
steadily decreasing as » increases. Suppose, e.g., that we want to 
calculate a partial sum of the series (17.6.11), taking account of all 
terms involving corrections to g(x) of order n™: or n~t. It then 
follows from the table that we must consider the terms up to » — 6 
inclusive. In order to calculate the coefficients c, of these terms 
according to (17.6.6) or (17.6.14), we shall require the moments u, or 
the semi-invariants A, up to the sixth order. An inspection of (17.6.14) 
shows, however, that the contributions of order »-'"* and n~! really 
do not contain any semi-invariants of order higher than the fourth, 
so that in reality it ought not to be necessary to go beyond this 
order. If we want to proceed further and include terms containing 
the factors n-'5 m-? ete., it is easily seen that we shall encounter 
precisely similar inadequacies. 

Thus the Gram-Charlier A-series cannot be considered as a satis- 
factory solution of the expansion problem for F(x) and f(z). We 
want, in fact, a series which gives a straightforward expansion in 
powers of n-—'» and is such that the calculation of the terms up to 
2 certain order of magnitude does not require the knowledge of any 
moments or semi-invariants that are not really necessary. These con- 
ditions are satisfied by Edgeworth's series, which will be treated in the 
following paragraph. 


17.7. Asymptotic expansion derived from the normal distribution. 
— In the preceding paragraph, the expansion of the function 


Lp ity 
e riala) 
(17.7.1) ew(t)-—e*? 
in powers of ¢ furnished expressions of the coefficients c, in the A- 
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series. The same function (17.7.1) can however, also be expanded in 
a different way, viz. in powers of n~", Writing 


e 55 Bag) =) 

éw()-e mns 
yb)" [Aaa [sty']" 
5È m [Zerva | 


we obtain after development 


e E E ; Yu e 
Sere bs, vta (EH? + by a) t* +--+ us Gn -E 
yao t+ Xen es Bene i 


H 


where 6,,»+2, is a polynomial in 25,...,4, 44s which is independent 
of n. By the integral relation (17.6.12), this corresponds to the ex- 
pansion in powers of n-": 


(17.7.2) Se) = 9) + X jy ee pint? (a) E tiange (a) 


1 


the first terms of which are, writing all terms of a certain order with 
respect to m on the same line, 


S (x) = p(x) 
ENAS 
— Brn? 6) 
4 1M (4) t 10 as (6) 
alae (2) 6!n i) 


iB XA. 280 158 
— SU we 9 6) — a am p (2) r a (n) 


By (17.6.7) and (17.6.8) the coefficients may be expressed in terms of 
the semiinvariants x,, which in their turn may be replaced by the 
central moments u, by means of (15.10.5). In this way we obtain the 
series introduced by Edgeworth (Ref. 80): 


228 


17.7 


f(x) = g («) 
1 
agp ee) 
(17.7.3) 1 10 8 
a -5)o* a S (5) pe 
1 (us Jn ROD 280 
-3:(4 108) y wo- Fe(s) m= a (5) 9 (a) 
E A EUT o a dh l 


where the terms on each line are of the same order of magnitude. 
In order to obtain a corresponding expansion for the d. f. F(x) we 
have only to replace g(x) by @ (x). 

The asymptotic properties of these series have been investigated 
by Cramér (Ref. 11,70) who has shown that, under fairly general con- 
ditions, the series (17.7.2) really gives an asymptotic expansion of 
f(x) in powers of n-": with a remainder term of the same order as 
the first term neglected. Analogous results hold true for F(a). If 
we consider only the first term of the series, it follows in particular 
that we have in these cases 

A B 


META) | F(x) — (x)| < Vg If) — 9 (x)| < Vs 


where A and B are constants.) 

The terms of order n~”? in Edgeworth's series contain the moments 
Hy,..., Uv+2, Which are precisely the moments necessarily required for 
an approximation to this order. In practice it is usually not advisable 
to go beyond the third and fourth moments. The terms containing 
these moments will, however, often be found to give a good approxi- 
mation to the distribution. For the numerical calculations, tables of 
the derivatives p” (x) will be required. These are given in Table 1, 
pP. 55T. 

Introducing the coefficients y; and y, of skewness and excess (cf 
15.8, we may write the expression for f(x) up to terms of order n~! 


7 10yi 
aa — £2) = g(@) — Sg" (x) + dg (2) + "org? (a). 


1) It has been shown by Esseen (Ref. 83) and Bergström (Ref. 62) that the 
inequality for |  — | holds under the sole condition that x% is finite. 
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Fig. 18. Derivatives of the normal frequency function ¢ (x) = Tm" 
D 


a g” (a) n 


Diagrams of the derivatives  , p® and py, with the numerical 
coefficients appearing in (17.7.5), are shown in Fig. 18. The curves 
for g/ and q/ are symmetric about x= 0, while the third derivative 
gp) introduces an asymmetric element into the expression. 

For large x, the expression (17.7.5) will sometimes yield small nega: 
tive values for f(x). This is, of course, quite consistent with the fact 
that (17.7.5) gives an approximate, but not an exact, expression for 
the frequency function. 

For the mode z, of the fr. f., we obtain from (17.7.5) the approxi- 
mate expression z,— — 3y,, which is Charlier's measure of skewness. 
We further have 


The first member represents the relative excess of the frequency curve 
y=f(x) over the normal curve y= g(x) at the point x = 0.1) For 
1) If, instead of comparing the ordinates in the mean x = 0, we compare the ordi- 
nates in the modes of the two curves, we obtain in the first approximation 
F(x») — 90) 
¢ (0) 


=y s YR 
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this quantity, Charlier gave the expression 4 Ys, Which he introduced 
as his measure of excess. However, it follows from the above that 
the term in yi must be included in order to have an expression of 
the excess which is correct up to terms of the order n~! (cf 15.8). 


17.8. The róle of the normal distribution in statistics. — The 
normal distribution was first found in 1733 by De Moivre (Ref. 29), 
in connection with his discussion of the limiting form of the binomial 
distribution treated in 16.4. 

De Moivre's discovery seems, however, to have passed unnoticed, 
and it was not until long afterwards that the normal distribution 
was rediscovered by Gauss (Ref. 16, 1809) and Laplace (Ref. 22, 1812). 
The latter did, in fact, touch the subject already in some papers 
about 1780, though he did not go deeper into it before his great 
work of 1812. Gauss and Laplace were both led to the normal 
funetion in connection with their work on the theory of errors of 
observation. Laplace gave, moreover, the first (incomplete) statement 
of the general theorem studied above under the name of the Central 
Limit Theorem, and made a great number of important applications 
of the normal distribution to various questions in the theory of proba- 
bility. 

Under the influence of the great works of Gauss and Laplace, it 
was for a long time more or less regarded as an axiom that statistical 
distributions of practically all kinds would approach the normal dis- 
tribution as an ideal limiting form, if only we could dispose of a 
sufficiently large number of sufficiently accurate observations. The 
deviation of any random variable from its mean was regarded as an 
»error», subject to the »law of errors» expressed by the normal 
distribution. 

Even if this view was definitely exaggerated and has had to be con- 
siderably modified, it is undeniable that, in a large number of im- 
portant applications, we meet distributions which are at least approxi- 
mately normal. Such is the case, e. g., with the distributions of errors 
of physical and astronomical measurements, a great number of demo- 
graphical and biological distributions, etc. 

The central limit theorem affords a theoretical explanation of these 
empirical facts. According to the »hypothesis of elementary errors 
introduced by Hagen and Bessel, the total error committed at a physi- 
cal or astronomical measurement is regarded as the sum of a large 
number of mutually independent elementary errors. By the central 
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limit theorem, the total error should then be approximately normally 
distributed. — In a similar way, it often seems reasonable to regard 
a random variable observed e.g. in some biological investigation as 
being the total effect of a large number of independent causes, which 
sum up their effects. The same point of view may be applied to the 
variables oceurring in many technical and economical questions. Thus 
the total consumption of electric energy delivered by a certain pro- 
ducer is the sum of the quantities consumed by the various customers, 
the total gain or loss on the risk business of an insurance company 
is the sum of the gains or losses on each single policy, ete. 

In cases of this character, we should expect to find at least 
approximately normal distributions. If the number of components is 
not suffieiently large, or if the various components cannot be regarded 
as strietly additive and independent, the modifications of the central 
limit theorem indicated in 17.5—17.7 may still show that the distri- 
bution is approximately normal, or they may indicate the use of some 
distribution closely related to the normal, such as the asymptotic 
expansion (17.7.3) or the logarithmico-normal distribution (17.5.3). 

Under the conditions of the central limit theorem, the arithmetic 
mean of a large number of independent variables is approximately 
normally distributed. The remarks made in connection with (17.5.1) 
imply that this property holds true even for certain functions of a 
more general character than the mean. These properties are of a 
fundamental importance for many methods used in statistical practice, 
where we are largely concerned with means and other similar func- 
tions of the observed values of random variables (cf Ch. 28). 

There is a famous remark by Lippman (quoted by Poincaré, Ref. 
31) to the effect that »everybody believes in the law of errors, the 
experimenters because they think it is a mathematical theorem, the 
mathematicians because they think it is an experimental fact». — It 
seems appropriate to comment that both parties are perfectly right, 
provided that their belief is not too absolute: mathematical proof 
tells us that, under certain qualifying conditions, we are justified in 
expecting a normal distribution, while statistical experience shows 
that, in fact, distributions are often approximately normal. 
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CHAPTER 18. 


Various DISTRIBUTIONS RELATED TO THE NORMAL. 


In this chapter, we shall consider the distributions of some simple functions of 
normally distributed variables. All these distributions have important statistical 
applications, and will reappear in various connections in Part III. 


18.1. The 7? distribution. — Let 5 be a random variable which is 
normal (0, 1). The fr.f. of the square £* is, by (15.1.4), equal to 
1 Ec. 


———e 3 


V2zz 
for «>0. For rz <0, the fr.f. is zero. The c.f. corresponding to 
this fr.f. is obtained by putting « — 4 — 3 in (12.3.4), and is 


E 


Tees 1 e 3idz—(1—2it-k. 
22x 


ë 


Let now &,...,& be » independent random variables, each of 
which is normal (0, 1), and consider the variable 


n 
(18.1.1) s-5E 

1 
Each Ej has the c.f. (1 —2z7#)-?, and thus by the multiplication theo- 
rem (15.12.1) the sum 7* has the c.f. 


(18.1.2) Ele?) = 0 — 2:8 


This is, however, the c.f. obtained by putting « = $, 4— $n in (19.3.4), 
and the corresponding distribution is thus defined by the fr.f. 


fc; 3, $n) as given by (12.3.3). We shall introduce a particular nota- 


tion for this fr.f., writing for any n — 1, 2,... 


NE 
ma go for x 0, 


n 
(18.1.3) PNE 2r() 
0 for es 0. 
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Thus &,(x) is the fr.f. of the variable z°, so that we have 
kn (x) dz = P(x < x? < x + dz), 


The corresponding d.f. is zero for s < 0, while for x >O it is 


x 


n t 
(18.1.4) Ky (x) = P(z? x x) = — Da | eu 
2r(5); 
2] 


The distribution defined by the fr.f. Æ (x) or the d.f. Ky (z) is known 
as the 7*-distribution, a name referring to an important statistical app- 
lication of the distribution. This will be treated in Ch. 30. The y*- 
distribution contains a parameter n, which is often denoted as the 
number of degrees of freedom in the distribution. The meaning of this 
term will be explained in Ch. 29. The y2-distribution was first found 
by Helmert (Ref. 125) and K. Pearson (Ref. 183). 

For nS2, the fr.f. ky (x) is steadily decreasing for x 0, while 
for n>2 there is a unique maximum at the point x — » — 2. Dia- 
grams of the function k,(x) are shown for some values of n in Fig. 19. 

The moments c, and the semi-invariants x, of the z^ distribution 
are finite for all v, and their general expressions may be obtained 
e.g. from the c.f. (18.1.2), using the formulae in 10.1 and 15.10: 


a, —n(n + 2) --- (n + 2» — 2), 
x, = -1 (y — 1)!n. 


(18.1.5) 


Hence in particular 
(18.1.6) E(j)—«,—», D*(72)=a,—a? =2n. 


Let yi and yi be two independent variables distributed according 
to (18.1.4) with the values m, and n, of the parameter. The expres- 
sion (18.1.2) of the c.f. of the z^distribution then shows that the 
c.f. of the sum zi + 73 is 


-M nh nmn. 
(1—2it) ?-(1—27t) ?* 2(1— 2:09 
Thus the z* distribution, like the binomial, the Poisson and the nor- 
mal, reproduces itself by composition, and we have the addition theorem: 
(18.1.7) Ky, (2) * Kn, (£) = Koen (2). 
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Fig. 19. The yz? distribution, frequency curves for n = 1, 2, 6. 


This may, in fact, be regarded as an evident consequence of the de- 
finition (18.1.1) of the variable 7*, since the sum yi + ya is the sum 
of n, + ny independent squares. 

Extensive tables of the 7*distribution are available (Ref. 262, 264, 
265). In many applications, it is important to find the probability P that 
the variable y? assumes a value exceeding a given quantity x». This prob- 
ability is equal to the area of the tail of the frequency curve situated 
to the right of an ordinate through the point «= yo. Thus 


P= P (z? > g) = | ka (@)de = 1 — Ku (xo). 
A 
Usually it is most convenient to tabulate zè as a function of the 
probability P. When P is expressed in percent, say P=p/100, the 
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corresponding z= zp is called the p percent value of x? for n degrees 
of freedom. Some numerical values of this function are given in 
Table 3, p. 559. 

We shall now give some simple transformations of the y?-distribu- 
tion that are often required in the applications. 


If each of the independent variables z,,. .., a, is normal (0, o), 
where o >Q is an arbitrary constant, the variables E vs 23 are 


independent and normal (0, 1). Thus according to the above the fr. f. 


n 2 
of the variable >(2) is equal to k(x). Then by (15.1.2) the fr. f. of 
1 


n 
the variable D JE IS 
1 


n x 
(18.1.8) ab(z)- SS a oss), 
LAINE r(3) 
F 2 
By similar easy transformations, we find the fr. f:s of the arithmetic 


la ; iat 
mean nae the non-negative square root V Dyz and the 
1 


square root of the arithmetic mean V Làa The results are shown 
1 


in the following table. 2,,..., 2, are throughout supposed to be in- 
dependent and normal (0, o). For z —0, the fr.f:s are all equal to 
zero. 


Variable. Frequency function (x > 0). 
n n T 
Ez LOT 4)- RET 
1 2 9 9i n n 
GA (3) 
n 
2 
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n 


xe) 
2 Q-1g 20% 


T 


If the horizontal and vertical deviations w and v of a shot from the centre of 


the target are independent and normal (0,0), the distance r= Vu” + v from the 
centre will have the fr. f. 


a 
2c cu Lea 
ron eo er c 
If the components u, v and w of the velocity of a molecule with respect to 


a system of rectangular axes are independent and normal (0,0) the velocity 
r = Vie + v + w* will have the fr. f. 


2mm Ea 
in (5) = ade 


18.2. Student's distribution. — Suppose that the » -- 1 random vari- 
ables E and &,..., & are independent and normal (0,0). Let us write 


Tie 
n=) = 2, where the square root is taken positively, and consider 
5n P 
-1 


the variable 
(18.2.1) ge 


Let S(x) denote the d.f. of the variable ¢, so that we have 
S) P(tsa)= P(E s ) 


By hypothesis E and 7 are independent variables, and thus according 
to (15.11.3) their joint fr.f. is the product of the fr.f:s of 5 and 7. 
Now E is normal (0, o), and 7 has the fr.f. given in the last line of 
the table in the preceding paragraph, so that the joint fr.f. is!) 


1) As a rule we have hitherto used corresponding letters from different alphabets 
to denote a random variable and the variable in its d.f. or fr.f., and have thus 
employed expressions such as: »The random variable £ has the fr. f. f(x)». When 
dealing with many variables simultaneously it is, however, sometimes practical to 
depart from this rule and use the same letter in both places. We shall thus oc- 
casionally use expressions such as: »The random variable & has the fr. f. f(&)» or 
»The random variables 5$ and 7 have the joint fr. f. f (€, q». 
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where 7 > 0 and 


Cn = Viu 


The probability of the relation xs is the integral of the joint 
fr.f. over the domain defined by the inequalities n > 0, E < an: 


"pr Fint 
&&)-« | | qe 2% d£idmg. 


Introducing new variables w, v by the substitution 


(18.2.2) E=uv, n=, 
the Jacobian of which is sey =v, we obtain 
UNE EET 
Sala) =e | du fwe aug» 
-—00 0 
= Pe if 
(18.2.3) =22 oar” 3 d a f- Hen 
o (nd ul)? 
nd 
c, r( 2 | du 
Vaz n = ntl 
em 2 
r(5) (1 + £) 


The corresponding fr.f. s(x) = Sn (x) exists for all values of 2 and 
is given by the expression 


(n t1 AT 
er 


18.2 


The distribution defined by the fr.f. s,(z) or the d.f. S,(x) is 
known under the name of Student's distribution or the t-distribution. 
It was first used in an important statistical problem by W. S. 
Gosset, writing under the pen-name of »Student» (Ref. 221). As in 
the case of the 27*.distribution, the parameter n is often denoted as 
the number of degrees of freedom in the distribution (cf. 29.2). 

From the expression of the fr.f. s(x), it is seen that the distribution 
is independent of the s.d. c of the basic variables ë and E, This ` 
was, of course, to be expected since the variable ¢ is a homogeneous 
function of degree zero in the basic variables. — It is further seen 
that the distribution is unimodal and symmetric about x —0. The 
rth moment of the distribution is finite for » < n. In particular, the 
mean is finite for n > 1, and the s.d. for n — 2. Owing to the sym- 
metry of the distribution, all existing moments of odd order are zero, 
while a simple calculation gives 


o 


Di) = fs 2)42— 


=% 


and generally for 2y < n 
f 1:8---(2»— 1)v* 
Hi (n — 2)(n — 4) --- (n — 2») 


The probability that the variable ¢ differs from its mean zero in 
either direction by more than a given quantity fọ is, as in the case 
of the normal distribution equal to the joint area of the two tails 
of the frequency curve eut off by ordinates through the points + tọ. 
On account of the symmetry of the ¢distribution, this is 


1825) | P—P(tl» t) — 2 fs da — 2 (1— S, 9). 
to 


From this relation, the deviation f, may be tabulated as a function 
of the probability P. When P=p/100, the corresponding (=f is 
called the p percent value of t for n degrees of freedom. Some 
numerical values of this function are given in Table 4, p. 560. 
For large values of n, the variable ¢ is asymptotically normal (0, 1), 
in aecordance with the relations 
lim Sala) — @(z), lim s,(z) = ®' (a) = vant an 


n- n+ @ 7 
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Fig. 20. Student's distribution, frequency curve for n = 3: ————. Normal frequency 
curve, m —0,0 —1:....... 


which will be proved in 20.2. For small n the ¢distribution differs, 
however, considerably from the limiting normal distribution, as seen 
from Table 4, where the figures for the limiting case are found under 
=o. A diagram of Student's distribution for n= 3, compared 
with the normal curve, is given in Fig. 20. It is evident from the 
diagram that the probability of a large deviation from the mean is 
considerably greater in the f-distribution than in the normal. 


If, instead of the variable ¢ as defined by (18.2.1), we consider the variable 


È, 
(18.2.6) T= = = — 5 (n>), 


the numerator and the denominator are no longer independent, and the distribution 
cannot be obtained in the same way as before. It is obvious that we always have 
T! Sn, so that the fr.f. of t is certainly equal to zero outside the interval 
(— Yn, Vn). 

Writing 
1 t 


r=} : == -—., 
5 ys yis 


it is seen that ¢’ is given by an expression of the form (18.2.1), with n replaced by 
^ —1. Thus /' is distributed in Student's distribution with the d. f. S,_, (a). When 


T increases from — Vm to + Vm, it is further seen that /' increases steadily from 
— to + ©. It follows that the relation t < x is equivalent to the relation 


eV X PARE 
n Iz 
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and we have 
Peu Pf Hs z : Sa ps r jg 
[es 22 
n n 


We have thus found the d.f. of the variable t. Differentiating with respect to r, 
we obtain for the fr.f. of t the expression 


V5 r) “(VV M z) E By a 


eee 
n 


where || S Vn. For n — 2, the frequency curve is »U-shaped», i.e. it has a mini- 
mum at the mean x=0. For n= 3, the fr. f. is constant, and we have a 
rectangular distribution (cf 19.1). For n > 3, the distribution is unimodal and sym- 
metric about x =0. The mean of the distribution is 0, and the s.d. is 1 for all 


values of n. 


18.3. Fisher's z-distribution. — Suppose that the m + n random 
variables 5, . . ., En, 1o . . ., y» are independent and normal (0, o). Put 


n 


E= De, 1 = 2m, 


1 


and consider the variable 


Ds 


2" 


1 


(18.3.1) x— 


Let Fmn(x) denote the d.f. of the variable x. Since § and 7 are both 
non-negative, we have x = 0, and F,;(x) is equal to zero for x < 0. 
For «>0, we may use the same method as in the preceding para- 
graph to find Fmn(x). Since by hypothesis ë and r are independent, 
F'nn(x) is equal to the integral of the product of the fr.f:s of § and 
7 over the domain defined by the inequalities 7 >0,0<§<ay. The 
fr. f:s of E and 7 may be taken from the table in 18.1, and so we obtain 


where 
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Introducing new variables u,v by the substitution (18.2.2), we find 


x LJ 
my min) ow, 
Fas(x)-aas|w* defiv? e?" dv 
0 0 


Hence we obtain by differentiation the fr. f. fnn(z) = Fmn(x) of the 
variable x: 


(18.3.2) fanla) c4 


Like the /-distribution, this is independent of c. In the particular 
case m=1, the variable nx has an expression of the same form as 
the square of the variable ¢ defined by (18.2.1). 

In the analysis of variance introduced by R. A. Fisher (cf Ch. 36), 
we are concerned with a variable z defined by the relation 


(18.3.3) gi 


The mean and the variance of the variable &?* are easily found from 
the distribution of x: 
n 
Ne E(9—. > (n > 2), 
T 2 2 n* (m + n — 2) 
2 (922) = n 2 = 
pej- (2) po e OA. 
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For m>2, the distribution of e°? has a unique mode at the point 


In order to find the distribution of the variable z itself, we ob- 
serve that when x increases from 0 to co, (18.3.3) shows that z in- 
creases steadily from — œ to + œ. Thus the relation z<% is 


equivalent to x < SUH and the d.f. of z is 


Ple<a)=P(x «he = Fan (Zes). 


Differentiating with respect to x, we obtain for the fr. f. of z the 
expression given by R. A. Fisher (Ref. 13, 94) 


Se a x 
(8.85) 2 425, (7 622) =2 m2 52 2 em 
n n r 3)7(5 ( Tm E 
P] 3 m e n 
18.4. The Beta-distribution. — Using the same notations as in 


the preceding paragraph, we consider the variable!) 
m 
SE 
= 1 — e 
Dp x 
DE+ Dt 
1 1 


We obviously have 0 € 4 < 1, so that the fr. f. of A is zero outside 
the interval (0, 1). As x increases from 0 to œ, A increases uos. from 


(18.4.1) = 


0 to 1. The relation 4<« is thus equivalent with x — — qum = and 
the d.f. of à is 
P(ii<2)=P («<;2,)- F. (725): 
Hence we obtain the fr.f. of 2: 
r m+n 
2 -1 1 


0843) g E gn ( z J £ r (3) Z (3) 


1) In the particular case m = 1, the variable (n + 1)A has an expression of the 
same form as the square of the variable t defined by (18.2.6). 
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This is the particular case p= 1=5 of the fr. f. B(x; p, q) given 


by (12.4.5). In the general case, the distribution defined by the fr. f. 


(18.4.3) B(x; p,q)= Tres (1—2)r3, (0<x<1, p>0,q>0), 


will be called the Beta-distribution. The v:th moment of this distribu- 
tion is 
1 
"ol. TET petto) MEE (ata) 
(18.4.4) f* B(x; p, q) dc FG quy 


0 


Hence in particular the mean is bte while the variance is 


s Ap gu MER. 
(p + a (p + 4+ 1) 
For p> 1, q > 1, there is a unique mode at the point ed Dy 
CHAPTER 19. 
FURTHER CONTINUOUS DISTRIBUTIONS. 
19.1. The rectangular distribution. — A random variable 5 will 


be said to have a rectangular distribution, if its fr. f. is constantly equal 
i. 1 HE ; " 
to 25 a certain finite interval (a — h, a + h), and zero outside this 
interval. The frequency curve then consists of a rectangle on the 
1 
2h 
this case that § is uniformly distributed over (a — h, a + h). The mean 
2 


range (a—h,a-+h) as base and of height We shall also say in 


of this distribution is «, and the variance is S 


The error introduced in a numerically calculated quantity by the »rounding off» 
may often be considered as uniformly distributed over the range (— $, $), in units of 
the last figure. Ü 

By a linear transformation of the variable, the range of the distri- 
bution may always be transferred to any given interval. Thus e.g. 
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ENT 
I - is uniformly distributed over the intérval 


(0, 1). The corresponding fr.f. is 
f in (0, 1), 
0 outside (0, 1). 


the variable 7 = 


fia) = 


If no M, ... are independent variables uniformly distributed over (0,1), 
it is evident that the sum 7,--::- zy, is confined to the interval 
(0, n). If fa(x) denotes the fr.f. of m, - --- -- ma, it thus follows that 
Jn(x) is zero outside (0, n). It further follows from (15.12.4) that we 
have 


ft) [At dAd ftat. 


From this relation, we obtain by easy calculations 


‘ {x for Sgal, 
Jale) = i 
lx —2(c— 1) for1-«z-2, 
is for 0c z-1, 
Ss (x) = 5 4 (x° —3( — 1?) for 1<2< 2, 
lee ee ier + 3(¢—2)*) for 2<7< 3) 


The general expression, which may be verified by induction, is 


file) = Gayot —(T)e— 1 *()e-2---] 


where 0<a<~n, and the summation is continued as long as the 
arguments x, x —1, 2 —2,... are positive. 

J, is a discontinuous frequency function, / is continuous but has 
a discontinuous derivative, f, has a continuous derivative but a dis- 
continuous second derivative, and so on. Diagrams of fi, f, and fy 
are shown in Fig. 21. The mean and the s. d. of the sum n; +°: -+ na 


n [na : 7 
are - and y 12: 8° that the fr.f. of the standardized sum is 


9 
n ,([n n 
VE C E «V 35) 


As n increases, this rapidly approaches the normal frequency function 


Vn 
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Fig. 21. Rectangular and allied distributions. 
The expression of f(x) given above may be written in the form 
f(x) -—1-—|1—z|, (0 — x 2) 


This fr.f., and any fr.f. obtained from it by a linear transformation, 
is sometimes said to define a triangular distribution. 


19.2. Cauchy's and Laplace's distributions. — In the particular 
ease n = 1, Student's distribution (18.2.4) has the fr. f. 


a(l +z") 


the c.f. of which is, by (10.5.7), equal to e-!'l. By a linear trans- 
formation, we obtain the fr. f. 


- 1 À 
19.2.1 : E PIC LM DN 
bun Ae T E E TT 
with the c.f. 
(19.2.2) eit alel, 


where 4>0. The distribution defined by the fr.f. c(z; 4, u), or by 
the corresponding d.f. C(x; A, u), is called Cauchy's distribution. The 
distribution is unimodal and symmetric about the point x = u, which 
is the mode and the median of the distribution. No moment of posi- 
tive order, not even the mean, is finite. The quartiles (cf 15.6) are 
u +, so that the semi-interquartile range is equal to A. 

If a variable 5 is distributed according to (19.2.1), any linear 
function ağ + b has a distribution of the same type, with parameters 
A — |a|& and u'—au - b. : 
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The form (19.2.2) of the c.f. immediately shows that this distribu- 
tion reproduces itself by composition, so that we have the addition 
theorem: 

(19.2.8) C (x; Ay, uj) * (x; As, us) = C(v; M As, or + us), 


Hence we deduce the following interesting property of the Cauchy distri- 
bution: If £,...,&. are independent, and all have the same Cauchy 


is n 
distribution, the arithmetic mean E = D» E, has the same distribution as 
1 


every E. 

The two reciprocal Fourier integrals (10.5.6) and (10.5.7) connect 
the Cauchy distribution with the Laplace distribution, which has the 
fr. f. $e-!*!, The latter fr. f. has finite moments of every order, while 
its derivative is discontinuous at z — 0. By a linear transformation, 
we obtain the fr. f. 


1 -lzel 
(19.2.4) 2i* 
with the c.f. 
eit 
1-28 
19.3. Truncated distributions. — Suppose that we are concerned 


with a random variable ë, attached to the random experiment €. Let 
as usual P and F denote the pr.f. and the d.f. of § From a se- 
quence of repetitions of (V, we select the sub-sequence where the 
observed value of & belongs to a fixed set Sọ The distribution of 
ë in the group of selected cases will then be the conditional distri- 
bution of E, relative to the hypothesis E < Sọ. According to (14.3.1) or 
(14.8.2), the conditional probability of the event §< S, where S is 
any subset of Sy, may be written 
P(E<S) 
Pl§< S|E< s) = pee S) 


The case when S, is an interval a < E S b often presents itself in the 
applications. This means that we discard all observations where the 
observed value is Sa or >b. The remaining cases then yield a 
truncated distribution with the d. f. 

0 for zc32, 


F(r|la«ct&ztb)-— rd for a<x<b, 


1 for zb. 
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If a fr.f. f(x)-- F (x) exists, the truncated distribution has a fr. f. 
equal to 


for all x in (a,b), and zero outside (a,b). Hither a or b may, of 
course, be infinite. 


1. The truncated normal distribution. Suppose that the stature of an individual 
presenting himself for military inscription may be regarded as a random variable 
which is normal (m, c). If only those cases are passed where the stature exceeds a 
fixed limit a, the statures of the selected individuals will yield a truncated normal 
distribution, with the d. f. 


Writing 4 = 


&,—m-ào,  &, =m?’ +2olx, d m) 4 o, 


If £o «, and «, are given, while m and g are unknown, two equations are thus 
available for the determination of the two unknown quantities. Tables for the 
numerical solution of these equations have been published by K. Pearson (Ref. 264). 


2. Pareto's distribution. In certain kinds of economie statistics, we often meet 
truncated distributions. Thus e.g. in income statistics the data supplied are usually 
concerned with the distribution of the incomes of persons whose income exceeds a 
certain limit x9 fixed by taxation rules, This distribution, and certain analogous 
distributions of property values, sometimes agree approximately with the Pareto 
distribution defined by the relation 


P(lL3|- BE (a>a2y. &>0) 


atl 
The fr.f. of this distribution is = ©) for z 2» z,, and zero for x Say. The 
o Mà 


mean is finite for «>l, and is then equal to sd ay. The median of the distribu- 
1 
tion is 2€ ry. — With respect to the Pareto distribution, we refer to some papers by 


Hagstroem (Ref. 121, 122), 


194. The Pearson system. — In the majority of the continuous 
distributions treated in Chs. 17—19, the frequency function y = f(x) 
satisfies a differential equation of the form 
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, Š rta 


AL HI. 2 T - 
Geen Yb +00 + bpa 


y, 

where a and the b:s are constants. It will be easily verified that this 
is true e.g. of the normal distribution, the 7* distribution, Student's 
distribution, the distribution of Fisher's ratio ¢?*, the Beta distribu- 
tion, and Pareto’s distribution. Any distribution obtained from one 
of these by a linear transformation of the random variable will, of 
course, satisfy an equation of the same form. 

The differential equation (19.4.1) forms the base of the system of 
frequency curves introduced by K. Pearson (Ref. 180, 181, 184 etc.). It can 
be shown that the constants of the equation (19.4.1) may be expressed in 
terms of the first four moments of the fr. f., if these are finite. The solu- 
tions are classified according to the nature of the roots of the equa- 
tion b, + b,z + bax? — 0, and in this way a great variety of possible 
types of frequency curves y = f(x) are obtained. The knowledge of 
the first four moments of any fr.f. belonging to the system is suffi- 
cient to determine the function completely. A full account of the 
Pearson types has been given by Elderton (Ref. 12), to which the 
reader is referred. Here we shall only mention a few of the most 
important types. The multiplicative constant A appearing in all the 
equations below should in every case be so determined that the inte- 
gral with respect to x over the range indicated becomes equal to unity. 


Type I. y=A(x—a)?(b — zy; a<x<b; p>0,q>0. 
For a=0, b=1 we obtain the Beta distribution (18.4.3) as a par- 
ticular ease. Taking p =q = 4b", a=— b, and allowing b to tend to 
infinity, we have the normal distribution as a limiting form. Another 
limiting form is reached by taking g= ba; when } œ we obtain 
after changing the notations the following 

Type III. y= A(x» — uf-'e-76-09; 25; 020,420. 

This is a generalization of the fr. f. f(x; «,A) defined by (12.3.3), and 
thus a fortiori a generalization of the z*-distribution (18.1.3). 

Type VI. y= A(z — ay-(x— 0); xb; a<b, q70, ptq«cl. 
This contains the distribution (18.3.2) as a particular case (a =— 1. 
b — 0) 

A 

Type VII. y (m —a- gy 

This contains Student's distribution (18.2.4) as a particular case. 
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CHAPTER 20. 
Some CONVERGENCE THEOREMS. 


20.1. Convergence of distributions and variables. — If we are 
Vs a sequence of random variables &,,&,... with the d.fs 
F, (x), F, (a), ..., it is often important to know whether the sequence 
of d. p converges, in the sense of 6.7, to a limiting d.f. F(x). Thus 
e.g. the central limit theorem asserts that certain sequences of d.f:s 
converge to the normal d.f. D (x) — In the next paragraph, we shall 
give some further important examples of cases of convergence to the 
normal distribution. 

It is important to observe that any statement concerning the con- 
vergence of the sequence of d.f:s {Fn(x)} should be well distinguished 
from a statement concerning the convergence of the sequence of 
variables {ġn}. We shall not have occasion to enter in this book upon 
a full discussion of the convergence properties of sequences of random 
variables. In this respect, the reader may be referred to the books 
by Fréchet (Ref. 15) and Lévy (Ref. 25). We shall here only use the 
conception of convergence in probability, which will be treated in the 
paragraphs 3—6 of the present chapter. 


20.2. Convergence of certain distributions to the normal. — 
1. The Poisson distribution. — By 16.5, a variable 5 distributed in 
Poisson's distribution has the e * the s.d. V2 and the c.f. 


e ('—-1), The standardized EA TEC 2 cen has the c.f. 


vi 


it 
t m, n" 
e itYixà (i) = ETAT pat) 


e 
As À tends to infinity, this tends to e ?, and by the continuity theo- 
rem 10.4 the corresponding d.f. then tends to @®(x). Thus ë is 


asymptotically normal (2, V2). 
2. The x* distribution. — For n degrees of freedom, the variable 
x! has by (18.1.6) and (18.1.2) the mean n, the a d. fa 2n, and the 


c.f. (1 —2it 5. Thus the standardized variable a ” has the c.f. 
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and for every fixed £ we may choose n so large that this may be 
written in the form 


2 9\3 An 
(1+2 +a (2) ier) a 
n n 
where |9| X 1. 


As n> o, this evidently tends to e-"?, and thus the d.f. of 
y -—n 


V2n 


tends to @(z), so that y? is asymptotically normal (n, V2 n). 


Consider now the probability of the inequality V2 7? < V2n +a, 
which may also be written 


à v ovn 
yen (e+ wal 2n. 
2V2n 


As n-- c, while v remains fixed, sz tends to zero, so that the 
probability of the above inequality tends to the same limit as the 
probability of the inequality z? < n + zV2 n, i.e. to (x). Thus the 
variable V 27? is asymptotically normal (V27, 1). — According to 
R. A. Fisher (Ref. 13), the approximation will be improved if 
we replace here 2n by 2» —1, and consider V2y* as normally 
distributed with the mean V2 — 1 and unit s.d. As soon as n = 30, 
this gives au approximation which is often sufficient for practical 
purposes. 


3. Student's distribution. — The fr.f. (18.2.4) of Student's distri- 
bution may be written 


(20.2.1) S» (x) 


.[n-*1 
I ( it) 1 ( y 
- -It 
/n_,(n\ V2x 
y srt 


By Stirling's formula (12.5.3), the first factor tends to unity as n + oo, 
and for every fixed x we have 


20.2-3 


so that 
ie qut 


(20.2.2) sni) > one 


Further, let + denote the greatest integer contained in iste Then 


rz. and thus we have for all n = 1 and for all real x 


E: 
wanes 2\r 2 m 

(1+2)? 2(1+2) pn aa) eee 

n n 2 


Thus the sequence {s,(x)} is uniformly dominated by a function of 
the form A(1 + 12?)-!, so that (5.5.2) gives 


(20.2.3) S, ee fs (nat ys; [ a O(a). 


4. The Beta distribution. — Let € be a variable distributed in the 
Beta distribution (18.4.3), with the values np and ng of the para- 
meters. The mean and the variance of i are then, by 18.4, iar and 


pa ; -— : 
uas + nq 5.1) Let now n tend to infinity, while p and q re 
main fixed. By calculations similar to those made above, it can then 
be proved that the fr.f. of the standardized variable tends to the 


a 
normal fr. f. = e 2, and that the corresponding d.f. tends to the 
w 


normal d.f. @® (x). 


20.3. Convergence in probability. — Let §,, §,... be a sequence 
of random variables, and let F, (x) and g,(t) denote the d.f. and the 
c.f. of E. We shall say (cf Cantelli, Ref. 64, Slutsky, Ref. 214, and 
Fréchet, Ref. 112) that E» converges in probability to a constant c if, for 
any > 0, the probability of the relation |E, — e| > tends to zero as 
n> o. 

Thus if £, denotes the frequency »/n of an event E in a series of n repetitions 
of a random experiment G, Bernoulli's theorem 16.3 asserts that v/n converges in 
probability to p. 

A necessary and sufficient condition for the convergence in prob- 
ability of E, to c is obviously that the d.f. F,(v) tends, for every 
fixed x Æc, to the particular d. f. (x — c) defined in 16.1. 
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By the continuity theorem 10.4, an equivalent condition is that 
the c.f. gn(t) tends for every fixed ¢ to the limit e°*. 


20.4. Tchebycheff's theorem. — We shall prove the following theo- 
rem, which is substantially due to Tchebycheff. 

Let E, E, ... be random variables, and let mn and on denote the 
mean and the s.d. of Ej If n> 0 as n — œ, then &y — my converges 
in probability to zero. 

In order to prove this theorem, it is sufficient to apply the 
Bienaymé-Tchebycheff inequality (15.7.2) to the variable n — m, We 

2 


then see that the probability of the relation |&,—mn| > is ce, 
G 
and by hypothesis this tends to zero as n > oo. 


Let us now suppose that the variables §,,53,... are independent, 
and write 


We then have the following corollary of the theorem: If 


(20.4.1) Do = o), 


1 
then € — in. converges in probability to zero. 
= At n 
The variable & has, in fact, the mean n and the s.d. Vs 0}. 
1 


By hypothesis, the latter tends to zero as n > ©, and thus the truth 
of the assertion follows from the above theorem. 

In the particular case when the 5, are the variables considered in 
16.6, in connection with a series of independent trials, o, is bounded 
and thus (20.4.1) is satisfied. The corollary then reduces to the Poisson 
generalization of Bernoulli's theorem. 


20.5. Khintchine's theorem. — Even if the existence of finite 
standard deviations is not assumed for the variables E, considered in 
the preceding paragraph, it may still be possible to obtain a result 
corresponding to the corollary of Tehebycheffs theorem. We shall 
only consider the case when all the ë, have the same probability 
distribution, and prove the following theorem due to Khintchine 
(Ref. 139). 
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Let E, E, ... be independent random variables all having the same 
d.f. F(x), and suppose that F(x) has a finite mean m. Then the variable 
E= 


n 
2:2 converges in probability to m. 
1 
If g(t) is the c.f. of the common distribution of the E, the c. f. 
of the variable E is G (à) According to (10.1.3), we have for ¢ > 0 


g (t —1 t mit + o(t), 


and thus for any fixed ¢, as n > oo, 


n * n 
oben 
According to 20.3, this proves the theorem. 


20.6. A convergence theorem. — The following theorem will be 
useful in various applications: 

Let E, &,... be a sequence of random variables, with the d. fis 
F, Fy,.... Suppose that F(x) tends to a d. f. F(x) as n> œ. 

Let nı ns, ... be another sequence of random variables, and suppose 
that nn converges in probability to a constant c. Put 


(20.6.1) Xn=Ent+ mm, Yn = Ente Z=. 
n 


Then the d.f. of Xn tends to F(x —c). Further, if c > 0, the d. f. of 
Yn tends to r(2), while the d. f. of Zn tends to F(cx). (The modifica- 


tion required when e <0 is evident.) 

It is important to observe that, in this theorem, there is no con- 
dition of independence for any of the variables involved. 

It is sufficient to prove one of the assertions of the theorem, as 
the other proofs are quite similar. Take, e.g., the case of Z,. Let 
æ be a continuity point of F(cz), and denote by P, the joint prob- 
ability function of 5; and mn. We then have to prove that 


z, (2 ss) > Fez) 


UL 


as n> œ. Now the set S of all points in the (ën, mn)-plane such that 
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E 

mae is the sum of two sets S, and S, without common points, 
n 

defined by the inequalities 


É 
S: 2 xz, |m—else, 
$: 2mm, |m—el>e. 


Thus we have P,(S)— P,(S)-- P.(Sj. Here S, is a subset of the 
set |y — c| 7 s, and thus by hypothesis P,(S,) > 0 for any e> 0. 
Further, P,(S,) is enclosed between the limits 


Palins etar, |1 els e). 
Each of these limits differs from the corresponding quantity 
Pa (En € (c t 92) = Fal + 2) 


by less than Pa (|n — c| > ¢). As n > ©, the latter quantity tends to zero, 
and we thus see that P,(S) is enclosed between two limits, which can 
be made to lie as close to F (cx) as we please, by choosing e sufficiently 
small Thus our theorem is proved. 

Hence we deduce the following proposition due to Slutsky ( Ref. 
214): If En Mm .. , @n are random variables converging in probabi- 
lity to the constants 2, y, «5v respectively, any rational function 
R(En; qu «+ +5 Qn) converges in probability to the constant R(a,y,.. 4 7), 
provided that the latter is finite. It follows that any power 
RF (En, qu, - - + Qn) with k > 0 converges in probability to BF (a, y, . +» r). 


EXERCISES TO CHAPTERS 15-20. 


pi 
1. The variable 5 has the fr. f. f(x). Find the fr.f:s of the variables 7 = E 


and f = cos &. Give conditions of existence for the moments of 7 and [5 


3 k A " 
2. For any k 1, the function f@= 2a + [spen is a fr.f. with the range 


(—9, ©), Show that the n:th moment exists when and only when n < k. 

3. The inequality (15.4.6) for the absolute moments fn is a particular case of 
the following inequality due to Liapounoff (Ref. 147). For any non-negative n, p, t 
(not necessarily integers), we have 


log n+p Sota log 8n + P log Bnap+a: 


+q ptg 
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For n=0, q= 1, this reduces to (15.4.6), since 8) — 1. The general inequality ex- 
presses that a chord joining two points of the curve y = log £z, (x > 0), lies entirely 
above the curve, so that log fz is a conver function of x. (For a detailed proof, see 
e.g. Uspensky, Ref. 39, p. 265.) 


4. When g(x) is never increasing for v > 0, we have for any k > 0 
œ oc 
E f'a()dz - f à aoo da. 
k ò 


First prove that the inequality is true in the particular case when g (x) is constant for 
0<a<c, and equal to zero for x >c. Then define a function A(x) which is con 
stantly equal to g (k) for 0<a<k +a, and equal to zero for ^ 2 k+ a, where a is 


E 

determined by the condition ag (k) = Jf 260 da, and show that 
k 

oo 


o% E P 
Bf code =K fhada $3 f ahdas i fage) dr 
k k 0 0 


Use this result to prove the inequalities (15.7.3) and (15.7.4 . 


2 
5. If F(x) is a d.f. with the mean 0 and the s.d. c, we have F(x) S oe 


fora >0. For a < 0, this follows from the inequalities 


for x <0, and F! 


-" T 
—«=fy—odrsfy—xar, 
ro z 


© LI 
at < (fy =a) dF} s far. O E E roce +a. 
z x 


x 


For x > 0, the proof is similar. Show by an example that these inequalities cannot 
be improved. 


6. The Bienaymé-Tchebycheff inequality (15.7.2) may be improved, if some 
central moment yp with n 1 is known. We have, e.g. for k>1 
u, — o* Y2 +2 


xa A < 
Pilg m|2 ko) 5g oot (B—m-cr4-2 


o? (I — 1) ((E— m}? —k* o* 
uy + k*o* — 2 k’ ot A 


Apply (15.7.1) with K = 1 and g(§)=1+ 


7. Use (15.4.6) to show that the semi-invariant z, of an arbitrary distribution 


satisfies the inequality |z, | S n" 8,. (Cramér, Ref. 11, p. 21.) 


8. Prove the inequality |a -- b|» S 2»-1([a|" 4- ||"). Hence deduce that, if 
the n:th moments of x and y exist, so does the n:th moment of x "s 
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vee n 
9. Writing G(p,q = X (i)e e= show that the first absolute moment 
r>np 
about the mean of the binomial distribution is 


E(|y—np|)=2pq 6s - 5a) =2u (o nens 


where u is the smallest integer 2 np. For large n, it follows that 


10. Show that if 1— F(x)— O(e-^Z) as z— + œ, and F(x) = O(e-clzl) as 
x— — œ (c > 0) the distribution is uniquely determined by its moments. 
1i. The factorial moments (Steffensen, Ref. 217) of a discrete distribution are 
ty) = Ep, all, where x”) denotes the factorial z(r — 1)...(r— v+ 1. Similarly 
r 


the central factorial moments are Mpy) = De, - m)”. Express Cin) and Hy] by 
r 


means of the ordinary moments. Show that aylab (1) PU yl... yf), 


and hence deduce relations between œj, and gy. 
12. The c.f. of the distribution in the preceding exercise is y(t) = X» GALE 
r 


Substituting here t for et, we obtain the generating function y (t) = Xp, tr, Show 


a 
that y?) [652 4,5 and in particular E(x) = v'/(1, D'(a)-— w"(1) (1) — (y' ()*. 
Use this result to deduce the expressions a/,) = nl”) p' for the binomial distribution, 
and ajj = A" for the Poisson distribution. 

13. a) We make a series of independent trials, the probability of a »success» 


being in each trial equal to p — 1 — g, and we go on until we have had an uninter- 
rupted set of v successes, where y > 0 is given. Let p,, denote the probability that 


exactly n trials will be required for this purpose. Find the generating function 
p'itü-—pt? 
1— t4 pot? 


v= X Pat? 
n=1 


j y i 
and show that E(m)— v (1) = — 
PY 
b) On the other hand, let us make trials, where n is given, and observe the 


length of the longest uninterrupted set of successes occurring in the course of these 
n trials. Denoting by P,, the probability that 4 < v, show that 


Eig al = Pie = Py 
and thus 


= 1— vit) 1—p’t’ 
^ n T 
PO= X Pt jn eM T 
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Hence it can be shown (Cramér, Ref. 68) that Pay — e—np”4 tends to zero as n — ©, 
uniformly for 1 E » S n. It follows that for large n we have 


Eg)- E700, Dw) =O. 
log ? 


14. The variable 5 is normal (m, o). Show that the mean deviation is 


E(|g—m|)=o V2 = 0.79788 c. 
15. In both cases of the Central Limit Theorem proved in 17.4, we have 


rji End ys as n— œ. — Use (7.5.9) and (9.6.1. (Cf Ex. 9.) 


16. Let E, 5... be independent variables, such that £, has the possible values 


0 and + »*, the respective probabilities being 1— y-2a, $y-2¢, and j»-?«. Thus 


č, has the mean 0 and the s.d. 1. Show that the Liapounoff condition (17.4.8) is 
n 


satisfied for « < $, but not for « = $. Thus for « < $ the sum §= Xë, is asymp- 
1 


totically normal (0, Vn). For «> b the probability that $; =: = En = 0 does not 
tend to zero as n— ©, so that in this case the distribution of § does not tend to 
normality. The last result holds also for « = 4; cf Cramér, Ref. 11, p. 62. 


17. If «, and a, are the two first moments of the logarithmico-normal distribu- 
tion (17.5.8), and if 7 is the real root of the equation 7° + 8 — yı = 0, where y, 
is the coefficient of skewness, the parameters a, m and g of the distribution are 


given by 


Va. — c 
ana, t, o = log (1 + 7°), 


m = log («, — a) — 40°. 


18. Consider the expansion (17.6.8) of a fr. f. f (Œ) in Gram-Charlier series, and 
gi 


Fa 1 
take f(x) = e 2%. For x= 0, we have f(0) = —— and the expansion be- 
cV2x f Van : 
comes 
oo 
1 1 DA 


Van Vang?” ON 


This is, however, only correct if o? <2. For o! 2, the series is divergent. Find « 
and f such that « f(x) + Bf (a x) is the fr. f. of a standardized variable, and show 
by means of this example that the coefficient } in the convergence condition (17.6.6 8) 
eannot be replaced by any smaller number. 


19. Caleulate the coefficients y, and y, for the various distributions treated in 


Ch. 18. 
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20. If the variable 7 is uniformly distributed over (a — h, a + h), the c. f. of y is 
RM gait, If € is an arbitrary variable independent of 7, with the c.f. ọ (t), the 


sum §+ 7 has the c.f. s 


eaito (f). Show that, by the aid of this result, the 
formula (10.3.3) may be directly deduced from (10.8.1). 


21. Letn bea random variable having a Poisson distribution with the probabilities 


s e-*, where y = 0, 1,.... If we consider here the parameter v as a random variable 
with the fr. f. Tm - mos Ti-l e—ar, (x > 0), the probability that n takes any given value y is 
fe 
J Sent TO" le-ardx = in = J [5 E> 
0 


Find the c.f, the mean and the s.d. of this distribution, which is known as the 
negative binomial distribution. 


22. r,,9,,... are independent variables having the same distribution with the 

mean 0 and the s.d.1. Use the theorems 20.6 and 20.6 to show that the variables 
pay hie, ti Het hy 

= - dz = ——————————- are both asymptoticall 1 (0, 1). 

y "leu NONE Var oka re symptotically normal (0, 1) 


23. If x, and y, are asymptotically normal (a, WV n) and (b, kV n) respeetively, 
where b # 0, then the variable z, = Yn (2n — 4)/Yn is asymptotically normal (0, h/b). 
:— Note that there is no condition of independence in this case. 
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CHAPTERS 21—24, VARIABLES AND DISTRIBUTIONS IN R, 


CHAPTER 21. 
Tur Two-DIMENSIONAL CASE. 


21.1. Two simple types of distributions. — Consider two one-di- 
mensional random variables ë and ņ. The joint probability distribution 
(cf 14.2) of E and x is a distribution in R,, or a two-dimensional dis- 
tribution. This case will be treated in the present chapter, before we 
proceed to the general case of variables and distributions in » dimen- 
sions. 

Aceording to 8.4, we are at liberty to define the joint distribution 
of E and ņ by the probability function P(S), which represents the 
probability of the relation (§,7)<S, or by the distribution function 
T (x,y) given by the relation 


F(x,y) = PE S z,» S y). 


We shall often interpret the probability distribution by means of 
a distribution of a unit of mass over the (E, z)-plane. By projecting 
the mass in the two-dimensional distribution on one of the coordinate 
axes, we obtain (cf 8.4) the marginal distribution of the corresponding 
variable. Denoting by I’,(x) the d.f. of the marginal distribution of 
E and by F,(y) the corresponding function for y. we have 


F(x) = P(E S x) = F (z, œ), 
F,(y) = P(n S y) — F(%,y). 
As in the one-dimensional case (cf 15.2), it will be convenient to 


introduce here two simple types of distributions: the discrete and the 
continuous type. 


1. The discrete type. A two-dimensional distribution will be said 
to belong to the discrete type, if the corresponding marginal distri- 
butions both belong to the discrete type as defined in 15.2. In each 
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marginal distribution, the total mass is then concentrated in certain 
discrete mass points, of which at most a finite number are contained 
in any finite interval. Denote by z, zy... and by y; ys... the 
discrete mass points in the marginal distributions of 5 and 7 respec- 
tively. The total mass in the two-dimensional distribution will then 
be concentrated in the points of intersection of the straight lines 
E=a; and n= yr i.e. in the points (a;, yj), where i and k indepen- 
dently assume the values 1, 2,3,... If the mass situated in the point 
(£i, yx) is denoted by pic, we have . 


(21.1.1) P(E = tin =Y) = Pir, 


while for every set S not containing any point (ær, y) we have 
P(S)=0. Since the total mass in the distribution must be unity, we 


always have 
D piu =1. 
Lk 


For certain combinations of indices Z, & we may, of course, have 
pu. — 0. The points (æi, yx) for which pix > are the discrete mass 
points of the distribution. 

Consider now the marginal distribution of E, the discrete mass 


points of which are a, 25,... If p; denotes the mass situated in the 
point x; we obviously have 
(21.1.2) pi = P(E = x) = Dip. 

k 


Similarly, in the marginal distribution of ņ, the point y; carries the 
mass p., given by 


(21.1.3) p,— Ply =) = Dite 


By (15.11.2), a necessary and sufficient condition for the indepen- 
dence of the variables E and 7 is that we have for all 7 and k 
(21.1.4) Pik = Di. Da» 

2. The continuous type. A two-dimensional distribution will be 
said to belong to the continuous type, if the d. f. F (x,y) is every- 
where continuous, and if the fr. f. (cf 8.4) 


OF 
f(a, = Ge0y 
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exists and is continuous everywhere, except possibly in certain points 
belonging to a finite number of curves. For any set S we then have 


P(S)— f f(a.9) dx dy, 


and thus in particular for S — R, 


f [fe ndedy 1. 


The marginal distribution of the variable E has the d. f. 


Pésa=f [flwatau=f sat, i 
where Be ar $i 
(21.1.5) AC = [f y) dy. 


If, at a certain point z = £ the function f(x,y) is continuous 
with respect to « for almost all (cf 5.8) values of y and if, in some 
neighbourhood of 2, we have f(x,y) « G (y), where G (y) is integrable 
over (— co, oo), then it follows from (7.3.1) that f, (x) is continuous at 
x= z, In all cases that will occur in the applications, these condi- 
tions are satisfied for all 2», except at most for a finite number of 
points. In such a case fj(z) has at most a finite number of discon- 
tinuities, so that the marginal distribution of § is of the continuous 
type and has the fr.f. f,(z). Similarly, we find that the marginal 
distribution of 7 has the fr. f. 


(21.1.6) VQ) - ft. y) da. 


By (15.11.3), a necessary and sufficient condition for the indepen- 
dence of the variables E and 7 is that we have for all z and y 


(21.1.1) f(x.) =f (2) fa (v). 


21.2. Mean values, moments. — The mean value of a function 
g(ë-n) integrable over R, with respect to the two-dimensional pr. f. 
P(S) has been defined in (15.3.2) by the integral 


(21.2.1) E(g&, 5) = | g(x, y) P(S). 
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For a distribution belonging to one of the two simple types, this 
reduces to a sum or an ordinary Lebesgue integral, as indicated in 
15.8 for the one-dimensional case. The fundamental rules of calcula- 
tion for mean values have already been deduced in 15.3 for any num- 
ber of dimensions. 

The moments of the distribution (cf 9.2) are the mean values 


(21.2.2) a; = E(E nt) = f a* y d P(S), 
R. 


where 4 and + are non-negative integers. The sum 7 + & of the in- 
dices is the order of the moment air. 

The moments eo = E(P) and «o, -— E(y) are identical with the 
moments of the one-dimensional marginal distributions of E and 7 
respectively, as shown by the integral relation (9.2.2). In particular, 
we put 


«y — E(b) =m, om = E (n) —m;. 


The point with the coordinates E = m,, n — m, is the centre of gravity 
of the mass of the two-dimensional distribution. For the moments 
about the centre of gravity we shall use a particular notation, writing 
in generalization of (15.4.3) 


(21.2.3) qux = E (E — m, (n — mg). 


Thus in particular we have 449 = Ho = 0 and fy = Oi, Hos = 03, where 
c, and c, are the standard deviations of § and 7. 

Between the moments a and the central moments mix we have 
relations analogous to those given in 15.4 for the one-dimensional 
case. Thus for the second order moments we have 


(21.2.4) Hao = Gag — Mi, fy, = Fy, — MM, Hos — Fon — mi. 


u, 18 often called the second order product moment or mixed moment. 
Further, while fg) and Hos are the variances of E and 7, the product 
moment u, is also called the covariance of § and ». 


In the particular case when the variables € and y are independent, we have by 
the multiplication theorem (16.3.4) «jp = «o “op and Mj, = Mio Mor: ‘Thus in particular 
we have in this case 4; = kio o = O- " 


For any real ¢ and u we have 


(21.3.5) — E[(t(E— m) + u — mjy'] = mot + 2 pa te + nos ut. 
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The first member of this identity is the mean value of a square, 
and is thus non-negative. It follows that the second member is a non- 
negative quadratic form (cf 11.10) in 4 and w, so that the moment 
f Hao Has 

Hir Hos 


matric M = | is non-negative, and we have 


(21.2.6) Hao Hog — Hin = O. 


The rank r of M may (cf 11.6) have one of the values 0, 1 and 2. 
When r- 2, we have the sign > in (21.2.6), while the sign = holds 
for r—1 and r=0, We shall now show that certain simple proper- 
ties of the distribution are directly connected with the value of r. 

We have r — 0 when and only when the total mass of the distribution 
is situated in a single point. 

We have r=1 when and only when the total mass of the distribu- 
tion is situated on a certain straight line, but not in a single point. 

We have r=2 when and only when there is no straight line that 
contains the total mass of the distribution. 

It is obviously sufficient to prove the cases r=( and r= 1, as 
the case r= 2 then follows as a corollary. — When r=0, we have 
Jig = Hoy = 0, 80 that the marginal distribution of each variable has 
its total mass concentrated in one single point (cf 16.1). In the two- 
dimensional distribution, the whole mass must then be concentrated 
in the centre of gravity (m, m,). Conversely, if we know that the 
whole mass of the distribution belongs to one single point, it follows 
immediately that jg = js = 0, and hence by (21.2.6) m, = 0, so that 
M is of rank zero. 

Further, when r=1, the form (21.2.5) is semi-definite (cf 11.10), 
an thus takes the value zero for some t= t and u= t not both 
equal to zero. This is only possible if the whole mass of the distribu- 
tion is situated on the straight line 


(21.2.7) tol — m) + (n — m) = 0. 


Conversely, if it is known,that the total mass of the distribution is 
situated on a straight line, but not in a single point, it is evident 
that the line must pass through the centre of gravity, and thus have 
an equation of the form (21.2.7). The mean value in the first mem- 
ber of (21.2.5) then reduces to zero fort=, t = to, 80 that the 
quadratic form in the second member is semi-definite, and it follows 
that M is of rank one. Thus our theorem is proved. 
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~~ 

Let us now suppose that we have a distribution such that both 
variances fgg and po are positive, (This means i.a. that M is of 
rank 1 or 2.) We may then define a quantity o by writing 


(21.2.8) e= — HL LA, 
Hr Hoy nh 


By (21.2.6) we then have o! X 1, or —1 5 9 S 1. Further, the case 
$'- 1 occurs when and only when M is of rank 1, i. e. when the 
whole mass of the distribution is situated on a straight line. — In 
the particular case when the variables £ and ņ are independent, we 
have m, ** 0 and thus ẹọ = 0, 

The quantity o is the correlation coefficient of the variables § and 
n; this will be farther dealt with in 21.7, 


Suppose that we are given any quantities my, wy, and any fig, Hays Hey Subject 
to the restriction that the quadratic form js t+ 2 yy, tu + pou" ia non-negative, 
We can then always find a distribution having my, m, for ita frst order moments 
and fo, Hit, Mon for its second order central moments, The required conditions afe, 


e.g, satisfied by the discrete distribution obtained ‘by placing the mass ite in 


each of the two points (m, + d,, Mia + d) and (m, — 0, Ma~ 0,, and the man t7? 
in each of the two points (m, + ay, Ma — 04) and.(my— dr, Wg +) "The quantities 
Ou 4, and Q are here, of course, defined according to the above expressions. 


n 


21.3. Characteristic functions. — The mean value 


(21.3.1) g (t u) = E (E tite) ieri 


is the characteristic function (c.f) of the two-dimensional random 
variable (E ņ), or of the corresponding distribution, We shall also 
often call g (t, u) the joint c. f. of the two one-dimensional variables £ 
and n. 

According to the theory of c. fs givén in Ch. 10, the one-to-one 
correspondence between one-dimensional distributions and their c. fis 
(cf 15.9) extends itself to distributions in any number of dimensions. 
If two distributions are identical, so are their c. fs, and conversely. 

If the second order momenta of the joint distribution of E and y 
are finite, we have in the neighbourhood of the point t= w= O the 


development analogous to (10.1.8) 
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(21.3.2) g(t, u)=1+ Feot + agu) + gj en + Qa, tut ag ul) + 
2 
+ o(P + w) = emm [: + gj mt 2 uytu + uos u?) + «(v i 


In the particülarly important case when the mean values m, and m, 
are both equal to zero, we thus have 


(21.3.3) p(t, wu) 1 — $ (uo +2uutu + uou’) + o(P + u’). 


The c.f:s of the marginal distributions of § and 7 are 
(21.8.4) E (e) = g (t, 0), and E(e“") = g (0, u). 


If the variables £ and 7 are independent, we have 
p(t, u) = Ele - en) = E (e) Ee"), 


so that the joint c. f. (f, u) is the product of the c. f:s of the mar- 
ginal distributions corresponding to 5 and 7 respectively. 

_ Conversely, suppose that it is known that the joint c.f. of § and 
n is of the form g,(t)-y,(u). Introducing, if necessary, a multipli- 
cative. constant into the factors, we may obviously assume g, (0) = 
= p, (0)= 1, and then it follows from (21.3.4) that g,(!) and 9, (u) 
are the c. f:s of E and 7 respectively. If the two-dimensional interval 
defined by a,<&<b,, a<n < b, is a continuity interval (cf 8.3) of 
the joint distribution of E and 7, it further follows from the inversion 
formulae (10.3.1) and (10.6.2) that we have the multiplieative relation 


Pla, <E<b,, a. <n <b) P(a, <E < b): P(a, <n < hb). 


Allowing here a, and a, to tend to — œ, we obtain in particular, 
using the same notations as in 21.1, F(x, y) — F, (x) F,(y) for all x 
and y that are continuity points of F, and F, respectively. By the 
general continuity properties of d.f:s, this relation is immediately 
extended to all x and y. From (14.4.5) it then follows that the 
variables E and 7 are independent, and we have thus proved the 
following theorem: 

A necessary and sufficient condition for the independence of two one- 
dimensional random variables is that their joint c. f. is of the form 


(21.3.5) g (t, u) = p, (t) pa (u). 
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21.4. Conditional distributions. — The conditional distribution of 
a random variable 7, relative to the hypothesis that another variable 
E belongs to some given set S, has been defined in 14.3. In the 
present paragraph, we sball consider this question somewhat more 
closely for distributions of the two simple types introduced in 21.1. 


1. Whe discrete type. Consider the discrete distribution defined by 
(21.1.1), and let z; be a value such that the marginal probability 
P(E = xi) = X pir = pi. is positive. The conditional probability of the 

k 


event 7 = yr, relative to the hypothesis § = ær, is then by (14.3.1) 


xi y P= n= Me) Pr, 
(21.4.1) Pin =| ë =) Pe =n) r3 


For a fixed zy, the conditional probabilities of the various possible 
values of y, define the conditional distribution of m, relative to the 
hypothesis =æ; The sum of all these conditional probabilities is, 
of course, equal to 1. 

If the (E, z)-distribution is interpreted in the usual way as a dis- 
tribution of a unit of mass over the points (z;, yi), the conditional 
distribution is obtained by choosing a fixed x; and multiplying each 
mass situated on the vertical through the point § =, by the factor 
l/p, so as to make the sum of all the multiplied masses equal to 
unity. 

The conditional mean value of a function g(E n), relative to the 
hypothesis 5 = ay, is defined as the mean value of g(a, n) with respect 
to the conditional distribution of 7 defined by (21.4.1): 


Ypag (zi, vx) 
(21.4.9) E(g (5, | E 2) = Tp 


For g(E, n) — 5, we obtain the conditional mean of n, which is the 
ordinate of the centre of gravity of the mass situated on the vertical 
E= t: 
E pir ye 
i! 
(21.4.3) E(n|E—z)-—m, = Y». . 


On the other hand, taking g(E n) = (y — m())*, we obtain the condi- 
tional variance of nh. 
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The conditional distribution of E, relative to the hypothesis n = yr, 
and the corresponding conditional mean values, are defined by per- 
mutation of the variables in the expressions given above. 

In the particular case when £ and 7 are independent, (21.1.4) shows 
that we have p; — pi.p.s, and this gives us 


P(E = zil n = y) = pi. = P(E = x), 
P(n—ywl&— 2) = p. = P(o— y), 


(21.4.4) 


in accordance with the general relations (14.4.2) and (14.4.3). 


2. The continuous type. Let f(x,y) be the joint fr. f. of the vari- 
ables ë and y. Consider an interval (a, a + h) such that the mass situated 
in the vertical strip œ < ë< x + h, which represents the probability 


x+h oo 
P(rcicz-c =f Jile y) do dy, 
is positive. The conditional probability of the event 7 Sy, relative to 
the hypothesis æ < § < æ + h, is then by (14.3.1) 


x+h y 


Ff (v, y) dz d 
_ Ple<i<ac+hn<y) J [fe SET 


Pla<xi<x+h STATAS 
Le Se oe 


E —00 


P(ySyla<&<ax +h) 


This is the d.f. corresponding to the conditional distribution of N, 
relative to the hypothesis x< ë<%-+ h. It is simply equal to the 
quantity of mass situated in the strip £ <Ë <x +h and below the 
line ņ=y, divided by the total mass in the strip. Let now h 
tend to zero. If the continuity conditions stated in connection with 
(21.1.5) are satisfied at the point x, and if the marginal fr. f. f, (x) 
takes a positive value at the point z, it follows from (5.1.4) that the 
conditional d.f. tends to the limit 


J Fle,n)an Jf dn 
(21.4.5) lim P(p S y|z « & « z 4 1) == Fe) E 


fes nim 


For fixed x, the limit is evidently a d.f. in y, and this will be called. 
the conditional d.f. of n, relative to the hypothesis E = x. 
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If f(z,y) is continuous in y, the conditional d. f. may be differen- 
tiated with respect to y, and we obtain the corresponding conditional 


Sv. f. of 9: 


(21.4.6) f(y|x) — f(x,y) ofl, y). 


"n 2) d ae 


The conditional mean value of a function 9 (E, 2), relative to the 
hypothesis § — z, is in this case 


R i g(x, y) f(x, y)dy 
E [g (5, n) | E = «] = fale, WS (y |x) dy = TEC rey 


Multiplying by fi(z) and integrating with respect to z, we obtain 
(21.4.7) Eg(ë, =f Jol (x, y) f(x, jazdy = [ Eigen) lé — Al) da. 


The conditional mean and the conditional variance of 7 are 


fr tleshay 


(21.4.8) E(n|5 = 2) = m (x) = 5 ———, 
dfe y)dy 
fi (y — my Gy fv, y) dy 
(21.4.9) D? (n|§ = 2) = =] ; 
[F6 9) du 


EI 


The point with the coordinates E— z, ņ = m,(x) is the limit, for 
h — 0, of the centre of gravity of the mass in the strip x < ë< x + h. 

The conditional distribution of E for a given value of 7, and the 
corresponding conditional mean values, are defined in a similar way. 
Thus e.g. the conditional fr. f. of £, relative to the hypothesis 7 — y, is 


S(x,y) f(x,y) _ fla) fla) 
[risas JA (v) ar 
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while the conditional mean E(E|z = y) — m; (y) is the mean of E cor- 
responding to the fr. f. f(x |y). 

If and ņ are independent, we have f(x, y) = f, (£) fa (y). It follows 
that in this case the conditional fr. f. of either variable is indepen- 
dent of the hypothesis made with respect to the other variable, and 
is identical with the fr. f. of the corresponding marginal distribution. 
Accordingly the conditional mean values for both variables agree with 
the mean values in the marginal distributions: 


(21.4.11) my; (y) = m, m(x) = me. 


21.5. Regression, I. — Let : and ņ be random variables with a 
joint distribution of the continuous type, and suppose that the cor- 
responding fr.f. f(x,y) satisfies the continuity conditions stated in 
connection with (21.1.5) for every x such that the marginal fr. f. f, (x) 
is positive. 

According to the preceding paragraph, the conditional fr. f. f. (y | a) 
given by (21.4.6) then represents the distribution of mass in an in- 
finitely narrow vertical strip through the point E— z. We may here 
think of § as an independent variable; to a fixed value E =x then 
corresponds a probability distribution of the dependent variable 7, with 
the fr. f. (y |a). 

Consider now some typical value of this conditional 1: distribution, 
such as the mean, the mode, the median etc. Generally this value 
will depend on z, and may thus be denoted by yz. As æ varies, the 
point (x,y) will describe a certain curve. From the shape of this 
curve we obtain information with respect to the location of the condi- 
tional -distribution for various values of E. (Cf fig. 22 a.) 

A curve of this type will be called a regression curve, and will be 
said to represent the regression of ņ om E. In the sequel we shall al- 
ways, unless explicitly stated otherwise, choose for Yz the conditional 
mean m(x) of the variable 7, as given by (21.4.8), and so obtain the 
regression curve for the mean of *? as the locus of the point (x, m, (2) 
when œ varies: 


(21.5.1) y = m (x)= E(n|E = a). 


If, instead of E, we consider 7 as our independent variable, the 
conditional fr.f. of the dependent variable Š for a fixed value 7 =y 
is given by (21.4.10). Any typical value x, of the conditional distri- 
bution of E gives rise to a regression curve representing the regression 
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3 


SB NETS t 
Fig. 22. a) Regression of 7 on & b) Regression of € on 7]. 


of E on n. (Of fig. 22 b.) Thus the regression curve for the mean of 
§ is the locus of the point (m, (y), y) when y varies, and has the equation 


(21.5.2) x= m, (y) = E(E|n=y). 


The two regression curves (21.5.1) and (21.5.2) will in general not 
coincide. In many important cases occurring in the applications, both 
regression curves are straight or at least approximately straight lines. 
Thus e.g. in the particular case when ë and 7 are independent, it 
follows from (21.4.11) that the regression curves are straight lines 
parallel to the axes and passing through the centre of gravity (m, m,). 
— When a regression curve is a straight line, we shall say that we 
are concerned with a case of linear regression. 

The regression curves (21.5.1) and (21.5.2) possess an important 
minimum property. — Let us try to find, among all possible functions 
9(§) of the single variable E, the particular function that gives the 
best possible representation or estimation of the other variable y. Inter. 
preting the expression »best possible» in the sense of the least squares 
principle (cf 15.6), we then have to determine g(t) so as to render 
the expression (cf 21.4.7) 


oo oo 


E[n — 9(P — f. f Iy — (X f (e y) dz dy 


(21.5.8) SNR 


= f f (æ) da f ly — g (0) F1) dy 


—oo 
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as small as possible. By 15.4 the integral with respect to y in the 
last expression becomes, however, for every value of z a minimum when 
g(x) is equal to the conditional mean m,(x). Thus the minimum of 
E[n — g (El, among all possible functions g(E), is attained for the func- 
tion g(E) — m; (E), which is graphically represented by the regression curve 
(21.5.1). — Similarly, the expression E [¥ —h(y)]* attains its minimum 
for the function A(y)— m,(y) which corresponds to the regression 
curve (21.5.2). 


Similar definitions may be introduced in the case of a distribution of the discrete 
type, as given by (21.1.1). For every value q; of &, such that the marginal probability 
P. is positive, the conditional distribution of 73 is given by (21.4.1). Let us consider 
some typical value of this distribution, e. g. the conditional mean mi) given by (21.4.3). 
When § assumes all possible values x; we thus obtain a sequence of points (xj, mi) 
representing the regression of 7 on &. Conversely, the regression of Ẹ on y is re- 
presented by the sequence of points (mt), yj» where m is the conditional mean of 
§, relative to the hypothesis 7 = Vj. In either case, we may connect the points cor- 
responding to consecutive values of i or k by straight lines, and consider the curves 
thus formed as the regression curves of the discrete distribution. 


21.6. Regression, II. — In the literature, we often find the name 
of regression curves applied also to another type of curves than that 
introduced in the preceding paragraph. We shall now proceed to a 
discussion of this other type of curves. 

In the minimum problem considered in connection with (21.5.8), 
we tried to find, among all possible functions g(t), one that renders the 
mean value of the square (n — g (©)? as small as possible, and we have 
seen that the solution of this problem is given by the regression 
curve (21.5.1) Instead of considering all possible functions g(ë) we 
may, however, restrict ourselves to functions belonging to some given 
class, such as the class of all linear functions, all polynomials of a 
given degree n, etc. Thus we require to find, among all functions 
g (E) belonging to such a class, one that gives a best possible represen- 
tation of ņ according to the principle of least squares. In such a 
case, the minimum problem may still have a definite solution, but 
this will generally correspond to a curve different from the re- 
gression curve (21.5.1). Curves obtained in this way will be denoted 
as mean square regression curves, or briefly m. sq. regression curves.) 

The simplest case is that of the linear m.sq. regression. Here we 
propose to find the best linear estimate of ņ by means of E, i.e. the 
linear function g(§) =a + 8€ that renders the mean value of the square 


*) When the meaning is clear from the context, we shall often drop the »m. sq.». 
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(7 —g()* as small as possible. Now we may write, using the nota- 
tions introduced in 21.2, and assuming fs) > 0, Hos > 0, 


E()—a— gt)? — E(n— m BE — m) +m —a Bm,)* 
(21.6.1) 
= Ha BY — 2 ua B + uos + (m, — a— p m). 


An easy calculation shows that the minimum problem has a unique 
solution given by 


6, 
(21.6.2) B — Ba p = x a = mg — Bay Mm, 


where o is the correlation coefficient defined by (21.2.8). Thus the 
m.sq. regression line of ņ has the equation 


(21.6.3) y=m, + $0 — m). 
1 


The line passes through (m,, ms), and the equation may also be written 


y— m æ —m 
———* mp. 


(21.6.4) 5 = 


We note that this line is defined for any distribution such that both 
variances are finite and positive, and not as the regression curves of 
the preceding paragraph for distributions of the two simple types only. 

The quantity $, defined by (21.6.2) is the regression coefficient of 
7 on E. When the values of « and f given by (21.6.2) are introduced 
in (21.6.1), the latter expression assumes its minimum value 


(91.05)  Emmn(n — a — pE) = fatai =ġ(1 — e). 
20 


The expression E(ņ— a — gt)? = fy —a—fx)*dP may be con- 
2 

Sidered as a weighted mean of the square of the vertical distance 
y—a— 6x between a mass particle dP with the coordinates (x,y) 
and the straight line y — « + 8a. Since this mean becomes a mini- 
mum for the regression line (21.6.4), this line may be called the line 
of closest fit to the mass in the distribution, when distances are measured 
along the axis of y, and the fit is judged according to the principle 
of least squares. 

In the case of a distribution such that the regression curve 
4 =m, (x) as defined by (21.5.1) exists, the expression E (n — a — BB 
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may be written in the form 
E(y — m,G)* + 2 E [in — m G) (m — a — BS)] + E (m, (6) — a — 85)". 


By (21.4.7) and (21.4.8) the second term of this expression is, however, 
equal to zero. Thus we obtain for any « and 8 


(21.6.6) E(n—a— ft) = E (n —m,0) + E(m,( — a — 85). 


Here, the first term in the second member is independent of « and f, 
so that the last term attains its minimum for the same values of « 
and f as the first member, i.e. for the values given by (21.6.2). Since 
ma(x)— « — 8x is the vertical distance between the regression curve 
y=m,(xz) and the line y — a + 8z, it is thus seen that the m. sq. 
regression line (21.6.4) may also be considered as the line of closest 
fit to the regression curve y = m,(x), distances always being measured 
along the axis of y. It immediately follows that, im a case when the 
regression curve y =m, (x) is a straight line, this is identical with the 
m.sq. regression line (21.6.4). 

So far we have been concerned with the linear m. sq. regression 
of 7 on §. In the converse case of the regression of E on 7, we have 
to find the values of «œ and 8 that render the expression 


(21.6.1) E(E—a— 82) = f (@—a— gy) dP 
R, 


as small as possible. In the same way as above, we find that the 
problem has a unique solution, and that the minimizing straight line 
æ=«+ßy may be considered as the line of closest fit to the mass 
in the distribution, or to the regression curve z = m, (y), when dis- 
tances are measured horizontally, i.e. along the axis of z. The equation 
of this line, the m. sq. regression line of E, may be written 


(21.6.8) y—m 1 Suh 


and the regression coefficient has the expression 


[ 
(21.6.9) dei uper 
while the. corresponding minimum value of the expression (21.6.7) is 
(21.6.10) Emin (E — a — 82) = à (1 — e?. 
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Fig. 23. M.sq. regression lines. », = m,=0,0,;=02=1. a)ọ>0, b)ọ <0. 


Both m.sq. regression lines (21.6.4) and (21.6.8) pass through the 
centre of gravity (m,,m,). The two lines can never coincide, except 
in the extreme cases ọ =+ 1, when the whole mass of the distribu- 
tion is situated on a straight line (cf 21.2). Both regression lines 
then coincide with this line. 

When e=0, the equations of the m. sq. regression lines reduce to 
y =m, and x = m, so that the lines are then parallel with the axes. 
This case occurs e.g. when the variables 5 and 7 are independent 
(cf 21.2 and 21.7). 

If the variables are standardized by placing the origin in the 
centre of gravity and choosing c, and c, as units of measurement for 
ë and » respectively, the equations of the m.sq. regression lines 
reduce to the simple form y — oz and y= x/ọ. When o is neither 
zero nor + 1, these lines are disposed as shown by Fig. 23 a or 23 b, 
according as o >Q or o < 0. 

- 


If, instead of measuring the distance between a point and a straight line in the 
direction of one of the coordinate axes, we consider the shortest, i.e. the orthogonal 
distance, we obtain a new type of regression lines. Let d denote the shortest distance 
between the point (§, 7) and a straight line L. If L is determined such that E(d*) 
becomes as small as possible, we obtain the orthogonal m.sq. regression line. This 
is the line of closest fit to the (&, 7)-distribution, when distances are measured 
orthogonally. 

Now E(d*) may be considered as the moment of inertia of the mass in the distri- 
bution with respect to L. For a given direction of L, this always attains its mini- 
mum when J passes through the centre of gravity. We may thus write the equa- 
tion of L in the form (5 — mj)sin  — (y — ma) cos p = 0, where ¢ is the angle 
between Z and the positive direction of the &axis. The moment of inertia is then 


E (d?) = E((& — mj) sin p — (y — m) cos g)* 
= Uso Sin* P — 2 4; sin q cos P + (tos COS? Q. 
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If, on each side of the centre of gravity, we mark on L a segment of length inversely 


proportional to VE (a5, the locus of the end-points when q varies is an ellipse of 
inertia of the distribution. The equation of this ellipse is easily found to be 


(E— mF _ 20 —my)(y =m) (g— n 
9i 0105 Oy D 


For various values of c we obtain a family of homothetic ellipses with the common 
centre (Mı, Ma). The directions of the principal axes of this family of ellipses are 
obtained from the equation 


21 
tg29-— — ; 
car Mao — Hos 

and the equations of the axes are 
2u 


(21.6.11). 9 — m = ——(§ — m). 


— Hos + V(uso — - Mop? + Tul 


Here, the upper sign corresponds to the major axis of the ellipse and thus to the mini- 
mum of E(d* i.e. to the orthogonal m.sq. regression line. In the case 


Hi = Hao — Mos = 0 
the problem is undetermined; in all other cases there is a unique solution. 


The parabolic m. sq. regression of order n> 1 forms a generaliza- 
tion of the linear m. sq. regression. We here propose to determine a 
polynomial g(t)=@,+-:-+@,&" such that the mean value M = 
=E(n—g()* becomes as small as possible. The curve y = g (zx) is 
then the »:th order parabola of closest fit to the mass in the distri- 
bution, or to the regression curve y = m; (æ). 

Assuming that all moments appearing in our formulae are finite, 
we obtain the conditions for a minimum: 


10M 
55 = ELS (9® — n] = Bono +--+ + Baarin o — ar = 0 
20 B. 
for v —0, 1,..., n. If the moments a, are known, we thus have 
n +1 equations to determine the n + 1 unknowns ort DAT 


The caleulations involved in the determination of the unknown 
coefficients may be much simplified, if the regression polynomial g (2) 
is considered as a linear aggregate of the orthogonal polynomials p, (x) 
associated with the marginal distribution of E. For all orders such 
that these polynomials are uniquely determined (cf 12.6), we have 


co 


(21.6.12) Emm) = fon (2) ps (2) d F, (a) =f for m= n, 
0 for m z^ n, 


=% 
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where pn(x) is of the n:th degree, and F(x) denotes the marginal 
d.f. of E. Any polynomial g(x) of degree n may be written in the 
form 

g (x) = co po (2) +--+ + en pa (2) 
with constant coefficients c$,...,c&. The conditions for a minimum 
now become 


f 10M fe 
(21.6.13) Cvm = E[p, ©(g — n] = c, — E(n p, (5) = 0. 


Hence we obtain c,=E(np,(), so that the coefficients c, are ob- 
tained directly, without first having to solve a system of linear 
equations. It is further seen that the expression for c, is independent 
of the degree n. Thus if we know e.g. the regression polynomial 
of degree n, and require the corresponding polynomial of degree n+1, 
it is only necessary to calculate the additional term e,41 paai (x). — 
Introducing the expressions of the c, into the mean value M, we find 
for the minimum value of M 

(21.6.14) Enin (n — 98) = E(gy) — 3 — -—à. 

It should finally be observed that it is by no means essential for 
the validity of the above relations that the p,(x) are polynomials. 
Any sequence of functions satisfying the orthogonality conditions 
(21.6.12) may be used to form a m. sq. regression curve y = g(z) = 
= Yep, (x) and the relations (21.6.13) and (21.6.14) then hold true 
irrespective of the form of the p, (a). 


21.7. The correlation coefficient. According to (21.2.8), the correla- 
tion coefficient o of E and ņ is defined by the expression 


SS ME oe E[(E— m,)(n — ml] ; 
tme VEE m) Ely nj 
and we have seen in 21.2 that we always have — 15921. The 
correlation coefficient is an important characteristic of the (E, 7)-distri- 
bution. Its main properties are intimately connected with the two 
m. sq. regression lines 


(21.7.1) 
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which are the straight lines of closest fit to the mass in the (E, z)- 
distribution, in the sense defined in the preceding paragraph. The 
closeness of fit realized by these lines is measured by the expressions 


Ens (y — « — 85) = oi (1 — e), 
Emin (§ — a — Bn)’ = oi (1— e?) 


respectively. Thus either variable has its variance reduced in the 
proportion (1 —0*):1 by the subtraction of its best linear estimate in 
terms of the other variable. These expressions are sometimes called 
the residual variances of y and E respectively. 

When Q—0, no part of the variance of 7 can thus be removed 
by the subtraction of a linear function of E, and vice versa. In this 
case, we shall say that the variables are uncorrelated. 

When 9740, a certain fraction of the variance of z may be re- 
moved by the subtraction of a linear function of E, and vice versa. 
The maximum amount of the reduction increases according to (21.7.2) 
in the same measure as o differs from zero. In this case, we shall 
say that the variables are correlated, and that the correlation is posi- 
tive or negative according as ọ 7 0 or g < 0. 

When ¢ reaches one of its extreme values + 1, (21.7.2) shows that 
the residual variances are zero. We have shown in 21.2 that this case 
occurs when and only when the total mass of the (E, 7)-distribution 
is situated on a straight line, which is then identical with both 
regression lines (21.7.1). In this extreme case, there is complete func- 
tional dependenee between the variables: when E is known, there is 
only one possible value for 1, and conversely. Either variable is a 
linear function of the other, and the two variables vary in the same 
sense, or in inverse senses, according as ọ = + 1 or 0— — 1. 

On account of these properties, the correlation coefficient @ may 
be regarded as a measure of the degree of linearity shown by the 
(E, n)-distribution. This degree reaches its maximum when Q1 
and the whole mass of the distribution is situated on a straight 
line. The opposite case occurs when ọ = 0 and no reduction of the 
variance of either variable can be effected by the subtraction of a 
linear function of the other variable. 

It has been shown in 21.2 that in the particular case when and 
7 are independent we have ọ=0. Thus two independent variables are 
always uncorrelated. It is most important to observe that the con- 
verse is not true. Two uncorrelated variables are not necessarily in- 
dependent. 


(21.7.2) 
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Consider, in fact, a one-dimensional fr. f. g(x) which differs from 
zero only when v> 0, and has a finite second moment. Then 


fecit 


is the fr.f. of a two-dimensional distribution, where the density of 
the mass is constant on every circle z* + y* = c*. The centre of gra- 
vity is m, = m, = 0, and on account of the symmetry of the distribu- ` 
tion we have u, — 0, and hence ọ — 0. Thus two variables with this 
distribution are wncorrelated. However, in order that the variables 
should be independent, it is by (15.11.83) necessary and sufficient that 
f(x,y) should be of the form /,(x)f,(y), and this condition is not 
always satisfied, as will be seen e.g. by taking g(x) = e~”. 

If ọ is the correlation coefficient of § and 7, it follows directly 
from the definition that the variables & =ai+6 and $/ =cen+d 
have the correlation coefficient o' = o sgn(ac), where sgn a stands for 
+1, according as x is positive or negative. 

In the particular case of a discrete distribution with only two 
possible values (£, z, and y,, y, respectively) for each variable, we 
find after some reductions, using the notations of 21.1, 


(21.7.3) = PuPn PaPe gen (y, — 24) (y, — yy]. 
Vn. po. Da Pa 
21.8. Linear transformation of variables. — Consider a linear 


transformation of the random variables 5 and 7, corresponding to a 
rotation of axes about the centre of gravity. We then introduce new 
variables X and Y defined by 


X= (E—m)cos g + (y — m) sing, 


(21.8.1) Y = —(E— mj) sin p + (y — mj) cos p, 


and conversely 
E=m,+ X cos p — Y sing, 


21.8.2 
) n=m,+ X sing + Y cos g. 


If the angle of rotation g is determined by the equation tg 29 = 


mE. Ue. we find 
Hao — Hox 
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E(X Y) = u, cos 2g — $ (tso — Hos) sin 29=0, 


so that X and Y are uncorrelated. In the particular case u; = 
Hao — Los = 0, when the equation for g is undetermined, we have E(X Y) 
=0 for any g. Thus it is always possible to express E and 1 as linear 
functions of two uncorrelated variables. 

Consider in particular the case when the moment matrix M — 


en A is of rank 1 (cf 21.2). We then have ọ= +1, and the 
11 Mos. 
whole mass of the distribution is situated on the line y— m,— 


ES (E— m). Let us now determine the angle of rotation g from the 
1 


equation tg p = P From (21.8.1) we then find 
1 
E(Y*) — oi sin? p — 200,0, sin p cos p + ej cos! p 
— (s, sin p — eo, cos p)? = 0. 


Thus the variance of Y is equal to zero, so that Y is a variable 
which is almost always equal to zero (cf 16.1). If we then put Y —0 
in (21.8.2), the resulting equations between ë, y and X will be satis- 
fied with a probability equal to 1. Thus two variables E and p with 
a moment matriz M of rank 1 may, with a probability equal to 1, be 
expressed as linear functions of one single variable. 


21.9. The correlation ratio and the mean Square contingency. — 
Consider two variables ë and 7 with a distribution of the continuous 
type, such that the conditional mean m,(z) is a continuous function 
of z. In the relation (21.6.6) we put & — ms, 8=0, and so obtain 


(21.9.1) — ej  E(g — m! = E (1 — m,G)* + E (m; © — m,)*. 


We thus see that the variance of 7 may be represented as the sum 
of two components, viz. the mean square deviation of n from its con- 
ditional mean m,(§), and the mean square deviation of m, (8) from its 
mean mi. 

We now define a quantity On; by putting 


0193 — Qo Em O— n — f (o mA (ede 
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Ow; is the correlation ratio’) of ņ on ë introduced by K. Pearson. In 
the applications we are usually concerned with the square 9°, and we 
may thus leave the sign of 0 undetermined. From (21.9.1) we obtain 


(21.9.3) (ieee LEG =p 
and hence 
(21.9.4) 056; <1. 


We further write the equation of the first m. Sq. regression line 
(21.7.1) in the form y — « + #2, and insert these values of a and B 
in (21.6.6). Using (21.7.2) and (21.9.3), we then obtain after reduction 


(21.9.5) fied rtg LEG —a- gg. 


It follows that 67; — 0 when and only when m,(z) is independent 
of x. In fact, when m,(x) is constant, the regression curve y = m; (a) 
is a horizontal straight line, which implies o = 4 = 0, and consequently 
6;:— 0. The converse is shown in a similar way. — Further, (21.9.3) 
shows that 6;:— 1 when and only when the whole mass of the 
distribution is situated on the regression curve y =m (x), so that 
there is complete functional dependence between the variables. For 
intermediate values of Org, (21.9.3) shows that the correlation ratio 
may be considered as a measure of the tendency of the mass to accu- 
mulate about the regression curve. 

When the regression of 7 on & is linear, so that y = m, (x) is a 
straight line, (21.9.5) shows that we have 67: = o*, and (21.9.3) reduces 
to the first relation (21.7.9). In such a case, the calculation of the 
correlation ratio does not give us any new information, if we already 
know the correlation coefficient o. 

In a case of non-linear regression, on the other hand, 63: always 
exceeds g* by a quantity which measures the deviation of the curve 
y = m, (x) from the straight line of closest fit. 

The correlation ratio Ô; of E on 7 is, of course, defined by in- 
terchanging the variables in the above relations. The curve y = ms (a) 
is then replaced by the curve z — m, (y). 

For a distribution of the discrete type, the correlation ratio may 
be similarly defined, replacing (21.9.2) and (21.9.3) by 


*) In the literature, the correlation ratio is usually denoted by the letter 7, which 
obviously cannot be used here, since 7 is a random variable. 
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{21.9.2 a) Ore SEQ ms n Èi pi. (mt my, 
(21.9.3 a) 1—85- LE (q — m9}, 


0z 


where p;, and mí? are defined by (21.1.2) and (21.4.3) respectively. 
The relations (21.9.4), (21.9.5) and the above conclusions concerning 
the properties of the correlation ratio hold true with obvious modi- 
fications in this case. 

The correlation coefficient and the correlation ratio both serve to 
characterize, in the sense explained above, the »degree of dependence» 
between two variables. Many other measures have been proposed for 
the same purpose. We shall here only mention the mean square con- 
tingency introduced by K. Pearson. Consider two variables 5, y with a 
distribution of the discrete type as defined by (21.1.1), and suppose 
that the number of possible values is finite for both variables. The 
probabilities p;; then form a matrix with, say, m rows and » columns. 
Since any row or column consisting exclusively of zeros may be 
discarded, we may suppose that every row and every column contains 
at least one positive element, so that the row sums p;. and the co- 
lumn sums p. are all positive. The mean square contingency of the 
distribution is then 


91.9.6 [uM y (pir = pi. pay NJ pik 
( ) E » Pi. p.r Zing 


By (21.1.4), g* — 0 when and only when the variables are independent. 
On the other hand, by means of the inequalities pix < pi. and pir S p.r 
it follows from the last expression that g* < q — 1, where g = Min (m, n) 
denotes the smaller of the numbers » and », or their common value 
if both are equal. Further, the sign of equality holds in the last rela- 
tion if and only if one of the variables is a uniquely determined 
2 
function of the other. Thus 0S pases 1, and the quantity Zu 
may be used as a measure, on a standardized scale, of the degree of 
dependence between the variables. 
In the particular case m= n = 2, we obtain after reduction 


" Eoo e (Pi Pes — Pis Pa) 
21.9.7 2 — Pu Pos = Pie Pai) 
í ) ^ Di. Po. Di Peg 
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Thus in this case g* is the square of the correlation coefficient o given 
2 

by (21.7.3). We. have here q — 2, so that x 1 is identical with gf. 

Further, ø assumes its maximum value 1 only in the two cases 

Piz = Pu = O or Pu = ps = 0. 


21.10. The ellipse of concentration. — Consider a one-dimensional 
random variable E with the mean m and the s.d. c. If & is another 
variable which is uniformly distributed (cf 19.1) over the interval 
(m—oV3, m -- cV3), it is easily seen that £' has the same mean and 
s.d. as E. Thus the interval (m — o V3, m + oV3) may be taken asa 
geometrical representation of the concentration of the §-distribution 
about its centre of gravity m (cf also 15.6). 

We now propose to find an analogous geometrical representation 
of the concentration of a given two-dimensional distribution about its 
centre of gravity (m,, Mẹ). For this purpose, we want to find a curve 
enclosing the point (m,,m,) such that, if a mass unit is uniformly 
distributed over the area bounded by the curve, this distribution will 
have the same first and second order moments as the given distribu- 
tion. (By a »uniform distribution» we mean, of course, a distribution 
with a constant fr. f.) 

In this general form, the problem is obviously undetermined, and 
we shall restrict ourselves to finding an ellipse having the required 
property. In order to simplify the writing, we may suppose m, = m; =0. 
Let the second order central moments of the given distribution be 
Ag, Hun and ug. We shall suppose that we have ọ°< 1, so that our 
distribution does not. belong to the extreme type that has its total 
mass situated on a straight line. 

Consider the non-negative quadratic form 


q(5 n) = an  2ag8n + asn. 


By (11.12.38) the area enclosed by the ellipse q = c* is xc*/V A, where 
A= anay —ay. If a mass unit is uniformly distributed over this 
area, the first order moments of the distribution will evidently be 
zero, while the second order moments are according to (11.12.4) 


CF an _@ ays È an, 
pups mara Wes 


It is required to determine c and the aj; such that these moments 
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Fig. 24. Concentration ellipse and regression lines, ọ > 0. 
Q = centre of gravity. QA = orthogonal m.sq. regression line. QB — m.sq. regres 
sion line, y on & QC = m. sq. regression line, § on 7. 


coincide with usp Hı and Hos respectively. It is readily seen that this. 
is effected by taking c' — 4, and 


Hos Hn — Hw 


y, M. Sa M As M' 


where M = ks loe — ui. It will be seen that the form q(E,z) thus 
obtained is the reciprocal (cf 11.7) of the form 


Q(5 0) = us E + 2n 57 + uo 0°. 


Returning to the general case of an arbitrary centre of gravity 
(m,,m,, and replacing the u;; by their expressions in terms of 9,, c; 
and g, it thus follows that a uniform distribution of a mass unit over 
the area enclosed by the ellipse 


(21.10.1) oy ( ue os 


+ (n uu E 
0,0; 02 


has the same first and second order moments as the given distribution. 
— This ellipse will be called the ellipse of concentration corresponding 
to the given distribution. 

The domain enclosed by the ellipse (21.10.1) may thus be regarded 
as a two-dimensional analogue of the interval (m—oV3, m + oV 8). 
When two distributions in R, with the same centre of gravity are 
such that one of the concentration ellipses lies wholly within the 
other, the former distribution will be said to have a greater concentra- 
tion than the latter. This concept will find an important use in the 
theory of estimation (cf 32.7). 
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If we replace the constant 4 in the equation (21.10.1) by an 
arbitrary constant c*, we obtain for various values of c* a family of 
homothetic ellipses with the common centre (m;, Ms), which is identical 
with the family of ellipses of inertia considered in 21.6. The common 
major axis of the ellipses coincides with the orthogonal m. sq. regres- 
sion line of the distribution (cf 21.6). The ordinary m. sq. regression 
lines are diameters of the ellipses, each of which is conjugate to one 
of the coordinate axes. The situation is illustrated by Fig. 24. 


21.14. Addition of independent variables. — Consider the two- 
dimensional random variables x, = (E 7) and x, = (E 7). We define 
the sum x — x, + x, according to the rules of vector addition: 


x — (E n) = (5 + £3, m + na). 


By 14.5, x is a two-dimensional random variable with a distribution 
uniquely determined by the simultaneous distribution of x, and x. 
Let us now suppose that x, and x, are independent variables ac- 
cording to the definition of 14.4, and denote by g(t,u), g (t, v) and 
g(t, u) the c. fs of x, x, and x, respectively. By the theorem (15.3.4) 
on the mean value of a product of independent variables we then have 


g (tu) = E (e (3*9) 


21SEIGT A A 
phi = E( tes ptione) = g (6 u) ga (£u). 


The generalization to an arbitrary number of terms is evident, and 
we thus obtain the same theorem as for one-dimensional variables 
(cf 15.12): The c.f. of a sum of independent variables is the product of the 
c. fis of the terms. 

We shall now consider the case of a sum x — x, + x, t: + Xs 
where the zx,-— (5,75) are independent variables all having the same 
two-dimensional distribution. We shall suppose that this latter distri- 
bution has finite moments of the second order kso, Hir Hon and that 
the first order moments are zero: m, — m, — 0. If p(t,u) is the c.f. 
of this common distribution of the x,, we have by (21.3.3) 


. (21.113). g (tu)  1— (uo + 2g tu + ups) + o(t + u’). 


On the other hand, we have x =(& +: + E, m + + Mn) and 
X, E dius 


Vn Yn 
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If g.(&u) is the c.f. of x/Vn, it thus follows from the above that 


we have 
(t, u) = woe zh 
fun 5 Vn Vaf 


Substituting in (21.11.2) t/V n and u/V n for t and u, we obtain 


— unt + 2 py tte + uou’ , b(n, t, zl 
pn (t, u) = [1 93 + P 


where, for any fixed ¢ and u, the quantity d (n,t,u) tends to zero as 
n= œ. Hence we obtain, in the same way as in the proof of the 
Lindeberg-Lévy theorem in 17.4, 


(21.11.3) lim gs (t, u) = eT oO +2 un tn + poe t) 

Thus p(t, wu) tends for all ¢ and u to a limit which is obviously con- 
tinuous for (t, u) = (0, 0). By the continuity theorem for c.f:s proved 
in 10.7, we may then assert that this limit is the c.f. of a certain 
distribution which in its turn is the limit, for n > co, of the distri- 
bution of the variable x/V n. 

Thus if x, x, ... are independent two-dimensional variables, all 
having the same distribution with finite second order moments and first 
order moments equal to zero, the distribution of the variable CURE. 

n 
always tends to a limiting distribution as n> oo, and the c. S. of the 
limiting distribution is given by the second member of (21.11.83). — Ex- 
cept the trivial restriction m, — m, — 0, this is the two-dimensional 
generalization of the Lindeberg-Lévy theorem of 17.4, 

lt should be observed that, with respect to the second order mo- 
ments, we have here only assumed that these are finite. Now, given 
any quantities 4o, 4, and gos such that the quadratic form 


Hg P 2 ug tut pu? 


is non-negative, it is possible (cf 21.2) to find a distribution with 


m, =m, =Q and the given quantities for their second order moments. : 


Taking this distribution as the common distribution of the x, in the 
above theorem, it follows that the expression in the second member 
of (21.11.3) is always the c.f. of a certain distribution, as soon as 
the quadratic form within the brackets is non-negative. If x is a 
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variable having this c.f., and if m = (m,, m) is a constant vector, 
the variable m + x has the c. f. 


(21.11.4) ef (my tema UF (uas 32 ug Un eut). 


The distribution corresponding to this c. f. is the two-dimensional normal 
distribution, which will be further discussed in the following paragraph. 


21.12. The normal distribution. — We now proceed to study the 
distribution corresponding to the c.f. (21.11.4). We shall have to. 
distinguish two cases according as the non-negative quadratic form 


Q( u) = uot? + 2 utu + uou? 


is definite or semi-definite positive (cf 11.10). In the former case, we 
shall say that we are concerned with a non-singular normal distribu- 
tion, whereas in the latter case we have a singular normal distribution. 
When we use the expression normal distribution without specification, 
it will always be understood that we include both kinds of distributions. 

We shall first consider the case of a definite positive form Q (t, u). 
Then the reciprocal form Q-!(z,y) exists and has the expression (cf 
21.10) 


e f 2 
Q-(a,y) = I7 ETE + uso y 


Éi zie. r) 
owe 90, 6, a] 


where M = us; Los — ui = oi o (1 — ọ°). From (11.12.1 b) we now obtain 
f. Seteetun4ote i as dy =2 nV Me etm), 


=% = 


or, substituting x — m, for x and y — m, for y, 


"E 
voee | efltztr yl 071 em, y-m) dap dy = ein tmu) -k 00 | 
2n0,0,V1—@ 

—% =% 


The last relation shows that the function 


eE 47 (z—m, y-m3 


(21.12.1) f(x,y) = T et 
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is a two-dimensional fr. f. with the c. f. 
(21.12.2) gi (f, u) = eim tem DES TIE 


The development (21.3.2) for the c.f. shows that the quantities m; 
and jr; have, for this distribution, their usual signification as mean 
values and second order central moments. The function f(x, y) defined 
by (21.12.1) is the normal fr.f. in two variables. It has a maximum 
point at the centre of gravity (m,, m). The homothetic ellipses 


(21.19.83) 


1 (c—m)* 2e(r—mj)(y—m,) , (y—m,)* " 
2 (l— e") ( a 0, 0, i: oi ) K 


that have already appeared in 21.6 and ?1.10 in connection with the 

ellipses of inertia and of concentration of an arbitrary distribution, 

play in the case of a normal distribution the further rôle of equi- 

probability curves. For any point belonging to (21.12.38) we have, in 

fact, f(x, DE PEE DIE ia e77. Since by (11.12.3) the area of the 
2z0,0,V1—o* 

ring between the ellipses corresponding to c and c + dc is 


470,0, V1— e*cde, 


the mass situated in this ring is 2ce-^ dc, and thus the mass in the 
whole plane outside the ellipse (21.12.3) is (cf Ex. 15, p. 319) 


" 
[2ce7* de =, 
: 


The form of the equiprobability ellipses (21.12.3) gives a good idea 
of the shape of the normal frequency surface z = f(z,y). For ọ = 0. 
6,=0;, the ellipses are circles. As o approaches +1 or — 1, the 
ellipses become thin and needle-shaped, thus showing the tendency of 
the mass to accumulate towards the common major axis of the el- 
lipses, which is the orthogonal m. sq. regression line (cf 21.6) of the 
distribution. 

A variable (&,) with the fr.f. (21.19.1) is said to possess a non- 
singular normal distribution. The c.f. of the marginal distribution of 
E is then by (21.3.4) 


9 (t,0) — emae 


Thus by 17.2 € is normal (mi, 0,), with the marginal fr. f. 
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By index permutation we obtain the corresponding expression for the 
marginal fr. f. f,(y) of n. 

In the particular case when ọ=0, it is seen that we have 
S(x,y) — f(x) s (y), which implies that the variables are independent. 
For the normal distribution, it is thus legitimate to assert that two 
non-correlated variables are independent, though we have seen in 21.7 
that for a general distribution this may be untrue. 

The conditional fr. f. of n, relative to the hypothesis == x, is by 
(21.4.6) 


j 1 -ragac me SE tema)" 
enea sola- = ya J, 
TE 


This is a normal fr. f. in y, with the mean 


ms (x) = m, + a (a —m) 
1 


and the s.d. o, V1-— e. Thus the regression of 7 on & is linear, and 
the conditional variance of 4 is independent of the value assumed 
by §. — The analogous properties of the conditional distribution of 5 
for a given value of z are deduced in the same way. 

When the non-negative form Q(/, u) is semi-definite, the determinant 
M is zero, and no reciprocal form exists (cf 11.7 and 11.10). It fol- 
lows, however, from the preceding paragraph that the expression 
(21.12.2) is still the c.f. of a certain distribution, and this will be 
called a singular normal distribution. By 21.2, the total mass of this 
distribution is situated in a single point or on a straight line, ac- 
cording as the rank of the moment matrix M is 0 or 1. 

In such a case, it is evident that no finite two-dimensional fr. f. 
exists. Still, a singular normal distribution may always be regarded 
as the limit of a sequence of non-singular normal distributions. In 
order to see this, we may consider the sequence of non-singular nor- 
mal distributions corresponding to the given values of m, and ms, and 
the sequence of definite positive forms Q, (t, u) = Q(t,u) + & (+ u’), 
where «,- 0. The corresponding c.f:s tend, of course, to the limit 
(21.12.2), and by the continuity theorem 10.7 the non-singular distri- 
butions then tend to the given singular distribution. 
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Consider a singular normal distribution with a moment matrix M 
of rank 1. By 21.8, the corresponding variables E and 7 may, witha 
probability equal to 1, be represented as linear functions of a single 
variable X. Conversely, X is a linear function of 5 and 7, and the 
c.f. of X is then of the form enii-1^?, so that X is normally distri- 
buted. The case when M is of rank 0 may be regarded as the limiting 
case g= 0, and we thus have the following result: 

A two-dimensional. singular normal distribution may be regarded as 
an ordinary one-dimensional normal distribution on a certain straight line 
in the plane. 


When m, = m, = 0, we obtain from (12.6.8) the following expansion of the nor- 
mal fr. f. in powers of 0: 


T EBD (5 - 322r.) 
= 

(112,0) VIN SUM eS aN Mig 20e) Mp a _ 
270,0,V1—¢ 


co GH) (2) gin (2) 
v 9, Oa 


96,0, 5 »! 


e". 


The series may be integrated term by term, and we deduce a corresponding expression 
for the normal d. f. 


2y se pl’) (2) P (4) 
(2112.6) f j f(u,v) du dv = X ——À Mv er, 
Soa 0 »! 
For «=y=0 we obtain from (21.12.5) 
caia (ipea 
0 »! anVi—o 


and hence by integration with respect to Q 


2 [ol (g)]* 1 dr 1 
pr = i . 
X I and Vice gps sin o. 
Now (21.12.60) gives 
0 0 1 
fi J f(y vdudv=3 + gare sin o. 
—w —ow 


By the symmetry properties of the fr. f. f(x, y), it then follows that in each of the 
first and third quadrants of the (x, y)-plane we have the mass } + a: arc sin Q, 
x 


while each of the second and fourth quadrants contains the mass }— a are sin Q. 
2x 
"These relations are due to Stieltjes, Ref. 220, and Sheppard, Ref. 211. 
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CHAPTER 22. 
GENERAL PROPERTIES OF DISTRIBUTIONS IN R,. 


22.1. Two simple types of distributions. Conditional distributions. 
— The joint probability distribution (cf 14.2) of n one-dimensional 
random variables £,,..., § is a distribution in the n-dimensional space 
Rn, with the variable point x =(E,,..., E). 

The probability function (cf 8.4) of the distribution is a set func- 
tion P(S) — P(x< S), which for any set S in R, represents the prob- 
ability of the relation x< S. The distribution function, on the other 
hand, is a function of » real variables defined by the relation (8.3.1): 


F(z,...,2)- P(E, S2... fn S 2) 


The distribution is uniquely defined by either function P or F. 

As before, we shall make a frequent use of our mechanical illustra- 
tion, interpreting the probability distribution by means of a distribu- 
tion of a unit of mass over R,. If we pick out a group of k variables 
5),,+++) 54, and project the mass in the original n-dimensional distri- 
bution on the A-dimensional subspace of these variables, we obtain 
(cf 8.4) the k-dimensional marginal distribution of &,,,..., £j. The 
corresponding marginal d.f. is obtained, as in the two-dimensional 
case, by putting the » — remaining variables in F equal to +. 
Thus in particular the marginal d.f. of the single variable 5, is 
F, (x) = F(a, ©,..., 0), and similarly for any &,. 

As in the cases n=1 and » — 2 (cf 15.2 and 21.1), we now intro- 
duce the two simple types of distributions: the discrete and the con- 
tinuous type. The definitions and properties of these are directly 
analogous to those given in 21.1, and we shall here only add some 
brief comments. 

For a distribution of the discrete type, we have on the axis of each 


E, a finite or enumerable set of points 2,1, £s, ..., which are the 
discrete mass points of the marginal distribution of E. The total 
mass of the n-dimensional distribution of x = (E,,..., Ej) is then con- 


centrated in the discrete points (zi4,..., a5), each of these points 
carrying a mass pi... = 0, so that 


P(E, —214,..- En = Znin) = Pir... fm 
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The marginal distribution of any group of & variables is also of the 
discrete type, and the corresponding p:s are obtained in a similar 
way as in (21.1.2) and (21.1.3), by summing p;,...;, over all values of 
the n — k remaining variables. 

For a distribution of the continuous type, the d. f. F is everywhere 
continuous, and the probability density or frequency function (cf 8.4) 


in 


or 
Ong: 10/0 


fm) 


exists and is continuous everywhere, except possibly in certain points 
belonging to a finite number of hypersurfaces in R,. The differential 
SF (®y, +++; 2n) day... dz, will be called the probability element (cf 15.1) 
of the distribution. The fr.f. of the marginal distribution of any 
group of k variables is obtained by integrating f(x,,...,#n) with 
respect to the » — k remaining variables, as shown for the two- 
dimensional case by (21.1.5) and (21.1.6). 

When &,,...,& have a distribution of the continuous type, the 
conditional fr.f. of E,..., &, relative to the hypothesis 5i = 
Leti,- En = Zn, is given by the expression generalizing (21.4.10): 


S (Oy). 2 me mess a) 
(22.1.1) fle, EAE ] 
fd fessos Econo) IU Apto (CCE 
Finally, let us consider two variables x —(E,..., £j) and y= 
(m... Mn) such that the (m + n)-dimensional combined variable (x, y) 


has a distribution of the continuous type. In generalization of (21.1.7) 
we then find that a necessary and sufficient condition for the inde- 
pendence of x and y is 


(22.1.2) UON Ema Ursa da) —R Xy... 39m) fa Uis «- » Yn); 


where f, f, and f, are the fr. f:s of (x,y), x and y respectively. The 
generalization to any number of variables x, y,... is immediate. 


22.2. Change of variables in a continuous distribution. — Let 
x — (E, ..., Ën) be a random variable in R,, and consider the m functions 


(22.2.1) Ni = Gs (Ev, eren (¢=1,2,..., m), 
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where m is not necessarily equal to ». According to 14.5, the vector 
¥ =(m,---, 9m) then constitutes a random variable in a space Rn of 
m dimensions, with a probability distribution uniquely determined by 
the distribution of x. 

We shall here only consider the particular case when m — n, and 
the x-distribution belongs to the continuous type. If the functions 
gi satisfy certain conditions, the y-distribution may then be explicitly 
determined, as we are now going to show. 

Let us assume that the following conditions A) and B) are satisfied 
for all x such that the fr. f. f(a,,..., £n) is different from zero: 


A) The functions g; are everywhere unique and continuous, and 


have continuous partial derivatives oe in all points x, except possibly 
k 


in certain points belonging to a finite number of hypersurfaces. 


B) The relations (22.2.1), where we now take m = n, define a one- 


to-one correspondence between the points x —(E,...,£) and y= 
(m... mw) so that we have conversely E — A; (m, ...,5») for i = 
1,..., n, where the h; are unique. 
Consider a point x which does not belong to any of the exceptional 
: s Ons nes. Mn) (OMe 
hypersurfaces, and is such that the Jacobian Bie an, EL $5 
is different from zero. The Jacobian of the inverse transformation, 
tree S tS S e : j 
J = 22077 -|— | is then finite in the point y corresponding 
O(n, . +s Mn) On P y p 
to x, since we have 
9 (m... Mn) 9 (5... En) il: 


9... 8) Qn... t) 
When S is a sufficiently small neighbourhood of x, and T is the 
corresponding set in the y-space, J is finite for all points of 7, and 
we have 


(2219.2) PII forie oes) dares das— f fni, NET AID] 


5 


d3, d yn 


where in the last integral the x; should be replaced by their expres- 
sions x; =hi(y,,..., Yn) in terms of the y;. 
The probability element of the x-distribution is thus transformed 
according to the relation 
(22.2.3) SH igen C Ee s Ems dla t mtd [ily OYA, 
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where in the second member z; — hys... Yn)» The fr. f. of the new 


variable y = (m, . - -, m) is thus foi, . . -, an) | J]. 
When n = 1, and the transformation y = g(5) or È = h(n) is unique 
in both senses, (22.2.3) reduces to 


f) doe — FT QULA GU) |y. 


where the coefficient of dy is the fr.f. of the variable y. An example 
of this relation is given by the expression (15.1.2), which is related 
i —b 
to the linear transformation » — a + b, or §= 7 pone 


Suppose now that the condition B is not satisfied. ‘To each point x, there still 
corresponds one and only one point y, but the converse transformation is not unique: 
to a given y there may correspond more than one x. We then have to divide the 
x-space in several parts, so that in each part the correspondence is unique in both 
senses, The mass carried by a set T in the y-space will then be equal to the sum 
of the contributions arising from the corresponding sets in the various parts of the 
x-space. Each contribution is represented by a multiple integral that may be trans- 
formed according to (22.2.2), and it thus follows that the fr.f. of y now assumes the 
form X f, | J, |, where the sum is extended over the various points x corresponding 
to a given y, and f, and J, are the corresponding values of fn... 2n) and J. 

In the case n=1, an example of this type is afforded by the transformation 
jj — &' considered in 15.1. The expression (16.1.4) for the fr. f. is evidently a special 


case of the general expression È f,|J,|.— A more complicated example will occur 
in 29.3. 

22.8. Mean values, moments. — The mean value of a function 
q(E,..., E) integrable over R, with respect to the n-dimensional pr. f. 


P(S) has been defined in (15.3.2) by the integral 


EG (Ec ete) O e P 2 
R 


n 


The moments of the distribution (cf 9.2 and 21.2) are the mean 
values 


(22.3.1) tsm EQ Re) = fap. aie dP, 


where v, +: +v is the order of the moment. For the first order 
moments we shall use the notation 


m; = E(&) = fa d P. 
R 


n 
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The point m=(m,,..., mn) is the centre of gravity of the mass in the 
n-dimensional distribution. 

The central moments u,,...,,, or the moments about the point m, 
are obtained by replacing in (22.3.1) each power E by (5; — mj)". 
The second order central moments play an important part in the sequel, 
and whenever nothing is explicitly said to the contrary, we shall 
always assume that these are finite. The use of the w-notation for 
these moments would be somewhat awkward when x > 2, owing to 
the large number of subscripts required. In order to simplify the 
writing, we shall find it convenient to introduce a particular notation, 
putting 
(22.3.2) parte cbs ary 
Aix Qik 0i 0 = E (& mi) (r my). 


Thus 4;; denotes the variance and o; the s.d. of the variable Ej, while 
dix denotes the covariance of E, and &. The correlation coefficient 


eis = 2t is, of course, defined only when oc; and c; are both positive. 
i Ok 


Obviously we have Ak; = diz, Qri= ie and gi; = 1. — In the par- 
ticular case n = 2, we have Ay; = uso, Ais = Hin Ave = kos 
ln generalization of (21.2.5), we find that the mean value 


n 2 n 
(22.3.3) (3 ti (& = mi) = > Ain tite 
1 i,k=1 
is never negative, so that the second member is a non-negative qua- 
dratie form in ¢,,...,f. The matrix of this form is the moment 
matrix 
Ay. sda d 
Mt Ce adds 
Ani... m 
while the form obtained by the substitution t; = ~£ corresponds to the 
i 
correlation matrix 
Qi 01 d 
pv. 25 
Oni... sl 


which is defined as soon as all the c; are positive. 
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Thus the symmetric matrices A and P are both non-negative (cf 
11.10). Between A and P, we have the relation 


A—XPX 


where X denotes the diagonal matrix formed with c,,...,05 as its 
diagonal elements. By 11.6, it then follows that A and P have the 
same rank. For the corresponding determinants 4 = |Ai| and P= | eil, 
we have 44 01...0; P. From (11.10.3) we obtain 


(22.3.4) OSA SAn: Ann 0zPzo,...0»»- |l. 


In the particular case when 4;;— 0 for i Æ k, we shall say that 
the variables E,...,E, are uncorrelated. The moment matrix A is 
then a diagonal matrix, and 4 = Aj... A»» If, in addition, all the 
o; are positive, the correlation matrix P exists and is identical with 
the unit matrix I, so that P — 1. Moreover, it is only in the uncorre- 
lated case that we have 4=A,,...4nn and P=1. 


22.4. Characteristic functions. — The c.f. of the »-dimensional 
random variable x = (5, . .., £j) is a function of the vector t = (6, . . ., tn), 
defined by the mean value (cf 10.6) 


g (t) = E(cit's) = fated P, 
R, 
where, in accordance with (11.2.1), tx = tč, +-:-+ f, i. The pro- 
perties of the c.f. of a two-dimensional variable (ef 21.3) directly 
extend themselves to the case of a general ». In particular we have 
in the neighbourhood of t — 0 a development generalizing (21.3.2) 


(22.4.1) g (t) — atm ( E Sinttr +0 (2 sj) 
2 E j 

If m — 0, this reduces to 

(22.4.9) g(t) —1—3 Dirt +o (2 $5). 
$i j 


The semzinvariants of a distribution in n dimensions are defined by 
means of the expansion of log g in the same way as in 15.10 for 
the case n= 1. 

As in 21.3, it is shown that a necessary and sufficient condition 
for the independence of the variables x and y is that their joint c. f. 
is of the form g (t, u) = p, (t) p. (u). 
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The c.f. of the marginal distribution of any group of k variables 
picked out from &,...,£, is obtained from g(t) by putting f; — 0 for 
all the » — £ remaining variables. Thus the joint c.f. of E, ..., E, is 


(22.4.3) E (d 3939) = (t,,..., bp 0,..., 0). 


22.5. Rank of a distribution. — The rank of a distribution in R, 
(Frisch, Ref. 113; cf also Lukomski, Ref. 151) will be defined as the 
common rank r of the moment matrix A and the correlation matrix 
P introduced in 22.3. The distribution will be called singular or non- 
singular, according as r « n or r — n. 

In the particular case n — 2, A is identical with the matrix M 
considered in 21.2. It was there shown that the rank of M is directly 
connected with certain linear degeneration properties of the distribu- 
tion. We shall now prove that a similar connection exists in the 
case of a general n. 

A distribution in R, is non-singular when and only when there is no 
hyperplane in Rn that contains the total mass of the distribution. 

In order that a distribution in Ry should be of rank v, where r « n, 
it ds necessary and sufficient that the total mass of the distribution 
should belong to a linear set Lr of r dimensions, but not to any linear 
set of less than r dimensions. 

Obviously it is sufficient to prove the second part of this theorem, 
since the first part then follows as a corollary. We recall that, by 
3.4, a linear set of r dimensions in R, is defined by » — r indepen- 
dent linear relations between the coordinates. 

Suppose first that we are given a distribution of rank r — ». The 
quadratie form of matrix 4 


(22.5.1) Q(t) = D turtit  E(Xt&— mj) 


Lk 


is then of rank v, and accordingly (cf 11.10) there are exactly m — r 


linearly independent vectors tp = (¢?),..., tP) such that Q(tj) — 0. For 
each vector tj, (22.5.1) shows that the relation 
(22.5.2) D> — mi) = 0 


must be satisfied with the probability 1. The » — r relations corres- 
ponding to the » — r vectors t, then determine a linear set L, con- 
taining the total mass of the distribution, and since any vector t 
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such that Q(t)— 0 must be a linear combination of the tp, there can 
be no linear set of lower dimensionality with the same property. 

Conversely, if it is known that the total mass of the distribution 
belongs to a linear set L, but not to any linear set of lower dimen- 
sionality, it is in the first place obvious that L, passes through the 
centre of gravity m, so that each of the » — r independent relations 
that define L, must be of the form (22.5.2). The corresponding set of 
coefficients !(?) then by (22.5.1) defines a vector t, such that Q (tp) = 0, 
and since there are exactly » — r independent relations of this kind, 
Q(t) is by 11.10 of rank r, and our theorem is proved. 

Thus for a distribution of rank r< n, there are exactly n — r 
independent linear relations between the variables that are satisfied 
with a probability equal to one. As an example we may consider the 
case n — 9. A singular distribution in R, is of rank 2, 1 or 0, ac- 
cording as the total mass is confined to a plane, a straight line ora 
point, and accordingly there are 1, 2 or 3 independent linear relations 
between the variables that are satisfied with a probability equal to one. 


22.6. Linear transformation of variables. — Let &,...,§ be 
random variables with a given distribution in R,, such that m — 0. 
Consider a linear transformation 


- 
(22.6.1) m= eis (691, 2,...,m), 
k=1 


with the matrix C= Cnn = [cis], where m is not necessarily equal 
to n. In matrix notation (cf 11.3), the transformation (22.6.1) is 
simply y= Cx. This transformation defines a new random variable 
y =(n,,..-, Nm) with an m-dimensional distribution uniquely defined by 
the given n-dimensional distribution of x (cf 14.5 and 22.2). 

Obviously every 7; has the mean value zero. Writing 4; = E(& £i), 
lur = E (nin), we further obtain from (22.6.1) 


n 
Bik = >) Cir dre Crs. 


r,s=1 


This holds even when m 740, and shows that the moment matrices 
A= Ann = {hir} and M= Ms, = (us) satisfy the relation 


(22.6.2) M=CAC. 
Tf, in the c. f. p(t) of the variable x, we replace ¢,,..., tn by new 
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variables w,...,uw by means of the contragredient transformation 
(ef 11.7.5) t= C'u, we have by (11.7.6) £x — u'y, and thus 


(22.6.3) p (t) = E (eit») = E (aiw y) = y (u), 


where W (u) = Y (us, ..., Um) is the c.f. of the new variable y. 

From (22.6.2) we infer, by means of the properties of the rank of 
a product matrix (cf 11.6), that the rank of the y-distribution never 
exceeds the rank of the x-distribution. 

Consider now the particular case m — », and suppose that the 
transformation matrix C — Cnn is non-singular. Then by 11.6 the 
matrices A and M have the same rank, so that in this case the 
transformation (22.6.1) does not affect the rank of the distribution. — 
Let us, in particular, choose for C an orthogonal matrix such that 
the transformed matrix M is a diagonal matrix (cf 11.9). This im- 
plies wiz — 0 for ik, so that ,...,7» are uncorrelated variables 
{cf the discussion of the case » — 2 in 21.8). In this case, the reci- 
procal matrix C-! exists (cf 11.7), and the reciprocal transformation 
x= Cy shows that the £j may be expressed as linear functions of 
the y. If the z-distribution is of rank r, the diagonal matrix M 
contains exactly r positive diagonal elements, while all other elements 
of M are zeros. If r<n, we can always suppose the 7; so arranged 
that the positive elements are u;,..., ur. Forz-r-1,...,m, we 
then have u;; — E(yi) — 0, which shows that 7; is almost always equal 
to zero. Thus we have the following generalization of 21.8: 

If the distribution of n variables E, ..., E, is of rank r, the & may 
with a probability equal to 1 be expressed as linear functions of r un- 
correlated variables 7;,..., qr. 

The concept of convergence in probability (cf 20.3) immediately ex- 
tends itself to multidimensional variables. A variable x — (E. .., Ej) 
is said to converge in probability to the constant vector a = (a,, . . ., dn) 
if Ej converges in probability to a; for i — 1,...,". We shall require 
the following analogue of the convergence theorem of 20.6, which 
may be proved by a straightforward generalization of the proof for 
the one-dimensional case: 

Suppose that we have for every » —1,2,.... 


Yr = Ax, + m, 


where xy, y, and z, are n-dimensional random variables, while A is a 
matrix of order n:n with constant elements. Suppose further that, as 
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n>, the n-dimensional distribution of x, tends to a certain limiting 
distribution, while z, converges in probability to zero. Then y, has the 
limiting distribution defined by the linear transformation y — A x, where 
x has the limiting distribution of the xy. 


22.7. The ellipsoid of concentration. — The definition of the ellipse 
of concentration given in 21.10 may be generalized to any number 
of dimensions. Let the variables E, ..., Ej have a non-singular distribu- 
tion in R, with m=O and the second order central moments Žir, 
and consider the non-negative quadratic form 


(Et, «+ +> En) = DY aan Bi Se. 
i,k 


If a mass unit is uniformly distributed (i.e. such that the fr. f. is 
constant) over the domain bounded by the n-dimensional ellipsoid 

= (?, the first order moments of this distribution will evidently be 
zero, while the second order moments are according to (11.12.4) 


ei Ai 
mt2 A 


((,4=1,2,...,). 


It is now required to determine c and the a;; such that these mo- 
ments coincide with the given moments Aix. It is readily seen that 
this is effected by choosing, in generalization of 21.10, c* =n + 2 and 


an Att = Ae, 
Ln Fk SA 
Thus the ellipsoid 
Aik 
(22.7.1) dëi Besant? 


has the required property. This will he called the ellipsoid of con- 
centration corresponding to the given distribution, and will serve as a 
geometrical illustration of the mode of concentration of the distribu- 
tion about the origin. The modification of the definition to be made 
in the case of a general m is obvious. When two distributions with 
the same centre of gravity are such that one of the concentration 
ellipsoids lies wholly within the other, the former distribution will be 
said to have a greater concentration than the latter. 

The quadratic form g appearing in (22.7.1) is the reciprocal of 
the form 
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(ën +.) Sn) = Dol 


(Since A is a symmetric matrix, we may replace Ari by Air in the 
elements of the reciprocal matrix as defined in 11.7.) 

The n-dimensional volume of the ellipsoid (22.7.1) has by (11.12.3) 
the expression 


a nL eM UE = ,...0 P, 


where the determinants 4 = |:| and P=|ox| are both positive, 
since the distribution is non-singular. When 6,,...,0, are given, it 
follows from (22.3.4) that the volume reaches its maximum when the 
variables are uncorrelated (P — 1), while on the other hand the volume 
tends to zero when the o;; tend to the correlation coefficients of a 
singular distribution. The ratio between the volume and its maximum 
value is equal to V P; this quantity has been called the scatter 
coefficient of the distribution (Frisch, Ref. 113). It may be regarded 
as a measure of the degree of »non-singularity» of the distribution. 
— For n —2, we have VP=V1 zb 

On the other hand, the square of the volume of the ellipsoid is 
proportional to the determinant 4 = o, ...0; P, and this expression 
has been called the generalized variance of the distribution (Wilks, 
Ref. 282). For n — 1, 4 reduces to the ordinary variance o°, and for 
n-—2 we have 4 = 0; o; (1 — 0°). 

We finally remark that the identity between the homothetic families 
generated by the ellipses of concentration and of inertia, which has 
been pointed out in 21.10 for the two-dimensional case, breaks down 
for n> 2. 

t 


CHAPTER 23. 
REGRESSION AND CORRELATION IN n VARIABLES. 


23.1. Regression surfaces. — The regression curves introduced in 
21.5 may be generalized to any number of variables, when the distri- 
bution belongs to one of the two simple types. Consider e.g. n vari- 
ables 5, ...,& with a distribution of the continuous type. The con- 
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ditional mean value of E, relative to the hypothesis 5;— x; for 
39 eck et 


ffl ++ +) Un) dX, 
E(&|E = 25... 5 = an) = my (ay, - - a, Ln) = E 


fre. 1505 du) dd - 


The locus of the point (m,, £s, . . ., Ln) for all possible values of zy, . . ., Xn 
is the regression surface for the mean of &,, and has the equation 


L, = my (xs... Ln); 


which is a straightforward generalization of (21.5.2). 


23.2. Linear mean square regression. — We now consider » vari- 
ables &,...,& with a perfectly general distribution, such that the 
second order moments are finite. In order to simplify the writing, we 
shall further in this chapter always suppose m — 0. The formulae 
corresponding to an arbitrary centre of gravity will then be obtained 
simply by substituting 5; — m; for & in the relations given below. 

The mean square regression plane for E, with respect to E... 5n 
will be defined as that hyperplane 


(23.9.1) — & — Bia-se...nba + bis-aa... nës +- + bin-a8...n-1 En. 


which gives the closest fit to the mass in the n-dimensional distribution 
in the sense that the mean value 


(23.2.2) E(E, — £5.3...55 — 7 — Bin-29...n—18n)® 


is as small as possible. Thus the expression on the right hand side 
of (23.2.1) is the best linear estimate of E, in terms of E, . . ., & in the 
sense of minimizing (23.2.2). We may here regard £,...,E, as in- 

: dependent variables, and 5, as a dependent variable which is approxi- 
mately represented, or estimated, by a linear combination of the in- 
dependent variables. 

In a similar way we define the m.sq. regression plane for any 
other variable 5; in which case of course č; takes the place of the 
dependent variable, while all the remaining variables E, ..., -v 
Ern ..., n are regarded as independent. 

For the regression coefficients" 8, we have here used a notation 


1) Often also called partial regression coefficients. 
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introduced by Yule (Ref. 251) Each 8 has two primary subscripts 
followed by a point, and then » — 2 secondary subscripts. The first 
of the primary subscripts refers to the dependent variable, and the 
second to that independent variable to which the coefficient is at- 
tached. Thus the order of the two primary subscripts is essential. 
The secondary subscripts indicate, in an arbitrary order, the remaining 
independent variables. — Sometimes, when no misunderstanding seems 
possible, we may omit the secondary subscripts. 

In order to determine the regression coefficients, we differentiate 
the expression (23.2.2) with respect to each of the » — 1 unknown 
coefficients 8, and then obtain the » —1 equations 


Asp Bia + Aog Big o + dan Bin = dn, 
Age Big + Ags Big + +++ + Asn Bin = dg, 


Ana Big + Ans Big o Ann Bin = dni, 


where we have omitted the secondary subscripts, thus writing fir 
instead of the complete expression #ix-2s...%-1,k+1...n. The deter- 
minant of this system of equations is 4,,, the cofactor of 4, in the 
determinant 4 = |år]. 

Let us first suppose that the x-distribution is non-singular (cf 22.5). 
The moment matrix 4 and the correlation matrix P are then definite 
positive, so that 4,, > 0, and by (11.8.2) our equations have a unique 
solution 


(23.2.3) Pase DB A Ug 


By simple permutation of indices we obtain the corresponding ex- 
pression 


(23.2.4) fa LI 


for the coefficient ix in the regression plane for ë; The omitted 
secondary subscripts are here, of course, all the numbers 1,2,...,» 
with the exception of 7 and k, while the 4; and Pir are cofactors 
in 4 and P. T 

In a mon-singular distribution, the regression plane for each variable 
with respect to all the others is thus umiquely determined, and the re- 
gression coefficients are given by (23.2.4). — In the particular case of n 
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uncorrelated variables, it follows that all regression coefficients are zero, 
since we have Air =0 for iA k. 

Suppose now that the x-distribution is singular, with a rank r — n. 
We then may have 4;;—0, and accordingly some regression coef- 
ficients may be infinite or undetermined. As an example, we may con- 
sider the case » — 3. For a distribution of rank 2, the total mass is 
situated in a certain plane. As long as this plane is not parallel to 
one of the axes, it is then obvious that all three regression planes 
will coincide with this plane, so that all regression coefficients are 
finite and uniquely determined. If, on the other hand, the plane is 
parallel to one of the axes, e.g. the axis of Ej, the two-dimensional 
marginal distribution of E, and E, will have its total mass confined 
to a straight line. Now the moment matrix of this marginal distribu- 
tion has the determinant .4,,, and thus we have 44, — O0. In this 
case, we may say that the regression plane for 5, is parallel to the 
axis of E, so that at least one of the regression coefficients 815.5 and 
Bi.» is infinite. — For a distribution of rank 1 or 0, on the other 
hand, the total mass belongs to a certain straight line or to a certain 
point. Each regression plane must then contain this line or point, 
but is otherwise undetermined. 

As in 21.6, we can show that the m.sq. regression plane (23.2.1) is 
also the plane of closest fit to the regression surface x, = m; (vs, . . ., 2»), 
for all distributions such that the latter exists. If it is known that 
the regression surface is a plane, this plane must thus be identical 
with the m.sq. regression plane. 

Consider next a group of any number h < n of the variables ë, say 
Ep ES... E. The dimensional marginal distribution of these vari- 
ables has a moment matrix which is a certain submatrix A* of A. 
We can then form the regression plane of Ej with respect to Ej, . . ., 50, 
and the regression coefficients will be given by expressions analogous 
to (23.2.4), where 4;; and Air are replaced by the corresponding co- 
factors from the determinant 4*=|A*|. — If, in particular, we 
consider the group of the n— 1 variables Ej, .. ., Eji, Ẹj+1 -< o Ens 
we obtain 


(23.2.5 yea 
M ) Bix LL 
where the omitted secondary subscripts are the numbers 1,2,...,7, 


with the exception of 7, j and k, while 4;;.;, is the cofactor of Aik 
in E (cf 11.5.3). 
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23.3. Residuals. — Suppose 24, 740. The difference 
(23.3.1) 71:25... n = Ei — Big Ej — 7 — Bin En, 


where the regression coefficients 8i; are given by (23.2.3) may be 
considered as that part of the variable &,, which remains after sub- 
traction of the best linear estimate of E, in terms of &,..., E. 
This is known as the residual of 5, with respect to &,..., E. 

The residual is uncorrelated with any of the »subtracted» variables 
We have, in fact, introducing the expressions of the fs, 


02 
(23.3.2) SE ee 


Hence E (m.23...n)=0, and 

"ues a for i=1 
(23.3.3) E(&imi.23....n) = PR Duau- d i 

Meet 0 for i=2,3,...,m. 
It follows that the residual variance oj.23.,.n = E (ni. a...n) is given by 
A Fir 


=— =0 5 
Ay 


(23.3.4) i.a... n= E(E mm...) P. 
11 


and further that the two residuals 71.25...» and m.jx,..q are uncor- 
related, provided that all subscripts 2,j,...,q of the latter occur 
among the secondary subscripts of the former. 

The residual variance oj.o5..., may, of course, be regarded as a 
measure of the greatest closeness of fit that may be obtained when 
we try to represent ë, by a linear combination of &,..., 5. — In 
the case n = 2, the expression (23.3.4) reduces to oi.» = oi (1 — ọ°), in 
accordance with (21.7.2). 


23.4. Partial correlation. — The correlation between the variables 
E, and E, is measured by the correlation coefficient 9,,, which is some- 
times also called the total correlation coefficient of 5, and E, If E, and 
E, are considered in conjunction with n — 2 further variables 5, . . n 
we may, however, regard the variation of 5, and & as to a certain 
extent due to the variation of these other variables. Now the residuals 
Ti-3...» and na-ss...n represent, according to the preceding paragraph, 
those parts of the variables 5, and E, respectively, which remain after 
subtraction of the best linear estimates in terms of E, ..., 5. Thus 
we may regard the correlation coefficient between these two resi- 
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duals as a measure of the correlation between § and &, after re- 
moval of any part of the variation due to the influence of £y .. ., E. 
This will be called the partial correlation coefficient of §, and E, with 
respect to &,..., n and will be denoted by ọ12.s4...n. Here the order 
of the subscripts is, of course, immaterial for primary as well as for 
secondary subscripts. — We thus have 


E (m 34... 2-94...) 7 
VE (ri.u...5) Ea... n) 


This expression being an ordinary correlation coefficient between two 
random variables, we must have — 1 X ọ12-34...n € 1. 

The residuals m.s4...n and 7».34...» may be expressed in a form 
analogous to (23.3.2), if we make use of the expression (23.2.5) for the 
regression coefficients in a group of » — 1 variables. We then obtain 
the two following relations analogous to (23.3.4) 


(23.4.1) Q12-34...n 


A, A 
Eiu. = E m-u...) 7, 0-7 


A 
E(ni.s4...n) = E (E, m. 34. n= TEA, 
and further 
ie A 
E i.n. nsi) = Elas.) 10 DaMan — 
E å 


Inserting these expressions in (23.4.1) we obtain the simple formula 


(23.4.2) 11-31... 8 —— Mac ous Pa 


} Ay EC Pa Pa 


By index permutation we obtain an analogous expression for the partial 
correlation coefficient of any two variables Ej and &, with respect to 
the » — 2 remaining variables. 

It is thus seen that any partial correlation coefficient may be ex- 
pressed in terms of the central moments Aiz, or the total correlation 
coefficients @;, of the variables concerned. Thus we obtain, e.g., in 
the case n = 3 


(23.4.3) eas =e o On m, 
Y — ei) (1 — ex) 
In the particular case of » uncorrelated variables, it follows from 
(23.4.2) that all partial correlation coefficients are, like the corresponding 
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total correlation coefficients, equal to zero. We thus have, e.g., 
012.341... n = jg — 0. As soon as there is correlation between the vari- 
ables, however, 0:12.34...» is in general different from o;, It is, e.g., 
easily seen from (23.4.3) that o,, and 91.5 may have different signs, 
and that either of these coefficients may be equal to zero, while the 
other is different from zero. 

When all total correlation coefficients o;; are known, the partial 
correlation coefficients may be directly calculated from (23.4.2) and 
the analogous explicit expressions obtained by index permutation. 
The numerical calculations may be simplified by the use of certain 
recurrence relations, such as 


Q12 34... n-1 — Q1 n- 34... n—102n-84. .. n—1 
(23.4.4) 012.34... n = , 
j V(1— anu... na) (l n-a. nai) 


(cf Ex. 11, p. 319), which shows an obvious analogy to (23.4.3). By 
this relation, any partial correlation coefficient may be expressed in 
terms of similar coefficients, where the number of secondary subscripts 
is reduced by one. Starting from the total coefficients Qj, we may 
thus first calculate all partial coefficients ọ:j.x with one secondary 
subscript, then the coefficients ọ:j.xı with two secondary subscripts, etc. 

Further, when the total and partial correlation coefficients are 
known, any desired residual variances and partial regression coefficients 
may be calculated by means of the relations (cf Ex. 12—13, p. 319) 


01.25...» = o1 (1 — ois) (1 — eis.s) (1 — 04-25) . . - (1 — @in-a3...n—1), 
(23.4.5) 


01.94... n 
S 


Bia 34... 8 = Q12- 30... 
02.84... n 


and the analogous relations obtained by index permutation. It will 
be seen that these relations are direct generalizations of (21.6.9) and 
(21.6.10). — From the last relation we obtain 


(23.4.6) Ql2.34...n = Bias. n Br i ome 


23.5. The multiple correlation coefficient. — Consider the residual 
defined by (23.3.1) 


71-28... 5 = E1 — Bib — 5 — bin En = 5, — Gi, 
where Ei = f, E +--+ Bis E is the best linear estimate of 5, in terms 
of E, ...,&. It is easily shown that, among all linear combinations 
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of Ën... ëm it is Ef that has the maximum correlation with §,, as 
measured by the ordinary correlation coefficient. The correlation coef- 
ficient of the variables E, and 5t may thus be regarded as a measure 
of the correlation between ë, on the one side, and the folality of all 


variables E, ..., E, on the other. We shall call this the multiple cor- 
relation coefficient between £, and (E, ..., 5j), and write 
(23.5.1) Q1(3...n Mmm E(5 81) 


VE() EG) 
y (23.3.3) and (23.3.4) we have, however, writing for simplicity 7, 
instead of m.23...n 


E(5, 8) = E( 6, — n) = ha — a 


2 ; A 
E(&*) = E(& —25 m + mi) 34s i 
Tm 
and thus 


(23.5.2) 01 (23...) = V I EIE 1—- * 


ha 
By (11.10.2) we have 4 S å 4n so that E (E, ëf) = 0, and 
05S0:10m...5 € l. 


When 9:05... — l, the variable i, is »almost certainly» equal to a 
linear combination of E,...,£, This means that the total mass of 
the joint distribution of all » variables is confined to a certain hyper- 
plane in R,, so that the distribution is singular, and we have 4 = P= 
in accordance with (23.5.2. On the other hand, for a non-singular 
distribution it follows from the development (11.5.3) that we have 


1 n 
Qin. DENT Ds E Prk 01: O12, 


I jaa 


where the sum in the second member is, by 11.10, a definite positive 


quadratic form in the variables Q,,,..., Qin. Thus 0103... n) — 0 when 
and only when g,,—--— 91, — 0. i.e. when & is uncorrelated with 
every Š; for 2 —92,3,.. m 


For the numerical caleulation, it is convenient to use the relation 
(cf Ex. 13, p. 319) 


(23.5.3) Qi...) = 1— 


0-93 2.» 
oi 
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23.6. Orthogonal mean square regression. — The orthogonal m. sq. regression 
line introduced in 21.6 may be generalized to any number of variables. A hyper- 
plane H passing through the centre of gravity m = 0 of our n-dimensional distribu- 


tion has tlle equation 
Bı Er + fati Hirot Bn 8 = O, 


where £y, » - +; Ên denote the generalized direction cosines of the normal to the plane, 
so that X Bi — 1. The square of the distance between H and the point x = (&,...,§,) 


is d* — (X biS). Let us try to find H such that the mean value E(d*) becomes as 
small as possible. If such a hyperplane H exists, it will be called an orthogonal 
m.8g. regression plane of the distribution (cf K. Pearson, Ref. 183 a). 

For a distribution of rank less than n, the problem is trivial, since the whole 
mass belongs to a certain hyperplane H, which must then yield the value Ed’) — 0. 
We may thus suppose that the x distribution is non-singular, which by 11.9 implies 
that the characteristic numbers x; of the moment matrix A are all positive. Let xo 
denote the smallest of the characteristic numbers, and let @,..-, €, be a solution of 
the homogeneous system 


(Aya — Ho) € + Aia e b Ayn ey 0, 
Jey Oy + (Aag — %o) a +o + Aon En = 0, 


An + Ag C2 +5 °° + Ann — xo) €n = 0, 


where the a; are not all equal to zero. By 11.8, such a solution certainly exists, 
since |A — xoI|-— 0. Further, we may obviously suppose Yaj=1. Then the 


hyperplane Ho with the equation b «; &j = 0 has the required properties. Let, in fact, 
dy denote the distance from the point x to Ho, while d is the distance to any other 
hyperplane D 6; § = 0. We then have, writing 2; = f; — «t; and bearing in mind 


that Xe = X8j—1, 
E(@)= Y A4 (a; + 2p) (e + zy) 
ik 


= Daya, T 2D z D higar + atte 
Bob fi k 


i,k LA 
= E (d?) + 2% X ajz; + XXn 
i ik 
= E(di) + X — xo 8) Zio 
i,k 


where the &;; are the elements of the unit matrix I. Since xo is the smallest char- 
acteristic number of A, the matrix A — xo I is by 11.10 non-negative, and thus we 
have E(d*) = E (dj). 
It can further be shown that, if xo is a simple root of the secular equation of 
A, the orthogonal regression plane Hy found in this way is unique, whereas if 4, 
is a multiple root, there are an infinity of planes with the required properties. 
These results become intuitive, if we remember that, by (11.9.6), the reciprocal 
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1 hs 
matrix A-1! has the characteristic numbers z that the squares of the principal 
i 


axes of the concentration ellipsoid (22.7.1) are proportional to the numbers x; This 
‘shows that the orthogonal m.sq. regression plane is orthogonal to the smallest axis 
of the concentration ellipsoid, and is thus determinate or indeterminate, according as 
this smallest axis is unique or not. 

We can also define a straight line L of closest fit to the distribution, by the 
condition that E(ó* should be a minimum, where ð denotes the shortest distance 
between L and a point x. It can be shown that this line coincides with the greatest 
axis of the concentration ellipsoid. 


CHAPTER 24. 


Tur NORMAL DISTRIBUTION. 


24.1. The characteristic function. — As in the two-variable case 
(21.11 and 21.12), we introduce first the c.f. of the normal distribu- 
tion. Let 


Q(t) = li. t) = Stt 
jk 


denote a non-negative quadratic form in t=(t,,..., fn), while 
m =(m,,..., mn) is a real vector. We shall then show that the function 


iX m; t-i Qt... ty) 


(24.1.1) g(t) =g l(t,- t). 


ds the c.f. of a certain distribution in Ry. This distribution will be 
called a normal distribution. 

Before proceeding to the proof of this statement, which will be given 
in the two following paragraphs, we shall make some introductory 
remarks. — In matrix notation (cf 11.2 and 11.4), the expression 
(24.1.1) of the c. f. may be written 


(24.1.9) g (t) = émt-irAt 


The development (22.4.1) shows that the quantities mj and Aj; have 
here their usual signification as mean values and second order central 
moments. By (22.4.3), it further follows that any marginal distribution 
of a normal distribution is itself normal. 

If the moment matrix A= [Aj] is a diagonal matrix, the c.f. 
(24.1.1) breaks up into a product g; (t)... @n(tn), where each factor 
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is the c.f. of a one-dimensional normal distribution. Thus n wncor- 
related and normally distributed variables are always independent. 

As in the two-variable case, we shall have to distinguish two cases, 
according as the non-negative form ( is definite or semi-definite. 
Obviously we may suppose throughout that m = 0, since this only 
involves the addition of a constant vector to the variable x = (E, . . ., &). 
We use the same notations for moments, correlation coefficients etc. 
as in the preceding chapters. 


24.2. The non-singular normal distribution. — If the quadratic 
form Q is definite positive, the reciprocal form Q! exists, and we 
have (ef. 11.7) 


Q(t) = Q(&, -n tn) — D irti ts 
jk 


Q (a) = Q7 (n... 2) 23 aya 


Ak 


(Since the moment matrix 4 is symmetrie, we are entitled to write 
Aj, instead of Arj.) By (11.12.1 b) we then have 


1 iXtz-lo7! Up EA 
e da, ... da, = e OU otn), 


n 


(2 x)? VAR, 


This shows that the function 


(24.2.1) 


n 
(22)20,...0nVP 
is a probability density in Rn, with the c.f. 


EE SENTAN 
(24.2.2) pO e 427 1^. 


Substituting in (24.2.1) æ; — my for zj, we obtain the fr. f. of the 
general non-singular normal distribution in Ry, the c.f. of which is 
given by (24.1.1). For this distribution, the family of homothetic 
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ellipsoids ia p jk (xj — mj) (x, — mi) = c® generated by the concentra- 
Lk 


tion ellipsoid (22.7.1) are equiprobability surfaces, the fr. f. being on one 
of these surfaces proportional to e-^ (ef Ex. 15, p. 319). 


24.3. The singular normal distribution. — When the non-negative 
form Q is semi-definite, no reciprocal form exists, and the expression 
(24.2.1) for the fr. f. becomes indeterminate. As in the two-dimensional 
ease (cf 21.12) we find, however, that the function ø (t) = e-39^ 
may be represented as the limit of a sequence of functions of the 
same type, but with definite forms Q, (We may, e.g. take 
Q,— Q6 96, where s,— 0.) By the continuity theorem of 10.7, 


it then follows that the corresponding non-singular normal distribu- 
tions tend to a limiting distribution, and that g(t) is the c.f. of 
this limiting distribution, which will be called a singular normal 
distribution. 

If the rank of the semi-definite form Q is denoted by r, we have 
r<n, and the moment matrix A of the variables &,..., E, has the 
same rank r. It then follows from 22.5 that the total mass of the 
distribution is confined to a certain linear set L, of r dimensions. 
Further by 22.6 the variables ë... ., E, may with a probability equal 
to 1 be expressed as linear functions of r uncorrelated variables 
Tis Nr, Which are themselves linear functions of the E. Now it 
will be shown in the following paragraph that any linear functions 
of normally distributed variables are themselves normally distributed, 
and by 24.1 we know that uncorrelated normally distributed variables 
are always independent. Hence we deduce the following theorem: 

If the n variables E, ..., E, are distributed in a normal distribution 
of rank r, they can with a probability equal to 1 be expressed as linear 
functions of v independent and normally distributed variables. — Ob- 
viously this theorem holds true also for r= n. 


24.4. Linear transformation of normally distributed variables. — 
The expressions normal distribution and normally distributed variables 
will in the sequel always be understood so as to include singular as 
well as non-singular distributions. 


Let the variable x = (E, ..., £) have a normal distribution in Ry, 
such that m — 0. By the linear transformation (22.6.1), we introduce 
a new variable y — (n, ..., 7m), where m is not necessarily equal to 7. 
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In matrix notation we then have y= Cx, where C= Cmn. Between 
the moment matrices 4 and M of x and y, we have by (22.6.2) the 
relation M = CAC’, which holds even when m # 0. 

We shall now try to find the c.f. of y. By (24.1.2), the c.f. of 
x is in matrix notation 


p(t) =E (at x) —e3tAt. 


If we replace here t by a new variable u by means of the contra- 
gredient substitution t= C'u, we obtain according to (22.6.3) the 
e. f. y(u) of y. We thus have 


V (u) = E (i w' y) — ew CA C'u —e-ju Mu, 


The last expression is, however, the c.f. of a normal distribution in 
Rm, with the moment matrix M. Thus any number of linear functions 
of normally distributed variables are themselves normally distributed. — 
The remark of 24.1 that any marginal distribution of a normal distri- 
bution is itself normal, is included as a particular case in this pro- 
position. 


24.5. Distribution of a sum of squares. — In 18.1, we have stu- 


n 


died the distribution of the sum ER where the E, are independent 


1 
and normal (0, 1) This is the 7? distribution with n degrees of free- 
dom, and the fr.f. of Dë is the function n(x) defined by (18.1.3). 
On a later occasion (cf 30.1— 30.3), we shall require the distribu- 
tion of De in the more general case when &,..., & are normally 


distributed with zero means and a moment matrix A, the characteristic 
numbers (cf 11.9) of which are all equal to 0 or 1. Suppose that p 
of the characteristic numbers are 0, while the »—p others are 1. 
Then we may find an orthogonal transformation y = C x replacing 
the old variables «=(E,,..., E) by new variables y — (y, -+ Na) 
such that the transformed moment matrix M — CAC’ is a diagonal 
matrix with its » — p first diagonal elements equal to 1, while the p 
others are 0. This implies, however, that the new variables 7, . . ., Yn-p 
are independent and normal (0,1) while m-—p41,...,n have zero 
means and zero variances, and are thus with the probability 1 equal 
to zero. Hence we have with the probability 1 
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n—p 


DEHLI Be 


n 
Thus Dë is distributed as the sum of the squares of n— p inde- 
1 


n 
pendent variables that are normal (0, 1), i.e. DE has the y? distribution 


1 
with n — p degrees of freedom, and the fr. f. kn-p(x). 

We finally consider the still more general case of a sequence of 
variables x',x",..., such that the distribution of the general term 
x — (E. .., Ej) tends to a normal distribution of the type considered above. 
Applying 10.7 and the multi-dimensional form of (7.5.9) to ad c. f. of 


E it then follows that, im the limit, the sum of squares s has a 


£ distribution with n — p degrees of freedom. 


24.6. Conditional distributions. — Let §,...,§ be n variables 
having a non-singular normal distribution with m = 0, the fr.f. of 
which is given by (24.2.1) The conditional fr.f. of a certain number 
of the variables, when the remaining variables assume prescribed 
values, is given by an expression of the form (22.1.1), and it is easily 
seen that in the present case this is always a non-singular normal fr. f. 
We shall treat as examples the conditional distributions for one and 
two variables. 

One variable. — The conditional fr.f. of £, relative to the hypo- 
thesis 5j; =a; for i = 2, . .. n, is by (22.1.1) 


1 
moe Ajktjy 


f | as tn) m — —— 
1 
E SE 
f: De JEY E TS 
E 
E (s. apa Aie) 
=Ae 
^A; 2 
ey nt Btn) 
= , 
where A and B are independent of x, but may depend on £s, . . ., d». 


Now we know that the last expression is a fr.f. in z,, and it follows 
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that we must have B= Vs so that the conditional distribution 
47t 


of E, is a normal distribution with the variance EA and the mean 


Em 
m; (x Xn) A eens 
1 Mg +++) Ln, VIS 2 vm n 


= fela ooa 


where the £s are the regression coefficients given by (23.2.3). Thus 
the regression is linear, and accordingly (cf 23.2) we find that the 
regression surface for the mean of &, coincides with the m. sq. regres- 


sion plane. We further observe that the conditional variance £ is 
AL 
independent of 2,...,2,, and is equal to the residual variance 
E(ni.os...n) as given by (23.3.4). 
Two variables. — The conditional fr. f. of § and & is 


1 
734 E Ait jk 
e ?4 


S iso |g). 8) 22) = C T 
= DAR ye 
y IE ES dz, d dg 
Bep. 
PaL: (4n 21-245 2 y+ gy 22) + Diy Eta 


where C, D and E are independent of x, and x,. We now introduce 
three quantities s,, s, and r defined by the expressions 


gigs ie suas da do Pili mt 
uem C0 uem Y Ay, 4s 


We then obtain by (11.7.3) 


1 E An Ar. s Ay 
(=r) ua A: A 


and in a similar way 


i dis Ass, Y Eq ; 
(L—7*) 8} A (l—7*)s;8 A 


so that 
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1 r ) so Ecce areas B). 
gun” zh 2452: * An) p a 8,5 tg 

Comparing this with the expression of the two-dimensional normal 
fr. f. given in 21.12, we find that the conditional distribution of E, 
and E, is a non-singular normal distribution with the conditional 


A A 
3nd "o 
4* 11:22 4411-23 


variances , and the conditional correlation coefficient 


m8 


V Au Ass 
dent of z,,...,c,. The variances are identical with the variances of 
the residuals 71.34...» and m2.34...n studied in 23.4, while the condi- 
tional correlation coefficient is identical with the correlation coefficient 
of these two residuals, or the partial correlation coefficient 9:5.34...» 
as given by (23.4.2). For the normal distribution, the latter coefficient 
has thus the important property of showing not only the correlation 
between the residuals but, moreover, the correlation between ë, and 
E for any fixed values of &,..., Ey. 


- We observe that all these three quantities are indepen- 


24.7. Addition of independent variables. The central limit theorem. 
— The sum of two n-dimensional random variables x = (E, ..., Ën) 
and y = (m, .. -, Mn) is defined as in the two-dimensional case (cf 21.11), 
by writing x + y= (5, + n, ... 5+). As in 21.11, it is proved 
that the c.f. of a sum of independent variables is the product of the 
c. fis of the terms. 

The expression (24.1.1) for the c.f. of the normal distribution 
further immediately shows that the sum of any number of normally 
distributed and independent variables is itself normally distributed, as 
proved for the one-dimensional case in 17.3. 

In 21.11, we have considered a sum of a large number of indepen- 
dent two-dimensional variables, all having the same distribution. We 
have proved that, if the sum is divided by the square root of the 
number of terms, the distribution of this standardized sum tends to 
a certain normal distribution, as the number of terms tends to in- 
finity. A straightforward generalization of the proof of this theorem 
shows that the theorem holds for variables in any number of dimen- 
sions. — This is the generalization to » dimensions of the Lindeberg- 
Lévy theorem of 17.4, and thus forms the simplest case of the 
Central Limit Theorem for variables in Ry. The general form of this 
theorem asserts that, subject to certain conditions, the sum of a large 
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number of independent n-dimensional random variables is asymptotically 
normally distributed. — The exact conditions for the validity of the 
theorem, in the general case when the terms may have unequal dis- 
tributions, are rather complicated, and we shall not go further into 
ihe matter here. A fairly general statement will be found in Cramér, 
Ref. 11, p. 113. 


Exercises TO CHAPTERS 21—24. 


1. E and ; are two variables with finite second order moments. Show that 
D? (g +) = D'(5)-- D*(y) when and only when the variables are uncorrelated. 


2. Let q4(D, 2(t) and q(t) denote the c. fis of & 7, and &+ y respectively. It 
has been shown in 15.12 that q (t) — pı (Ê ga(t) when § and 7 are independent. Con- 
versely, if we know that ọ (t) = 91 (D qa (t) for all f, does it follow that € and 7 are 
independent? — Consider the fr. f. f(x, y) = t+ azyle — y’), Oz] 1 |y] D, and 
show by means of this example that the answer is negative. 

3. Consider the expansion (21.8.2) for the c.f. of a two-dimensional distribution. 
Show that, if the distribution has finite moments of all orders, this expansion may 
be extended to terms of any degree in f and w. Use this expansion to show that, 
for the normal distribution, any central moment gj, of even order i+ k — 2n is 

ilk! 
equal to the coefficient of t uk in the polynomial 2" al (Uzo t+ 243 tu + Mos un, 
n! 

4. The joint distribution of ë and 7 is normal, with zero mean values and the 

correlation coefficient g. Show that the correlation coefficient of £* and 7° is o. 


5. Consider two variables § and 7 with a joint distribution of the continuous 
type, and let q (f, u) denote the joint c. f. Using the notations of 21.4, we then have 


o% 


o E 

On p r A A ; TH 

EA =in | eiteda | yr fæ, y dy — i" eit « E (m | £ =a) f(x) d x. 
t f uco u 
—% — =% 


Conversely, there is a reciprocal formula analogous to (10.3.2): 


z 
= 1 "o, [0n 9 
i -it 
E(gj|5—2) arzal e (e) iat, 
E 


if the last integral is absolutely convergent. Use this result tó deduce the properties 
given in 21.12 of the conditional mean and the conditional variance of the normal 
distribution. 

6. We use the same notations as in the preceding exercise, and suppose that 7 
is never negative. If the integral 


E 
LAGS 22) 
guy (52 eae: 


—* 
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is uniformly convergent with respect to w, it represents the fr. f. g(a) of the variable 


i (Generalization of Cramér, Ref. 11, p. 46, who gives the proof for the particular i 
case when and n are independent.) Use this result to deduce the distributions of 
18.2 and 18.3, and generalize Student's distribution to the case when the variable È 


in (18.2.1) is normal (m, 6), where m # 0 (the »non-central» t-distribution). 


7. Find the necessary and sufficient conditions that three given numbers ọ;s, 
013 and @g3 may be the correlation coefficients of some three-dimensional distribution, 
Find the possible values of c in the particular case when 91s = 013 = 023 = C. 


8. Each of the variables z, y and z has the mean 0 and the s.d. 1. The vari- 
ables satisfy the relation az + by cz — 0. Find the moment matrix A, and show 
that we must have a* + Lt + c* < 2 (a? b? + a? c? + b’ c”). 


9. A certain random experiment may produce any of n mutually exclusive events 
n 

FQ. En, the probability of E, being 2; > 0, where X»y- 1. In a series of .V 
1 


n 
| 
repetitions, E; occurs. y; times, where Y y= N. Show that the probability of this 


1 


y N! doe 
result is Rea eae -..pp". The joint distribution of »;,..., vn defined by these { 
lis 


probabilities is a generalization of the binomial distribution, known as the multinomial 

distribution. Show that for this distribution m,—-E (v) = Np; Ay; = E(v, — Np; = 

Np; (1 — pj; 3, = E((vj — Np) (v; — Npp) = — NpjPy For the moment matrix A, we 

have A= 0 and Ay= AN" -1pi pz... pn # 0, so that the rank of the distribution is n — 1, 
n 


in accordance with the relation D c N between the variables. | 
Show that 9; = — a Di pa and 
(1 — pi) (1 — pe) 


0157847. JAT ————————Bàh 
: | ü—m-p-...—p)jü-m-m-..-»j 


for j—3,...,n 


Show further that the joint c.f. of the variables x= WENN 9(t... t= 
V Nj Pj 


it 


Vaan Nn 
pe p. As N— ©, q tends to the limit 
no. n * 
AG Gua) 


This is the c.f. of a normal distribution in Rn. Show that this distribution is of 


e 


WYN LGV 0 (š 


1 


n 

rank » — 1, and that the variables satisfy the relation Xa p — 0. Find ọ, and 
1 

012.34... j. 
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A; 
10. Take in the multinomial distribution Pj x for j—1,..., n — 1, and p, 


ay bes b, : "d AERE A d 
a aan F Investigate the limiting distribution as N— © (multidimensional 


Poisson distribution). 


11. Show that the residual 7.55, . 4 defined by (23.3.1) may also be interpreted 
as the residual of the variable %;.23,..n—ı With respect to the single variable 
7n-93,,.n—1: Show that, by means of this result, the formula (23.4.4) for the partial 
correlation coefficient may be deduced from (23.4.3). 


12. Use the result of the preceding exercise to prove the relation 
E (nj .ss 2) = E (0128... 21) (1 — 010-3... nui 
This shows that the representation of 5, by'means of a linear combination of 
Eases 5, 4 will be improved by including also the further variable 5, when and 


only when 015.33, .. a—1 * 0- 


13. Prove the relations (23.4.5) and (23.5.3). 


14. Use the continuity theorem 10.7 to prove the following proposition: If a 
sequence of normal distributions in R, converges to a distribution, the limiting 
distribution is normal. (Note that, in accordance with 24.4, the expression »normal 
distribution» includes singular as well as non-singular distributions.) 


15. The variables 5,,...,$, have a non-singular normal distribution, with the 
mean values m,,...,m, and the moment matrix A. Use (11.12.83) and the final 
remark of 24.2 to show that the variable 

n 
pm 
n= y 4 E m6 mp 


j,k=1 
has a 4*distribution with n degrees of freedom, the fr. f. being given by (18.1.8). 
16. &,,...,§, are independent and normally distributed yariables, all having the 
same s.d. €, while the mean values may be different. New variables 7,,..., 7 re 


introduced by an orthogonal transformation. Show by means of 24.4 that the 7; are 
independent and normally distributed, all having the same s. d, € as the £j. 


319 


THIRD PART 


STATISTICAL INFERENCE 


21—454 


CHAPTERS 25-26. GENERALITIES. 


CHAPTER 25. 
PRELIMINARY NOTIONS ON SAMPLING. 


25.1. Introductory remarks. — In accordance with our general 
discussion of principles in Chs 13—14, the whole theory of random 
variables and probability distributions developed in Part II should be 
considered as a system of mathematical propositions designed to form 
a model of the statistical regularities observed in connection with 
sequences of random experiments. 

As already pointed out in 14.6, it will now be our task to work 
out methods for testing the mathematical theory by experience, and 
to show how the theory may be applied to problems of statistical in- 
ference. — These questions will form the subject-matter of Part III. 

Among the sets of statistical data occurring in practical applica- 
tions, we may distinguish certain general classes which, in some ways, 
require different types of theoretical treatment. In the present chap- 
ter, we shall give a few brief indications concerning some of the most 
important of these classes. — The following chapter will be devoted 
to a preliminary survey of questions of principle connected with the 
testing and applications of the theory. 


25.2. Simple random sampling. — Consider a random experiment 
Œ, connected with a one-dimensional random variable è. If we make 
n independent repetitions of ©, we shall obtain a sequence of n ob- 
served values of the variable, say c, Zy, . . ., Ln. 

A sequence of this type, forming the result of » independent re- 
petitions of a certain random experiment, is representative of a simple 
but fundamentally important class of statistical data. With respect 
to data belonging to this class, we shall often use a current termino- 
logy derived from certain particular fields of application, as we are 
now going to explain. 

Consider a random experiment © of the following type: A certain 
set containing a finite number of elements is given, and our experi- 
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ment consists in choosing at random an element from the set, observing 
the value of some characteristic E of the element, and then replacing 
the element in the set. It is assumed that the experiment is so ar- 
ranged that the probability of being chosen is the same for all ele- 
ments. — Using expressions borrowed from the statistical study of 
human and other biological populations, we shall talk of the given 
set as the parent population, and of its elements as members or indivi- 
duals (cf 13.3). The group of individuals observed in the course of n» 
repetitions of the experiment € will be called a random sample from 
the population, and the sampling process thus described will be denoted 
as simple random. sampling. 

Often we are not interested in the individuals as such, but only 
in the values of the variable characteristic § and their distribution 
among the members. In such cases we shall find it advantageous to 
consider the parent populations as composed, not of individuals, but of 
values of E. A sequence of n observed values z,,....c& will then be 
conceived as a random sample from this population of §-values. Talking 
from this point of view, we may replace the parent population by an 
urn eontaining one ticket for each member of the population, with 
the corresponding value of E inscribed on it. The experiment © will 
then consist in drawing at random a ticket, noting the value inscribed, 
and replacing the ticket in the urn. 

As there are only a finite number of tickets in the urn, the random 
variable E will only have a finite number of possible values, so that 
its distribution will be of the discrete type (cf 15.2). By taking the 
number N of tickets very large, this distribution may, however, be 
made to approximate as closely as we please to any distribution given 
in advance, and when N tends to infinity the error involved in the 
approximation may be made to tend to zero. As a matter of illustra- 
tion, we may thus interpret any type of random experiment © as the 
random selection of an individual from an infinite parent population 
(cf 13.3). We then imagine an urn containing an infinite number of 
tickets, on each of which a certain number is written. in such a way 
that the distribution of these numbers is identical with the distribution 
of the random variable ë associated with ©. Each performance of © 
is now interpreted as the drawing of a ticket from this urn, and a 


sequence 2,,...,2» of observed values of 5 is regarded as a random 
sample from the infinite population of numbers inscribed on the 
tickets. The values 2,,...,% will accordingly be called the sample 
values. 
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It must be expressly observed that this extension of the idea of 
sampling to the case of an infinite population should be regarded as 
a mere illustration for the purpose of introducing a convenient ter- 
minology, and should by no means be taken to imply that conceptions 
such as the random selection of individuals from an infinite population 
form part of our theory. 

Bearing this reservation in mind we shall, however, often find it 
convenient to use the sampling terminology in the extended sense 
suggested above. A set of observed values of a random variable with 
a certain d.f. F(x) will thus often be regarded as a random sample. 
from a population having the d.f. F(x) or, as we shall sometimes 
briefly say, a random sample from the distribution corresponding to F(x). 

Whenever in the sequel expressions such as »sample» or »sampling» 
are used without further specification, it will always be understood 
that we are concerned with simple random sampling. 

All the above may be directly extended to the case of a random 
variable in any number & of dimensions. Every individual in our 
imaginary infinite population will then be characterized by a set of 
k numbers, and any sequence of observed values of the k-dimensional 
random variable may be interpreted as a random sample from such an 
infinite k-dimensional population. 


25.3. The distribution of the sample. — Consider a sequence of n 
observed values «,,..., 2% of a one-dimensional random variable § 
with the d.f. F(x). According to the preceding paragraph, we may 
regard £... Zn as a set of sample values, »drawn» from a popula- 
tion with the d.f. F(x). The sample may be geometrically represented 
by the set of n points 2,,..., 2n on the z-axis. 

The distribution of the sample will then be defined as the distribu- 
tion obtained by placing a mass equal to 1/» in each of the points 
Z.. Xn This is a distribution of the discrete type, having 2 
diserete mass points (some of which may, of course, coincide) The 
corresponding d. f., which will be denoted by F* (x), is a step-function 
with a step of the height 1/» in each a. If we denote by v the 
number of sample values that are =, we evidently have 


(25.3.1) 


so that /'*(r) represents the frequency ratio of the event E S v in 
our sequence of n observations. 
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Obviously this distribution is uniquely determined by the sample. 
On the other hand, two samples consisting of the same values in 
different arrangements will give the same distribution. The distribu- 
tion determines, in fact, only the positions of the sample values on 
the a-axis, but not their mutual order in the sample. 

For the distribution thus defined, with the d.f. F* (x), we may 
calculate various characteristics such as moments, semi-invariants, coef- 
ficients of skewness and excess etc., according to the general rules for 
one-dimensional distributions given in Ch. 15. These characteristics 
will be called the moments etc. of the sample, as distinct from the 
corresponding characteristics of the distribution associated with the 
random variable E and the d.f. F(x). The latter characteristics will 
also be called the moments etc. of the population. 

Thus e.g. by 15.4 the »:th moment of the sample is 


oo 


[7489-52 
1 


i.e. the arithmetic mean of the »:th powers of the sample values, 
while the corresponding moment of the population is a, = f a d F (x). 


The above definitions directly extend themselves to samples from 
multi-dimensional populations. Suppose e.g. that we have a sample of 
n pairs of values (v, y), . . ., (£n, Yn) of a two-dimensional random vari- 
able. This sample may be geometrically represented by the set of n 
points (v, yj), - - ., (zn; y») in a plane, and the distribution of the sample 
is. the discrete distribution obtained by placing a mass equal to 1/n 
in éach of these n points. For this distribution, we may calculate 
moments, coefficients of regression and correlation, and other char- 
_ acteristics according to the general rules for two-dimensional distribu- 
tions given in Ch. 21. These are the moments etc. of the sample as 
distinct from the corresponding characteristics of the distribution (or 
of the population). — The extension to samples from populations of 
more than two dimensions is obvious. 

The distribution of a sample, as well as the moments and other 
characteristics of such a distribution, will play an important part in 
the sequel. In this connection, we shall use a particular system of 
notations that will be explained in 27.1. 
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25.4. The sample values as random variables. Sampling distri- 
butions. — In order to obtain a sample of » values of a one-dimen- 
sional random variable with the d.f. F(x) we have to perform a 
sequence of n independent repetitions of the random experiment € to 
which the variable is attached. This sequence of repetitions forms 
a combined experiment, bearing on n independent variables 2, . . ., Xn, 
where a is associated with the z:th repetition of ©. The sample values 
43, .. Zn that express the result of such a combined experiment thus 
give rise to a combined random variable (r,, . . ., 2n) in n dimensions, 
where the x; are independent variables, all of which have the same 
d.f, F(x). The values of z,,..., x» observed in an actual sample form 
an observed »value» of the n-dimensional random variable (zi, . . ., 2»). 

When the sample values are thus conceived as random variables, 
any function of 2,,..., 2n is by 14.5 a random variable with a distri- 
bution uniquely determined by the joint distribution of the a, i.e. by 
the d. £. F(x). Now any moment or other characteristic of the sample 
is a certain function g(x,,..., 2n) of the sample values. Consequently 
any sample characteristie gives rise to a random variable with a distribu- 
tion uniquely determined by F(x). 

If samples of » values are repeatedly drawn from the same popula- 


tion, and if for each sample the characteristic g(a,,..., £n) is caleul- 
ated, the sequence of values obtained in this way will constitute a 
sequence of observed values of the random variable g (2, . . ., a»). The 


probability distribution of this variable will be called the sampling 
distribution. of the corresponding characteristic. 

These remarks are immediately extended to the case of samples 
from multi-dimensional populations. In the same sense as above, the 
sample values will here be conceived as random variables. Further, 
any moment, correlation coefficient or other characteristic of such a 
sample is a function of the sample values, and thus gives rise to a 
certain random variable, the distribution of which is uniquely deter- 
mined by the distribution of the population. This is the sampling 
distribution of the characteristic. 

Thus we may talk of the sampling distribution of the mean of a 
sample, of the variance, the correlation coefficient etc. The properties 
of sampling distributions of various important sample characteristics 
will be studied in Chs 27—29. 


25.5. Statistical image of a distribution. — As an example of the 
concepts introduced in the preceding paragraph, we consider the d.f. 


321 


O40 


— 


[] i LS UN 5 [7 [7 i6 


Fig. 25, Sum polygon for 100 mean temperatures (Celsius) in Stockholm, June 1841— 
1940, and normal distribution function. 


J*(w) of a one-dimensional sample, which by (25.3.1) is a function of 
the sample values, containing a variable parameter m. As observed in 
25.3, F* (x) is equal to the frequency of the event § S x in a sequence 
of n repetitions of ©. Now, by the definition of the d. f. F (x) of the 
variable E, the event E < has the probability F(x). Thus it follows 
from the Bernoulli theorem, as interpreted in 20.3, that J/*(v) con- 
verges in probability to F(x), as n > oo. 

When n is large, it is thus practically certain that the d. f. F* (x) 
of the sample will be approximately equal to the d.f. F(x) of the 
population. Consequently we may regard the distribution of the sample 
as a kind of statistical image of the distribution of the population. 
The graph y = F*(x) of the step-function F*(æ) is known as the sum 
polygon of the sample. For large values of n, this will thus be ex- 
pected to give a good approximation to the curve y = F(x). As an 
example, we show in Fig. 25 the sum polygon for a sample of 100 
mean temperatures in Stockholm for the month of June (cf Table 
30.4.2), together with the (hypothetical) normal d. f. of the corresponding 
population. 

In practice, samples from continuous distributions are often grouped. 
This means that we are not given the individual sample values, but 
only the number of sample values falling into certain specified class 
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Fig. 26. Histogram for the breadths of 12000 beans, and frequency curve according 
to Edgeworth's series. The scale on the horizontal axis refers to a conventional 
numeration of the class intervals. 


intervals. We then take every class interval as the basis of a rectangle 
with the height are where h is the length of the interval, while v 


denotes the number of sample values in the class. The figure obtained 
in this way is the histogram of the sample. The area of any rectangle 


in the histogram is equal to the corresponding class frequency A 


For large n this may be expected to be approximately equal to the 
probability that an observed value of the variable will belong to the 
corresponding class interval, which is identical with the integral of 
the fr. f. f(x) over the interval. Thus the upper contour of the histo- 
gram will form a statistical image of the fr. f., in the same way as 
the sum polygon does so for the d.f. As an example, we show in 
Fig. 26 the histogram of the sample of 12 000 breadths of beans given 
in Table 30.4.3, together with the (hypothetical) fr. f. of the corre- 
sponding population, according to the Edgeworth expansion (17.7.5). 

Analogous remarks apply to the distribution of a sample in any 
number of dimensions. Later on, we shall find that the same kind of 
relationship also exists between the various characteristics of the 
distributions of the sample and of the population. It will, in fact, 
be shown in 27.3 and 27.8 that, under fairly general conditions, a 
characteristic of the sample converges in probability to the corre- 
sponding characteristic of the population, as the size of the sample 
tends to infinity. In such cases, the sample characteristics may be 
regarded as estimates of the corresponding population characteristics. 
The systematic investigation of such estimates and their probabilitity 
distributions will, in the sequel, provide some of the most powerful 
tools of statistical inference. 
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25.6. Biased sampling. Random sampling numbers. — When we 
are concerned with a finite parent population, the idea of simple 
random sampling has a precise and concrete significance. We may 
always imagine an experimental arrangement satisfying the conditions 
for a random selection of individuals from such a population, with 
equal chances for all the individuals, even though its practical realiza- 
tion may sometimes be exceedingly difficult. In practice there will 
often be a bias in favour of certain individuals or groups of individuals, 
and accordingly we then talk of a biased sampling. Experience shows 
e.g. that such a bias is always to be expected when the selection of 
individuals from a population is more or less dependent on human choice. 

[t does not enter into the plan of this book to give an account 
of questions belonging to the technique of random sampling, such as 
the arrangements by which bias may be as far as possible eliminated. 
We shall only remark that in many cases it is possible to use with 
advantage some of the published tables of random sampling numbers. 
(Ref. 262, 263, 267.) Such a table consists of a sequence of digits 
intended to represent the result of a simple random sampling from à 
population consisting of the ten digits 0, 1,. . ., 9. By joining two 
columns of the table we may obtain a sequence of numbers formed 
in the same way from the population consisting of the 10? numbers 
00, . . ., 99, and similarly for three, four or any larger number of columns. 

Suppose that we want to use such a table to draw a random sample 
of 100 individuals from a population consisting of, say, 8183 mem- 
bers. The members are first numbered from 0000 to 8182. We then 
read a sequence of four-figure numbers from the table, disregarding 
numbers above 8182, and go on until we have obtained 100 numbers. 
Our sample will then consist of the members corresponding to these 
numbers. If the sampling is to be made without replacement (cf 25.1), 
we must also during the course of reading the numbers from the table 
disregard any number that has already appeared. 

'The tables may also be used to obtain a sample of observed values 
of a random variable with any given d.f. F(x) Suppose that we dispose 
of a table of values of F(z) that enables us, for every m-figure number 
r, to solve the equation F (ap) — r: 107" with respect to ar. From our 
table of random numbers, we now read a sequence of m-figure num- 
bers r, and determine the sample values œ such that the z corre- 
sponding to any r falls in the interval a, < x S ar+ı. Thus we obtain 
in this way a grouped sample: the sample values are not exactly deter- 
mined, but the process yields the number of sample values belonging 
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to any interval (ar, ar+ı), and it is seen that the probability for any 
sample value to fall in this interval has the correct value 


F (ari) — F(a) = 1077. 


The larger we take m, the finer is the grouping and the more accurate 
the determination of the sample values. — Further discussion of the 
tables of random sampling numbers and their use will be found in the 
introductions to the tables and in two papers by Kendall and Babing- 
ton Smith (Ref. 137). 


25.7. Sampling without replacement. The representative method. 
— In practice, a sample from a finite population is often taken in 
such a way that a drawn individual is not replaced in the population 
before the next drawing. A sequence of drawings of this type has 
obviously not the character of repetitions of a random experiment 
under uniform conditions, since the composition of the population 
changes from one drawing to another. We talk here of sampling 
without replacement, as distinct from simple random sampling, which 
is a sampling with replacement. When the population is very large, 
and the sample only contains a small fraction of the total population, 
it is obvious that the difference between these modes of sampling is un- 
important, and in the limiting case when the population becomes infinite, 
while the size of the sample remains finite, the difference disappears. 

Sampling without replacement plays an important part in applied 
statistics. When it is desired to obtain information as to the charac- 
teristics of some large population, such as the inhabitants of a country, 
the fir-trees of a district, a consignment of articles delivered by a 
factory etc., it is often practically impossible to observe or measure 
every individual in the whole population. The method generally used 
in such situations is known as the representative method: a sample of 
individuals is selected for observation, and it is endeavoured to make 
the sample as representative as possible of the total population. The 
Observed characteristics of the sample are then used to form estimates 
of the unknown characteristics of the total population. Usually in 
such cases samples are taken without replacement. The method of 
selection may be random or purposive; in the latter case we deliberately 
choose the individuals entering into our sample in order to obtain a 
representative sample. Often also mixed methods are used. — For the 
theory of the representative method, we refer to Neyman, Ref. 161. 
Some simple cases will be considered in 34.2 and 34.4. 


331 


26.1—-2 


CHAPTER 26. 
STATISTICAL INFERENCE. 


26.1. Introductory remarks. — It has been strongly emphasized 
in 13.4 that no mathematical theory deals directly with the things of 
which we have immediate experience. The mathematical theory be- 
longs entirely to the conceptual sphere, and deals with purely abstract 
objects. The theory is, however, designed to form a model of a certain 
group of phenomena in the physical world, and the abstract objects 
and propositions of the theory have their counterparts in certain 
observable things, and relations between things. If the model is to be 
practically useful, there must be some kind of general agreement 
between the theoretical propositions and their empirical counterparts. 
When a certain proposition has its counterpart in some directly 
observable relation, we must require that our observations should, in 
fact, show that this relation holds. If, in repeated tests, an agree- 
ment of this character has been found, and if we regard this agree- 
ment as sufficiently accurate and permanent, the theory may be ac- 
cepted for practical use. 

In the present chapter, we shall discuss some points that arise 
when these general principles are applied to the mathematical theory 
of probability. We shall first consider the testing of the agreement 
between theory and facts, and then proceed to give a brief survey of 
the applications of the theory for purposes of statistical inference. 


26.2. Agreement between theory and facts. Tests of significance. 
— The concept of mathematical probability as defined in 13.5 has its 
empirical counterpart in certain directly observable frequency ratios. 
The proposition: »The probability of the event E in connection with 
the random experiment © is equal to P» has, by 13.5, its counterpart 
in the statement denoted as the frequency interpretation of the prob- 
ability P, which runs as follows: »In a long sequence of repetitions of 
G, it is practically certain that the frequency of E will be approximately 
equal to P». 

Accordingly we must require that, whenever a theoretical deduction 
leads to a definite numerical value for the probability of a certain observable 
event, the truth of the corresponding frequency interpretation should be 
borne out by our observations. 
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Thus e.g. when the probability of an event is very small, we must 
require that in the long run the event should occur at most in a very 
small percentage of all repetitions of the corresponding experiment. 
Consequently we must be able to regard it as practically certain that, 
in one single performance of the experiment, the event will not occur 
(cf 13.5). — Similarly, when the probability of an event differs from 
unity by a very small amount, we must require that it should be 
practically certain that, in one single performance of the corresponding 
experiment, the event will occur. 

In a great number of cases, the problem of testing the agreement 
between theory and facts presents itself in the following form. We 
have at our disposal a sample of n observed values of some variable, 
and we want to know if this variable can.be reasonably regarded as 
a random variable having a probability distribution with certain given 
properties. In some cases, the hypothetical distribution will be com- 
pletely specified: we may, e.g., ask if it is reasonable to suppose 
that our sample has been drawn by simple random sampling from a 
population having a normal distribution with m — 0 and o = 1 (cf 17.2). 
In other cases, we are given a certain class of distributions, and we 
ask if our sample might have been drawn from a population having 
some distribution belonging to the given class. 

Consider the simple case when the hypothetical distribution is 
completely specified, say by means of its d.f. F(x). We then have to 
lest the statistical hypothesis that our sample has been drawn from a 
population with this distribution. 

We begin by assuming that the hypothesis to be tested is true. It 
then follows from 25.5 that the d.f. F* (æ) of the sample may be 
expected to form an approximation to the given d.f. F(x), when n is 
large. Let us define some non-negative measure of the deviation of 
F* from F. This may, of course, be made in various ways, but any 
deviation measure D will be some function of the sample values, and 
will thus according to 25.4 have a determined sampling distribution. 
By means of this sampling distribution, we may calculate the prob- 
ability P(D > D,) that the deviation D will exceed any given quantity 
Dy. This probability may be made as small as we please by taking 
D, sufficiently large. Let us choose D, such that P(D>D,.)=e, 
where e is so small that we are prepared to regard it as practically 
certain that an event of probability e will not occur in one single 
trial. 

Suppose now that we are given an actual sample of » values, and 


333 


26.2 


let us calculate the quantity D from these values. Then if we find a 
value D >D, this means that an event of probability e has presented 
itself. However, on our hypothesis such an event ought to be practically 
impossible in one single trial, and thus we must come to the conclusion 
that in this case our hypothesis has been disproved by experience. On 
the other hand, if we find a value D € D, we shall be willing to 
accept the hypothesis as a reasonable interpretation of our data, at 
least until further experience has been gained in the matter. 

This is our first instance of a type of argument which is of a very 
frequent occurrence in statistical inference. We shall often encounter 
situations where we are concerned with some more or less complicated 
hypothesis regarding the properties of the probability distributions of 
certain variables, and it is required to test whether available statistical 
data agree with this hypothesis or not. A first approach to the pro- 
blem is obtained by proceeding as in the simple case considered above. 
1f the hypothesis is true, our sample values should form a statistical 
image (cf 25.5) of the hypothetical distribution, and we accordingly 
introduce some convenient measure D of the deviation of the sample 
from the distribution. By means of the sampling distribution of D, 
we then find a quantity D, such that P(D > D,) = s, where e is deter- 
mined as above. If, in an actual case, we find a value D > D, we 
then say that the deviation is significant, and we consider the hypo- 
thesis as disproved. On the other hand, when D S D,, the deviation 
is regarded as possibly due to random fluctuations, and the data are 
regarded as consistent with the hypothesis. 

A test of this general character will be called a test of significance 
relative to the hypothesis in question. In the simple case when the test 
is concerned with the agreement between the distribution of a set of 
sample values and a theoretical distribution, we talk more specifically 
of a test of goodness of fil. The probability e, which may be arbitrarily 
fixed, is called the level of significance of the test. 

In a case when our deviation measure D exceeds the significance 
limit D, we thus regard the hypothesis as disproved by experience. 
This is, of course, by no means equivalent to a logical disproof. Hven 
if the hypothesis is true, the event D> D, with the probability € 
may occur in an exceptional case. However, when e is sufficiently 
small, we feel practically justified in disregarding this possibility. 

On the other hand, the occurrence of a single value D < D, does 
not provide a proof of the truth of the hypothesis. It only shows 
that, from the point of view of the particular test applied, the agree- 
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ment between theory and observations is satisfactory. Before a sta- 
tistical hypothesis can be regarded as practically established, it will 
have to pass repeated tests of different kinds. 

In Chs 30—31, we shall discuss various simple tests of signifi- 
cance, and give numerical examples of their application. In Ch. 35, 
the general foundations of tests of this character will be submitted 
to a critical analysis. 


26.3. Description. — In 13.4, the applications of a mathematical 
theory were roughly classified under the headings: Description, Analysis 
and Prediction. There are, of course, no sharp distinctions between 
the three classes, and the whole classification is only introduced as a 
matter of convenience. We shall now briefly comment upon some 
important groups of applications belonging to the three classes. 

In the first place, the theory may be used for purely descriptive 
purposes. When a large set of statistical data has been collected, we 
are often interested in some partieular properties of the phenomenon 
under investigation. It is then desirable to be able to condense the 
information with respect to these properties, which may be contained 
in the mass of original data, in a small number of descriptive char- 
acteristics. The ordinary characteristics of the distribution of the 
sample values, such as moments, semi-invariants, coefficients of re- 
gression and correlation ete., may generally be used with advantage 
for such purposes. The use of frequency-curves for the graduation of 
data, which plays an important part in the early literature of the 
subject, also belongs primarily to this group of applications. 

When we replace the mass of original data by a small number of 
descriptive characteristics, we perform a reduction of the data, according 
to the terminology of R. A. Fisher (Ref. 13, 89). It is obviously im- 
portant that this reduction will be so arranged that as much as pos- 
sible of the relevant information contained in the original data is 
extracted by the set of descriptive characteristics chosen. Now the 
essential properties of any sample characteristic are expressed by its 
sampling distribution, and thus the systematic investigation of such 
distributions in Chs 27—29 will be a necessary preliminary to the 
working out of useful methods of reduction. 

In most cases, however, the final object of a statistical investiga- 
tion will not be of a purely descriptive nature. The descriptive char- 
acteristics will, in fact, usually be required for some definite purpose. 
We may, e.g., want to compare various sets of data with the aid of 
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the characteristics of each set, or we may want to form estimates of 
the values of the characteristics that we expect to find in future sets 
of data. In such cases, the description of the actual data forms only 
a preliminary stage of the inquiry, and we are in reality concerned 
with an application belonging to one of the two following classes. 


26.4. Analysis. — When a mathematical theory has been tested 
and approved, it may be used to provide tools for a scientific analysis 
of observational data. In the present case we may characterize this 
type of applications by saying that we are trying to argue from 
the sample to the population. We are given certain sets of statistical data, 
which are conceived to be samples from certain populations, and we 
try to use the data to learn something about the distributions of the 
populations. A great variety of problems of this class occur in sta- 
tistical practice. In this preliminary survey, we shall only mention 
some of the main types which, in later chapters, will be more thor- 
oughly discussed. 

In 26.2, we have already met with the following type of problems: 
We are given a sample of observed values of a variable, and we ask 
if it is reasonable to assume that the sample may have been drawn 
from a distribution belonging to some given class. Are we, e.g. 
justified in saying that the errors in a certain kind of physical mea- 
surements are normally distributed? Or that the distribution of in- 
comes among the citizens of a certain state follows the law of Pareto 
(cf 19.8)? — In neither case the distribution of an actual sample will 
coincide exactly with the hypothetical distribution, since the former 
is of the discrete, and the latter of the continuous type. But are we 
entitled to ascribe the deviation of the observed distribution from the 
hypothetical to random fluctuations, or should we conclude that the 
deviation is significant, i.e. indicative of a real difference between 
the unknown distribution of the population and the hypothetical 
distribution? 

We have seen in 26.2 how this question may be attacked by means 
of the introduction of a test of significance. We then have to calculate 
a certain measure of deviation D, and in an actual case the deviation 
is regarded as significant, if D exceeds a certain given value Do, while 
otherwise the deviation will be ascribed to random fluctuations. 

In other cases, we assume that the general character of the distri- 
butions is known from earlier experience, and we require information 
as to the values of some particular characteristics of the distributions. 
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Suppose, e.g., that we want to compare the effects of two different 
methods of treatment of the same disease, and let us assume that for 
each method there is a constant probability of recovery. Are the two 
probabilities different? In order to throw light upon the problem, we 
collect one sample of cases for each method, and compare the two 
frequencies of recovery. In general these will be different, and we 
are facing the same question as in the previous case: Is the difference 
due to random fluctuations, or is it significant, i.e. indicative of a 
real difference between the probabilities? 

Similar, though often more complicated problems arise in many 
cases, e.g. in agricultural, industrial or medical statistics, when we 
want to compare the effects of various methods of treatment or of 
production. We are then concerned with the means or some other 
characteristics of our samples, and we ask whether the differences 
between the observed values of these characteristics should be ascribed 
to random fluctuations or judged to be significant. 

In such cases, it is often useful to begin by considering the hypo- 
thesis that there is no difference between the effects of the methods, 
so that in reality all our samples come from the same population. 
(This is sometimes called the null hypothesis.) This being assumed, 
it will often be possible to work out a test of significance for the 
differences between the means or other characteristics in which we are 
interested. If the differences exceed certain limits, they will be regarded 
as significant, and we shall conclude that there is a real difference 
between the methods; otherwise we shall ascribe the differences to 
random fluctuations. 

This type of applications belongs to the realm of the statistical 


- analysis of causes. Suppose, more generally, that we want to know 


whether there exists any appreciable causal relationship between two 
variables x and y that we are investigating. As a first approach to 
the problem, we may then set up the null hypothesis, which in this 
case implies that the variables are independent, and proceed to work 
out a test of significance for this hypothesis on the general lines 
indicated above. Suppose, e.g., that we are interested in tracing a 
possible connection between the annual quantities x and y of two 
commodities consumed in a given group of households. From a sample 
of observed values of the two-dimensional variable (x, y), we may then 
calculate e.g. the sample correlation coefficient r. In general this 
coefficient will be different from zero, whereas on the null hypothesis 
the correlation coefficient ọ of the corresponding distribution is equal 
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to zero. Is the difference significant, or should it be ascribed to random 
fluctuations? In order to answer this question, we shall have to work 
out a test of significance, based on the properties of the sampling 
distribution of r. If r differs significantly from zero, this may be 
taken as an indication of some kind of dependence between the vari- 
ables. The converse conclusion is, however, not legitimate. Even if 
the population value o is equal to zero, the variables may be dependent 
(c£ 21.1). 

Various tests of significance adapted to problems of the general 
character indicated above will be treated in Chs 30—31. The test of 
significance to be applied to a given problem may always be chosen 
in many different ways. It thus becomes an important problem to 
examine the principles underlying the choice of a test, to compare 
the properties of various alternative tests and, if possible, to show 
how to find the test that will be most efficient for a given purpose. 
Questions belonging to this order of ideas will be considered in Ch. 35. 

In a further type of problems of statistical analysis it is required 
to use a set of sample values to form estimates of various characteris- 
ties of the population from which the sample is supposed to be drawn, 
and to form an idea of the precision of such estimates. The simplest 
problem of this type is the classical problem of inverse probability: 
given the frequency of an event E in a sequence of repetitions of a 
random experiment, what kind of conclusions can be drawn with 
respect to the unknown value of the probability p of E? It is fairly 
obvious that in this case the observed frequency ratio may be taken 
as an estimate of p, but will it be possible to measure the precision 
of this estimate, and even to make some valid probability statement 
concerning the difference between the estimate and the unknown »true 
value» of p? — A more complicated problem of the same character 
arises in the theory of errors, where we have at our disposal a set of 
measurements on quantities connected with a certain number of un- 
known constants, and it is required to form estimates of the values 
of these constants, and to appreciate the precision of the estimates. 
Similar problems occur in connection with the method of mulliple 
regression, which is of great importance in many fields of application. 
In certain economic problems, e. g., economic theory leads us to assume 
that there exist certain linear or approximately linear relations be- 
tween variables connected with consumers' incomes, prices and quantities 
of various commodities produced or consumed in a given market. 
When a set of observed values of these variables are available, it is 
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then required to form estimates of the elasticities» or similar quanti- 
ties that appear as coefficients in the relations between the variables. 

A general form of the estimation problem may be stated in the 
following way. We consider a random variable (in any number of 
dimensions), the distribution of which has a known mathematical form, 
but contains a certain number of unknown constant parameters. We 
are given a sample of observed values of the variable, and it is required 
to use the sample values to form estimates of the parameters, and to 
appreciate the precision of the estimates. In general, there will be an 
infinite number of different functions of the sample values that may 
be used as estimates, and it will then be important to compare the 
properties of various possible estimates for the same parameter, and 
in particular to find the functions (if any) that yield estimates of 
maximum precision. Further, when a system of estimates has been 
computed, it will be natural to ask if it is possible to make some 
valid probability statements concerning the deviations of the estimates 
from the unknown »true values» of the parameters, Problems of this 
type form the object of the theory of estimation, which will be treated 
in Chs 32—34. — Finally, some applications of the preceding theories 
will be given in Chs 36—37. 


26.5. Prediction. — The word prediction should here be understood 
in a very wide sense, as related to the ability to answer questions 
such as: What is going to happen under given conditions? — What 
consequences are we likely to encounter if we take this or that pos- 
sible eourse of action? — What course of action should we take in 
order to produce some given event? — Prediction, in this wide sense 
of the word, is the practical aim of any form of science. 

Questions of the type indicated often arise in connection with 
random variables. We shall quote some examples: 

What numbers of marriages, births and deaths are we likely to 
find in a given country during the next year? — What distribution 
of colours should we expect in the offspring of a pair of mice of 
known genetical constitution? — What effects are likely to occur, if 
the price of a certain commodity is raised or lowered by a given 
amount? — Given the results of certain routine tests on a sample 
from a batch of manufactured articles, should the batch be a) destroyed, 
or b) placed on the market under a guarantee? — How should the 
premiums and funds of an insurance office be calculated in order to 
produce a stable business? — What margin of security should be 
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applied in the planning of a new telephone exchange in order tc 
reduce the risk of a temporary overloading within reasonable limits: 

If we suppose that we know the probability distributions of the 
variables that enter into a question of this type, it will be seen that 
we shall often be in a position to give at least a tentative answer tc 
the question. A full discussion of a question of this type, however, 
usually requires an intimate knowledge of the particular field of 
application concerned. In a work on general statistical theory, such 
as the present one, it is obviously not possible to enter upon such 
discussions. 
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CHAPTER 27. 
CHARACTERISTICS OF SAMPLING DISTRIBUTIONS. 


27.1 Notations. — Consider a one-dimensional random variable § 
with the d.f. F (x). For the moments and other characteristics of the 
distribution of & we shall use the notations introduced in Ch. 15. 
Thus m and o denote the mean and the variance of the variable, while 
Q», lty and z, denote respectively the moment, central moment and 
semi-invariant of order v. We shall suppose throughout, and without 
further notice, that these quantities are finite, as far as they are 
required for the deduction of our formulae. 

By n repetitions of the random experiment to which the variable 5 
is attached, we obtain a sequence of n observed values of the variable: 
44.4... . 2». As explained in 25.2, we shall in this connection use 
a terminology derived from the process of simple random sampling, 
thus regarding the set of values 2;,...,2& as a sample from a popula- 
tion specified by the d.f. F(x). The distribution of the sample is ob- 
tained (cf 25.3) by placing a mass equal to 1/m in each point z;, and 
the moments and other characteristics of the sample are defined as the 
characteristics of this distribution. 

In all investigations dealing with sample characteristics, it is most 
important to use a clear and consistent system of notations. In this 
respect, we shall as far as possible apply the following three rules 
throughout the rest of the book: 


1. The arithmetic mean of any number of quantities such as 2, . ++, En 
OV Ms s Ye will be denoted by the corresponding letter with a bar: à or 3. 

2. When a certain characteristic of the population (i.e. of the distri- 
bution of the variable E) is ordinarily denoted by a Greek letter, the 
corresponding characteristic of the sample will be denoted by the corre- 
sponding italic letter: s? for o°, a, for ay, ete. 

3. In cases mot covered by the two preceding rules we shall usually 
denote sample characteristics by placing an asterisk on the letter denoting 
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the corresponding population characteristic, thus writing e. g. F° (x) for 
the d. f. of the sample, which corresponds to the population d. f. F (x). 


Thus the mean and the variance of the sample are (cf 25.3) 
(27.1.1) pote. s-lX(— 3, 
Toys Big 


where the summation is extended over all sample values: 7 = 1, 2,...n. 
The moments a, and the central moments m, of the sample are 


(27.1.2) aL Dat, m=} Dle ay. 


The coefficients of skewness and excess of the sample are, in accord- 
ance with (15.8.1) and (15.8.2), 


(27.1.3) n= ee Lon ian 


The relations (15.4.4) between the moments and the central moments 
hold true for any distribution; thus in particular they remain valid 
if m, a and u, are replaced by the corresponding sample character- 
istics Z, a, and m,. 

For the d. f. of the sample, we have already in (25.3.1) introduced 
the notation f(x). Similarly the c. f. of the sample is?) 


[3 


(27.1.4) eg (= f ezg E" (e Bein, 


and the semi-invariants of the sample are thus according to (15.10.2) 
defined by the development?) 


(27.1.5) log g* (t) = She ty. 


All moments and semi-invariants of the sample are finite, and the 
relations (15.10.3) — (15.10.5) between moments and semi-invariants 

1) When there is a possibility of confusion, we shall use a heavy-faced i to denote 
the imaginary unit. 

?) At this point our notation differs from the notation of R. A. Fisher (Ref. 13), 
who uses the symbol k, to denote the unbiased estimate of z, which, in our nota- 
tion, is denoted by K, (cf 27.6). 
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hold true when the population characteristics are replaced by sample 
characteristics. 

The same rules will be applied to samples from multi-dimensional 
populations. Thus e.g. if we are given n pairs of observed values 
(a, i). ++; (En Yn) from a two-dimensional distribution, we write (cf 


21.2) 
xad. wrt 
ace a 


Mo = 3 = 5 Di (c; — T}, 
(27.1.6) i 


1 X 
Mi = 18, 83 — a 2e a) yu — 9), 


maii, Zn 


In particular, the quantity r defined by the relation 


(27.1.7) pe 

51 $$ 

is the correlation coefficient of the sample, which corresponds to the 
correlation coefficient ọ of the population. Since 7 is the correlation 
coefficient of an actual distribution (viz. the distribution of the sample), 
it follows from 21.2 that we have — 1 Sr <1. The extreme values 
r= +1 can only occur when all the sample points (z;, yi) are situated 
on a single straight line. 

For a sample in more than two dimensions, we use notations de- 
rived according to the aboye rules from the notations introduced in 
Chs 22—23. Thus e.g. we denote by s; the s. d. of the sample values 
of the z:th variable, while 7; is the correlation coefficient between 
the sample values of the Zh and the j:th variable. We further write 
R for the determinant |r;|, and denote the regression coefficients, 
the partial correlation coefficients etc. of the sample by symbols such 
as (cf 23.2.3 and 23.4.2) 


[ET ia, 
Cry irt 
11234... k SE Tus 
Va Ry 
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where k is the number of dimensions, while the Rj; are the cofactors 
of R. As before, all relations between the characteristics deduced in 
Part IL hold true when the population characteristics are replaced by 
sample characteristics. 

We now come back for one moment to the one-dimensional case. 
According to 25.4, any characteristic g (z,, .. ., 2n) of an actual sample 
may be regarded as an observed value of a random variable g (2, . . ., £n), 
where 2,,...,%n are independent variables, all having the same dis- 
tribution as the original variable The distribution of the random 
variable g(zx,,..., 2n) is called the sampling distribution of the charac- 
teristic g(z,,..., c5) Thus we may talk of the sampling distribution 
of the mean z, of the variance s*, etc. 

The same remarks apply to samples in any number of dimensions. 
Any sample characteristic may be regarded as an observed value of 
a certain random variable, the distribution of which is called the 
sampling distribution of the characteristic. Thus we may talk of the 
sampling distribution of the correlation coefficient 7, of the correlation 
determinant R, etc. 

For any sample characteristic g, we may thus consider its sampling 
distribution, and calculate the moments, semi-invariants etc. of this 
distribution. As usual (cf 15.3 and 15.6) we employ in such cases the 
symbols E(g) and D (g) to denote the mean and the s.d. of the ran- 
dom variable g = g(z,,...,2,). Further, when we are concerned with 
some characteristic of the g.distribution (such as a central moment, a 
semi-invariant etc. which has been given a standard notation (such as 
H» or x, in Ch. 15, we shall sometimes use the standard symbol of 
this characteristic, followed by the corresponding random variable 
within brackets. Thus we shall write e.g. for the central moment of 
order v of the sample characteristic g = g (x4, . .., 2») 


By (g) = E(g — Eg). 


Similarly, when two sample characteristics f (z,, . . ., an) and g(z,, . . ., v) 
are considered simultaneously, the correlation coefficient of their joint 
sampling distribution will be denoted by 


= Imm) , 
d METER 


Whenever we are concerned with sampling distributions connected 
with a given population, it should always be borne in mind that the 
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sample characteristics (Z, s, M», kv, r etc.) are conceived as random vari- 
ables, while the population characteristics (m, a, H», *», @ etc.) are fixed 
(though sometimes unknown) constants. 


27.2. The sample mean i. — Consider a one-dimensional sample 
with the values z,,...,%n. Regarding the 2; as independent random 
variables, each having the d. f. F(x), we obtain v 


EG) - 1 EEG) n, 


p= A 2pm t 


z Mia! r 
Thus the random variable <= z X x; has the mean m and the variance 
1 


u,/n, i. e. the s.d. c|Vn. It then immediately follows from Tcheby- 
cheff's theorem 20.4 that the sample mean # converges in probability 
to the population mean m, as n tends to infinity.!) 


Writing 2 — m = : X(x; — m), and bearing in mind that the a; are 


independent, and that any difference c; — m has the mean value zero, 
we further obtain 


u (@) = E(z — m} = sE (De n 


(21.2.9) u (@) = E(r—m)-— (2 (a: — 2 


=4 >) E(x; — m) + $ SE (ei — m? ij — my) 
1 ttc) 
Lu 9901, 38 7915, 


n? n* s n? në 


The higher central moments of Z may be found by similar, though 
somewhat more tedious, calculations. Thus we find 

1) By the less elementary Khintchine's theorem 20.5, it follows that this property 
holds as soon as the population mean m exists, even when 4 is not finite. 
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10 1 
ue) = Es — mp PA 4 ofh), 


E 3 15 u; 1 
ml) - Es — my — PH + o3), 
and generally 


(9123) ^ E(z—mpri— o(): E(i —mpi— o(): 


In the important particular case when the distribution of the popula- 
tion is normal (m, c) it has been pointed out in 17.3 that 7 is also 
normal, with mean and s.d. o/Vn. It follows that in this case any 
u»(Z) of odd order is zero, while the three first central moments of 
even order reduce to 


t Aa ias TE TRU DIU 
m= (=F aG—-—r 
27.3. The moments a,. — For any sample moment a, = Dat we 


obtain. in direct generalization of (27.2.1) and (27.2.3), 
1 
E(a,) — È E (2;) = a, 
i 


D (a) = 4, X D(a) 
(27.8.1) j : 
zn Pà (E(?*)- E (27) day = ay, 


By Khintchine's theorem 20.5 it follows from the first of these rela- 
tions that, as soon as the population moment a, exists, the sample 
moment a, converges in probability to a,, as n>. 

It now follows from the corollary to theorem 20.6 that any rational 
Junction, or power of a rational function, of the sample moments ay con- 
verges in probability to the constant obtained by substituting throughout 
a, for ay, provided that all the a, occurring in the resulting expression 
exist, and that the constant thus obtained is finite. 

Hence in particular the central moments m,, the semi-invariants k, 
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and the coefficients g, and g, defined by (27.1.3) all converge in prob- 
ability to the corresponding population characteristics, as n oo. In 
large samples, any of these sample characteristics may thus be re- 
garded as an estimate of the corresponding population: characteristic. 
We shall, however, later find that the estimates obtained in this way 
are not always the best that we can obtain (cf 27.6 and 33.1). 

Any mean value of the type 


9133) Elat.. )= zE((2 a i) (B+ i) 


i i 


where p, q, ... are integers, can be obtained by straightforward, though 
often tedious, algebraical calculation. We have only to use the fact 
that the z; are independent variables such that E (x?) = ap. — In the 
particular case when the population mean m is equal to zero, a, co- 
incides with the central moment u, If the sample mean a, = 4 occurs 
among the factors in (27.3.2), the calculations are in this case simpli- 
fied, since any term containing one of the a; in the first degree has 
then the mean value zero. 


27.4. The variance mM, — Any central sample moment m, = 


EE pean z;— à) is independent of the position of the origin on the 


scale ot the variable. Placing the origin in the mean of the popula- 
tion, we have m —0. When we are concerned with the sampling 
distributions of the m,, we may thus always suppose m = 0, and so 
introduce the simplification mentioned at the end of the preceding 
paragraph. The formulae thus obtained will hold true irrespective of 


the value of m. 
We accordingly suppose m= 0, and consider the sample variance 


m,-—s*-— ty (z: — i) = a,—3*. By (27.2.1) and (27.3.1) we have, 
since m= 0, 

{27.4.1) E(m,) = E (as) — E(a*) = t — = = — He 

We further have mj = a — 2 ° a + 3*. Assuming always m=0, we 


find 
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n 


saj- hel (Za) 22-567 5. 


1 n 


st) - Le(Za - tecta, 
i 


E (a2) = 78 (22) ttia, 


and hence after reduction 


2, M aM 2u bu , m 3l 
E (m?) — ui * n n! T nd \ 
(27.4.2) — D* (mg) = E (m) — E’ (ms) 
Lucus 2(u—2u) m Be 
n nè në 


The higher central moments of m, may be obtained in the same way. 
The calculations are long and uninteresting, but no difficulty of prin- 
ciple is involved. We give only the leading terms of the third and 
fourth moments: 


n—1 y —3 —6gu-2ui 1 
ts.) E(m — "— u) E m uiu «o(4). 
(27.4.3) 
ai 4 8 donne 
u (my) = E(m 2 ^ m) n (u, : ui) m o(4) : 


n ns 


We shall finally consider the covariance (cf 21.2) between the mean 
Z and the variance m, of the sample. For an arbitrary value of m, 
this is 


Hy; (2, m,)—E (e — m) (m — B m)) = E (ï — m) m). 


Since the last expression is clearly independent of the position of the 


origin, we may again assume m = 0, and thus obtain by calculations 
of the same kind as above 


Hii (E, ms) = E (zm, = E(za,) — E (3°) 
(27.4.4) 


27.4—5 


For any symmetric distribution, we have u, = 0, and thus Z and m, 
are uncorrelated. We shall see later (cf 29.3) that, in the particular 
ease of a normal population, 7 and m, are not only uncorrelated, but 
even independent. For a normal population, (27.4.1) and (27.4.2) give 


n—l, 


(27.4.5) E (mj) =- 2(n —1) , 


c, D'(m)-— a e 


27.5. Higher central moments and semi-invariants. — The ex- 
pressions for the characteristics of the sampling distributions of m, 
and k, are of rapidly increasing complexity when » becomes greater 
than 2, and we shall only mention a few comparatively simple cases, 
omitting details of calculation. For further information, the reader 
may be referred e.g. to papers by Tschuprow (Ref. 227) and Craig 
(Ref. 61). 

By caleulations of the same kind as in the preceding paragraphs, 
we obtain the expressions 


E (my) = E ne Ex s: 
(21.5.1) E(m,) (n — 1) (n? s 3n + 3) m ss 3(n = Jis Hm 3) n. 


n 


For any m, we have 
(27.5.2) m= 


As before, we may suppose m = 0, so that E(a,) = u, and 


1 ys v 
Elza) = 3B > E > zy Nee e 
i 


i 


For 1 <i <v, we have by (27.2.3) and (27.3.1), using the Schwarz in- 
equality (9.5.1), 


E* (2) & EG?) El) = 0 (). 


so that E (zt a,—:) = o), and (27.5.2) gives 
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(27.5.3) E(m,) =u, + O (=): 


Further, by (27.5.2) any power of m,—, is composed of terms of the 

form 4! (a, — us)! ar, ar, ..., and itis shown in the same way as above that 
-i 

the mean value of such a term is of the order » *. Thus in order 

to calculate the leading term of E (m, — n)", it is sufficient to retain 


the terms 
— = — — " r 
My — lly = Ay — uy 1)" y—15 
while all the following terms of (27.5.2) give a contribution of lower 


order. For £—2 we obtain in this way, since by (27.5.3) the diffe- 
rence E(m,)— u» is of order n~t, 


p) cei 2 s 
(27.5.4) D? (m,) = fav — 2 Mec My + Y Hs yi +0 (5) 1 
à 


Generally we obtain for any even power of m, — u, 


(27.5.5) Ein, — n! = 0()- 
The mean value of a product (m, — u,) (m, — u) may be calculated in 
the same way, and we thus obtain, using again (27.5.3), the following 
expression for the covariance between m, and m: 


(27.5.6) Hy; (my, m) = 


p Kote — V My—1 Mott — 0 v1 o1 — Hy Ho + Y QUs Lii Hoi 40 (5) 
n n? 


The expressions of the first semi-invariants k, of the sample are 
obtained by substituting in (15.10.5) the sample moments m, for the 
population moments u,. We obtain 


k= 2, ka = Me, ky = ms, k,—m,—3m. 


We may then deduce expressions for the means and variances of the 
k, by means of the formulae for the m, given above. In particular we 
obtain in this way, expressing E (k,) in terms of the population semi- 
invariants x, 


350 


27.5-6 


E(k) — 2, 
que 

E (ks) = Xz, 
27.01 —1 0:29 
(27.5.7) E(4) = Ue FS 

n 
BE 2— j 2 
E(k) (n — 1) (n z 6n + d 6 (n 7 Do 
n n 
27.6. Unbiased estimates. — Consider the sample variance m, = 


1 A , ` s 
= 52m — a}. According to 27.3, m, converges in probability to the 


population variance 4, as n- œ, and for large values of » we may 
thus use m, as an estimate of u,. In the terminology introduced by 
R. A. Fisher (Ref. 89, 96), an estimate which converges in probability 
to the estimated value, as the size of the sample tends to infinity, 
is called a consistent estimate. Thus m, is a consistent estimate of ys. 
On the other hand, it is shown by (27.4.1) that the mean value 
f—1 

"n 
a fixed size n from the given population, and calculate the variance 
m, for each sample, the arithmetic mean of all the observed m, values 
will nof converge in probability to the »true value» je, but to the 
n—1 

n 
thus affected with a certain negative bias, which may be removed if 

we replace m, by the quantity 


of m, is not u but Us. Thus if we repeatedly draw samples of 


smaller value uy. As an estimate of up, the quantity m, is 


n n 2 1 a) HORE 
M, spesa aas req 12€ ay. 


We have, in fact, E(M,) = Elm) us and accordingly M, is 


called an unbiased estimate of u,. Since the factor 2 2 j tends to unity 


as n> œ, both M, and m, converge in probability to xs, 80 that M; 
is consistent as well as unbiased, while m, is consistent, but not un- 
biased. 

Similarly, by 27.3, any central moment m, or semi-invariant k, of 
the sample is a consistent estimate of the corresponding fy OT X», 
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but it follows from (27.5.1) and (27.5.7) that for v > 1 these estimates 
are not unbiased. As in the case of m, we may, however, by simple 
corrections form estimates which are both consistent and unbiased. 
Thus we obtain for » — 2,3 and 4 the following corrected estimates 
of uv and x,: 


M, = m, 
2n 
M,— (n —1)(n— 2 gms 
n(n! —2n + 3) 3n(2n — 3) 
M, (0—1)(»—2)(n—3) 4 (n—1)(n —2)(n — 3)" 
and 
EK =z 
n? 
Er niinc 3) e 
2 
Ke = Gaye gp ajl * Dm —3( — mi 


By means of the formulae given in the two preceding paragraphs, it 
is easily verified that in all these cases we have E(M,)= p, and 
E(K,)— x,. For large values of n, it is often indifferent whether we 
use M, and K,, or m, and k,, but for small n the bias involved in 
the latter quantities may be considerable. — We shall return to 
questions connected with the properties of estimates in Ch. 32. 

We have seen in the preceding paragraphs that the algebraical 
process of working out formulae for the sampling characteristics of 
the quantities m, and k, becomes very laborious, as soon as we leave 
the simplest cases. It has been discovered by R. A. Fisher (Ref. 99), 
who has introduced the quantities K, (which he denotes by k,, cf foot- 
note p. 342), that the corresponding calculations for the K, may be 
considerably simplified by means of combinatorial methods. These 
methods have been further developed by Fisher himself, Wishart and 
others. A good account of the subject has been given by Kendall 
(Ref. 19), who gives numerous references to the literature. 


27.7. Functions of moments. — It often occurs that the mean and 
the variance of some function of the sample moments are required. 
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When the function is a polynomial in ¢ and the central moments ms, 
the problem can be solved by the method developed in 27.3—27.5. 
Even when fractional powers are involved, we may often use a similar 
direct method. Consider e.g. the simple example of the standard 
deviation s = V m, of the sample. We have identically 

press Ma — us (m, = AN 

Vm - Vh va e + Vial 
By (27.4.1), the first term in the second member has a mean value of 
(my — m)? ` 
2uP 
and thus by (27.4.2) and (27.4.1) its mean value is also of order n^. 
Thus we obtain 


(21.1.1) E(V mj —V p, + 0 (£): 


By a similar calculation we obtain 


order n-!. The last term is smaller in absolute value.than 


(27.7.2) DV m= + ofi): 

In many cases, however, we are concerned with functions involving 
ratios between powers of certain moments, such as the coefficients g, 
and g, the coefficient of correlation etc. We shall give a theorem 
that covers the most important of these cases. The theorem will be 
stated and proved for the case of a function H (m,, me) of two central 
moments m, and mp, but is immediately extended to any number of 
arguments, including also the mean z. The case of a function of one 
.single argument is, of course, included as the particular case when 
the function is independent of one of the two arguments. The theorem 
also holds, with the same proof, for functions of moments of multi- 
dimensional samples (cf 27.8). 

Consider a function H(m,, m,) which does not contain » explicitly. 
We may regard H either as a function of the two arguments m, and 
m or, replacing m, and m, by their expressions in terms of the sample 
values, as a function of the n variables 2,,...,2n- In the latter case 
the function may, of course, contain » explicitly. — We shall now 
prove the following theorem: 

Suppose that the two following conditions are satisfied: 

1) In some neighbourhood of the point m, = py, mo = Ke, the function 
H is continuous and has continuous derivatives of the first and second 
order with respect to the arguments m, and mo. 
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2) For all possible values of the xi, we have | H| < Cn, where C and 
p are non-negative constants. 

Denoting by Ho, H, and H, the values assumed by the function 
H (m, m) and its first order partial derivatives in the point m, = uy, 
Me = uo, the mean and the variance of the random variable H(m,, mp) 
are then given by 


E(H)= H, + o(): 
(21.1.8) i 
D*(H) = usn.) Ht 21s 0o, m) Hy Hy + tame) H + 0 (s) 


By (27.6.4) and (27.5.6), the variance of H is thus of the form cn + O (nl), 
where c is constant. — The proofs of these relations found in the literature are often 
unsatisfactory. The condition 2) as given above may be considerably generalized, but 
some condition of this type is necessary for the truth of the theorem. In fact, if we 
altogether omit condition 2) it would e.g. folow that, for any population with 
4g 7 0, the function 1/m would have a mean value of the form l/ug-4- O (n—!). This 
is, however, evidently false. The mean of l/mg cannot be finite for any population 
with a distribution of the discrete type, since we have then a positive probability 
that mg—0. It is easy to show that similar contradictions may arise even for con- i 
tinuous distributions. 

In 28.4, it will be proved that the function H(m,, mo) is asymptotically nor- 
mally distributed for large values of m. It is interesting to observe that, in this 
proof, no eondition corresponding to the present condition 2) will be required. 


Let P(S) denote the pr. f. of the joint distribution of a, zs, . . ., 4n 
P(S) is a set function in the space R, of the 2. If, in Tchebycheff's 
theorem (15.7.1), we take g(E)— (m, — 15)", it follows from (27.5.5) 
that we have for any £20 


A 


Pl, — u^ z e] < as 


or 


A 
P[|m,—u|zs- ge 


where A is a constant independent of n and s. The corresponding 
result holds, of course, for mẹ. Denote by Z the set of all points in 
R, such that the inequalities |m, — n, | < and | m, — uj | < £ are both 
satisfied, while Z* is the complementary set. We then have, according 
to the above, 


x 2A 
(27.7.4) P(Z*)« EPA P(Z)>1 SADDAM 
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Now 
E(H)— | HaP + f| HaP, 
Zz Ad 


and by condition 2) the modulus of the last integral is smaller than 


2AC n? 


TAE Choosing k > p + 1, it follows that 


(27.7.5) E(H)= map» o(2). 


If s is sufficiently small, we have by condition 1) for any point in 
the set Z 


H (m,, mo) = Hy + H, (m, — ps) + Hy (m, — ue) + R, 
27.7.6 
R=} [Hi (m, — ps)? + 2 Hia (my — us) (me — uo) + Ha (m, — up. 


where the Hj; denote the values of the second order derivatives in 
some intermediate point between (u,, Ho) and (m,, mọ). Hence 


[ HaP= Hy P(Z) + H, | (m, — ws) dP + 
4 A 


(27.7.7) : 
+ H, f (m, — m) dP + f RaP. 
4 


LA 


Consider now the terms in the second member of the last relation. 
By (27.7.4), the first term differs from H, by a quantity of order no, 
which is smaller than »-!, since k>p+121. The two following 
terms are at most of order n~t, since H, and H, are independent of 
n, and we have by (27.5.3) and (27.5.5), using the Schwarz inequality 
(9.5.1), 


fim — u) d P = E (m, — py) — fim —u)dP 


A ze 


27.7 


— m, — ty) d P- J 
[fe mar|=| [t urar far] 


14k) 


< [E (m, — u)? pz =0 (^ v. 


and similarly for the term containing mọ. Finally, by condition 1) the 
derivatives Hi; are bounded for all sufficiently small «, and it then 
follows in the same way that the last term in (27.7.7) is also of order 
n-!. Hence the first member of (27.7.7) differs from H, by a quantity 
of order n-!, and according to (27.7.5) we have thus proved the first 
relation (27.7.3). 

In order to prove also the second relation (27.7.3), we write 


E(H — Hy! = | (H — Hy! a P  ((H — H,)*aP. 
P p 


Choosing now k>2p+ 4, we obtain by means of condition 2) and 
the first relation (27.7.3) just proved 


D (H) = f (#— H,)*dP + 0 (n7}). 


We then express (H — H,) by means of the development (27.7.6), and 
proceed in the same way as before. The calculations are quite similar 
to those made above, except with respect to the terms of the type 


f(m, — u) RaP, where we have, e. g., using (15.4.6) and (27.5.5), 
Z 
| f His (m. — p) aP| < KE(|m, — us|’) S K (Em, — u}? = O(n). 
z 


This completes the proof of the theorem. 
We shall now apply the relations (27.7.3) to some examples. Con- 
sider first the coefficients of skewness and excess of the sample: 


Ma m, 
ess DETTO 
n= wh 9: m 


As soon as u,> 0, these functions satisfy condition 1) In order to 
show that condition 2) is also satisfied, we write 
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CTS esa Lies 3 Gat 


Eea qo — ay 


and hence infer 


(zi — x — (a; — 2? — 
lala Ze 2h sYaZ m/m 


Z (x; — a) 


In a similar way it is shown that |g;| < n for all n — 3. — Thus we 
may apply (27.7.3) to find the means and the variances of g, and gy. 
From (27.5.4) and (27.5.6) we find, to the order of approximation given 
by (21.1.3), 
EQ) — y» E(g9 — y» 

D*(g,) A uti Uo — 12 Ua us Ms — 24 U3 ua + 9 uh Ua + 95 ui s + 36 ui 

E 4uin a 
D' ig) US Us —À Us Ua Ls — B U3 Hs Us +4 S — us MET 16 ua uis a +16 u3 us 

j uin 


(27.7.8) 


When the parent population is normal, these approximate expressions 
reduce to 


E(g,) = E(g.) =0. 


(27.7.9) A 6 " 24 
D'()-9.  D*(g,) =" 
The exact expressions for the normal case will be given in (29.3.7). 
As our next example we consider the ratio 
Ving 
£ 


EO 


aa 
v 


which is known as the coefficient of variation of the sample. When 
the population distribution is such that the variable takes only posi- 
tive values, we have 


so that we may apply (27.7.3), replacing, in accordance with the re- 
mark made in connection with the theorem, m, by z. By (27.2.1), 
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(27.4.2) and (27.4.4) we then obtain, to the order of approximation 
given by (27.7.3), 


E(Y)— S. 
(21.1.10) Y 
T m? (ua — H3) — 4mus us 4 ui 
DIT) = 4m*u,n 


A normal population does not satisfy the condition that the variable 
takes only positive values, and it is easily seen that for such a po- 
pulation V is not bounded, so that condition 9) is not satisfied. We 
may, however, consider a normal distribution truncated at x = 0 (cf 


19.3), and when E is fairly small, the central moments of such a dis- 


tribution will be approximately equal to the corresponding moments 
of a complete normal distribution. In this case, the approximate ex- 
pression for the variance of V reduces to 


(21.1.11) pv) - z S. (1425. 
ry ( Sea +255): 
27.8. Characteristics of multi-dimensional distributions. — The 


formulae for sample characteristics deduced in 27.2—27.6, as well as 
the theorem proved in 27.7, may be directly extended to the character- 
istics of multi-dimensional samples. The calculations are quite similar 
to those given above, and we shall here only quote some formulae 
relating to the two-dimensional case. The definitions of the symbols 
used below have been given in 27.1, and we assume throughout that 
all the requisite moments are finite. — We have 


E(mix) = wie + o(+) , 


E(m,;) = £ 


L hens 
Eh D*(m,,) = cete ry (3) ] 
n " RE 


Lis (Mso, Mos) = Pn Enpa gg (à) t 
n n 


Ia (mig, mg) = En Em + o(5) 
n n 


358 


27.8-9 


The sample correlation coefficient 


obviously satisfies the conditions of the theorem of 27.7, since we 
have |r| <1. Denoting by o the population value of the correlation 
coefficient, we then obtain by means of the relations given above, to 
the order of approximation given by (27.7.3), 


E(r)— o, 
27.8.1 * 4 4 
( ) D’ (r) £ & ; Hoa 2 usn. ES Maa _ 441 41s ) 
30 Kos — M30 o? Min Ki Uzo Mii Hos 


For a normal population, the expression for the variance reduces (cf 
Ex. 3, p. 317) to the following expression, which is correct to the 
order n7 "^, 
— MM 

(27.8.2) D*(r) = el 

We finally observe that the theorem of 27.3 on the convergence in 
probability of sample characteristics holds true without modification 
in the multi-dimensional case. Thus e.g. 7 converges in probability 
to @, while the partial correlation coefficient 71.54... of the sample 
converges in probability to @12-s4...%, etc. 


27.9. Corrections for grouping. — In practice samples are very 
often grouped (cf 25.5) Suppose that we draw a sample of n from a 
one-dimensional distribution of the continuous type, with the fr. f. 
f(x), and let the sample values be grouped into intervals of length h, 
with the mid-points &=& + ih, wherei=0, +1, +2,.... In such 
cases it is usual to assume, in calculating the moments and other 
sample characteristics, that all sample values belonging to a certain 
interval fall in the mid-point of that interval. We are then in reality 
sampling from a distribution of the discrete type, where the variable 
may take any value & — 5 + ih with the probability 


211 


pi f £69) da. 


Si-4^ 
The moments etc. that we are estimating from our sample character- 
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isties according to the formulae previously given in this chapter, are 
thus the moments of this »grouped distribution»: 


However, in many cases it is not these moments that we really want 
to know, but the moments of the given continuous distribution: 


a, = f æ fia)dz. 


Consequently it becomes important to investigate the relations be- 
tween the two sets of moments. It will be shown that, subject to 
certain conditions, approximate values of the moments a, may be 
obtained by applying certain corrections to the raw or grouped mo- 
ments &,. 

The raw moments may be written 


siti 
a= DE | f()dz— Do, 
= Sth aid 
where 5; = ġ + ih, and 
ix^ 
(27.9.1) gG) =P J f(x)dz. 
C 


From the Euler-MacLaurin sum formula (12.2.5) we then obtain, 
assuming f(x) continuous for all 2, 


o Sothy+ gh 
a= f (5 +hyydy f f(æjdæ+R, 
(27.9.2) Ds DUI 


R=—hf P.()g (& + hy)dy. 


Let us assume for the moment that the remainder R may be neg- 
lected. We then obtain, reverting the order of integration, 


360 


27.9 


Pape 
a, =f f(x) dz f E + hy) dy 
- nba 
e h L2! h vtl 
j («+ 4) = (- 2 
he i) "doliis 


I] 


"ES, d oe aM 
=F i ki] t 


Thus the grouped moments 4, may be expressed as linear functions 
of the »true» moments «,. Solving the equations successively with 
respect to the a,, we obtain 


Qy = äg — EA h*, 
(27.9.3) oy = G, — täh? + sight, 


a, — § a, h? Tod. ht, 


as 


These are the formulae known as Sheppard's corrections (Ref. 212). 
The general expression is (cf Wold, Ref. 245) 


y= > () (Bins = 1) Bi &,-i hi, 
i=0 


where the B; are the Bernoulli numbers defined by (12.2.2). 
If we place the origin in the mean of the distribution, we have 
«,— à,— 0, and so obtain the corrections for the central moments: 


(27.9.4) Hs = ñs, 


27.9 


These relations hold under the assumption that the remainder R 
in (27.9.2) may be neglected. Suppose now that we are given two 
positive integers s and & such that: 

1) f(x) and its first 2s derivatives are continuous for all x. 

2) The product a'+? f(x) is bounded for all v and for i = 0, 
1,..., 2s. — The function g (E) given by (27.9.1) will then be continuous 
for ail ë together with its first 2s + 1 derivatives, and it is easily 
seen that for » —1,2,..., k and 7=0,1,..., 28+ 1 we have 
(21.9.5) g" (5) = 0 (£7) 


as E + o», Consequently we may apply the Euler-MacLaurin formula 
in the form (12.2.6) and thus find that the remainder R may be 
written in the form 
R= (- iy? jen f Presa (y) gE, + hy) dy. 
-0 


It then follows from (12.2.1) and (27.9.5) that we have 


|R| «Am 


m 


um Kum, O) 2s 
OE ae ve e ue 


where A and B are constants not depending on h. Thus if h, the 
width of the class interval, is sufficiently small, R may be neglected 
and the corrections (27.9.3) or (27.9.4) applied to moments of any 
order yk, the error involved being of the order A?*. 

Whenever the frequency curve y = f (x) has a contact of high order 
with the z-axis at both ends of the range, the above conditions 1) and 
2) are satisfied for moderate values of s and k. In such cases, it has 
been found in practice that the result of applying Sheppard's correc- 
tions to the moments is usually good even when h is not very small. 
It is, however, always advisable to compare the amount of the correc- 
tion to be applied to a certain moment with the standard deviation 
of the sampling distribution of that moment. If, as is often the case, 
the correction only amounts to a small fraction of the s.d., it does 
not really matter whether the correction is applied or not. 

In cases where the frequency curve has not a high order terminal 
contact, it is usually better not to apply Sheppard's corrections. 
Other correction formulae have been proposed for use in such cases, 
but they do not seem to be of sufficiently general validity (cf Elderton, 
Ref. 12, p. 231). 
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Langdon and Ore (Ref. 144) and Wold (Ref. 245, 246) have given 
corrections for the semi-invariants which are valid under the same 
conditions as Sheppard's. These have the simple form 


%,=%,, and x,—x,—— —h (v 2 1). 


The deduction of Sheppard's corrections may be extended to mo- 
ments of multi-dimensional samples. In particular we have for a two- 
dimensional distribution with class intervals of the length h, for x 
and h, for y 


Mi Hus Hnc Ae Uno Hs duh, 


(27.9.6) 
Uns = Ase — js ligo hs — Ye Boah ad hs. 


The corrections for u; and 43 are, of course, obtained by permutation 
of indices, and the corrections for the marginal moments pio and moj 
follow directly from (27.9.4), so that by these formulae we are able 
to find the corrections for all moments of orders not exceeding four. 

It should finally be remarked that the problem of corrections for 
grouping has been treated also from various other points of view. 
The reader may be referred e.g. to Fisher (Ref. 89) and Kendall 
(Ref. 136). 


CHAPTER 28. 
Asymptotic PROPERTIES OF SAMPLING DISTRIBUTIONS.’ 


28.1. Introductory remarks. — In 27.3 and 27.8, we have seen 
that all ordinary sample characteristics that are functions of the mo- 
ments converge in probability to the corresponding population char- 
acteristics, as the size n of the sample tends to infinity. In the present 
chapter, the asymptotic behaviour for large » of the sampling distri- 
butions of these and certain other characteristics will be considered 
somewhat more closely. Following up a remark made in 17.5, we shall 
first show that, under very general conditions, characteristics based 
on the sample moments are asymptotically normally distributed for 
large ». We shall then consider certain other classes of sample char- 
acteristics, some of which are, like the moment characteristics, asymp- 
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totically normal, while others show a totally different asymptotic 
behaviour. 


28.2. The moments. — Consider n sample values z,,..., &n from 
a one-dimensional distribution. The quantity na, = 52; is a sum of 


n independent random variables 27, all having the GR distribution, 
with the mean E(x) =a, and the variance D° (xp) = az, — a;. We may 
then apply the Lindeberg-Lévy case of the Central Limit Theorem (of 
17.4) and find that, as n > oo, the d. f. of the standardized sum 


Ix; — na, Ea Gy — a, 
V n (as, — ei) Va,,— a 


tends to the normal d.f. O(z). According to the terminology intro- 
duced in 17.4, any sample moment a, is thus asymptotically normal 
(as, V (a3, —c3)/n). We observe that the parameters of the limiting 
normal distribution are identical with the mean and the s.d. of av, 
as given by (27.3.1). — In particular, the mean a, = 4 of the sample 
is asymptotically normal (m, o/Vn), as already pointed out in 17.4. 
Similarly, when we consider simultaneously the two random vari- 
ables na, = Za; and na, = zł, an application of the two-dimensio- 
nal form of the Lindeberg-Lévy theorem (cf 21.11) shows that the 
joint distribution of the two variables Vn (a, — «,) and Vn (ap — a) 
tends to a certain two-dimensional normal distribution. The argument 
is evidently general, and by means of the multi-dimensional form of 
the Lindeberg-Lévy theorem (cf 24.7) we obtain the following result: 
The joint distribution of any number of the quantities Yn (a, — ay} 
tends to a normal distribution with zero mean values and the second 
order moments 
Ay = 0; = v — a?) = aa, — ai 
(982:1) o, = E (n(a, — a,)*) = a3, — ai, 
dy 7 E (n (ay — a) (a, — a9) = Gy 4.9 — a, as. 


Thus if we introduce standardized variables z, defined by 


(28.2.2) a, =a, + y; £v, 


every Z, will have zero mean and unit s.d., and the joint distribution 
of the z, will be asymptotically normal, with the covariances 
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" 
E(g,2) — —*- 
(enzo) 6, 0, 
The extension of the above considerations to moments of multi-dimen- 
sional samples is immediate. 


28.3. The central moments. — By the remarks made in connection 
with (27.5.2), any central moment », may be written in the form 


E w 
m, = a, — VE My—1 + —> 
n 


where w is a random variable such that E(w*) is smaller than a 
quantity independent of n. According to 27.4, we may without loss 
of generality assume m = 0, so that œ, = p,, and 
My — ly = Ay — Oy — VE Ayı + Es 
n 
Introducing the standardized variables z, defined by (28.2.2), we then 
have 


(28.3.1) V n(m, — by) = 0.2, — 0-12, + v 
where R =w —»0,0, 12, 2,-1.. Now by (9.5.1) 
E(R|) € E(w]) + ro 0-1 E (| 2, 2i) 
SVE) + vo,o,-1 V El) E(e3-1), 


so that E(|R|) is smaller than a quantity independent of », and it 
then follows by an application of Tehebycheff's theorem (15.7.1) that 
R|V n converges in probability to zero. Applying the theorem 20.6 
to the expression (28.3.1) we thus find that the variable Y n(m, — u) 
has, in the limit as » — oo, the same distribution as the linear ex- 
pression 9,2, — V0; Hv-121 The joint distribution of z, and % is, 
however, asymptotically normal, and any linear combination of nor- 
mally distributed variables is, by 24.4, itself normally distributed. 

Thus any central moment m, of the sample is asymptotically normally 
distributed, with the mean u, and the variance 


ot — 2v uili + Rua _ Mav — 2Y isa sia — us + V? pe i 
n n 
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We observe that the variance of the limiting normal distribution is 
identical with the leading term of D*(m,) as given by (27.5.4). — If 
we consider simultaneously any number of the m,, we find in the 
same way, using the last theorem of 22.6, that the joint distribution 
of the m, is asymptotically normal, with the means u», and variances 
and covariances given by the leading terms of (27.5.4) and (27.5.6). 
— As in the preceding paragraph, the extension to moments of multi- 
dimensional samples is immediate. 


28.4. Functions of moments. — As in 27.7, we shall confine our 
attention to the case of a function H(m,, m,) of two central moments 
from a one-dimensional sample. However, the extension to any number 
of arguments, to multi-dimensional samples and to the joint distribu- 
tion of any number of functions is immediate. We shall prove the 
following theorem. 

If, in some neighbourhood of the point m, = py, Me = Up, the function 
H (my, me) is continuous and has continuous derivatives of the first and 
second order with respect to the arguments m, and mp, the random variable 
H(m, m, is asymptotically normal, the mean and the variance of the 
limiting normal distribution being given by the leading terms of (27.7.3). 

It will be observed that in this theorem there is nothing corresponding to condi- 
tion 2) of the theorem of 27.7. Thus we may e.g. assert that the function s is 


V usu; 
us 


1 1 
asymptotically normal (2. 8), though for certain populations (ef 27.7) neither 
2 


: 1 
the mean nor the variance of m is finite. We remind in this connection of a remark 
2 


made in 17.4 to the effect that a variable may be asymptotically normal even though 
its mean and variance do not exist, or do not tend to the mean and variance of the 
limiting normal distribution. 

As in 27.7, we consider the set Z of all points (2, . . ., £n) such 
that |m,—py|<e and |m, — u,| — e. In the present case we shall, 
however, allow s to depend on n, and shall in fact choose s= n^. 
We then have, using the notations of 27.7 and choosing k= 1, 


24 
P(Z)> 1-5 = 1-240 


If » is sufficiently large, we have for any point of Z the development 
_ (27.7.6), which may be written 


V n(H — Hj) = H, Vn (m, — m) E HV n (m, — uj) + RYn, 
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where | RV 5| < Ke? V n — Kn-3. Thus the inequality | RV n|<Kn-t 
is satisfied with a probability = P(Z)>1—2An-t, so that RV » 
converges in probability to zero. By theorem 20.6, we then find that 
the variables V n(H — H;) and H, V n (m, — p.) + H, V n (m, — uj) have, 
in the limit as » — oo, the same distribution. By the preceding para- 
graph, the latter variable is, however, asymptotically normal with the 
mean. and the variance required by our theorem, which is thus proved. 

It follows from this theorem that any sample characteristic based on 
moments is, for large values of n, approximately normally distributed 
about the corresponding population characteristic, with a variance of the 


form cjn, provided only that the leading terms of (27.7.3) yield finite 


values for the mean and the variance of the limiting distribution. 

This is true for samples in any number of dimensions. Thus e. g. 
the coefficients of skewness and excess (15.8), the coefficients of re- 
gression (21.6 and 23.2), the generalized variance (22.7), and the 
coefficients of total, partial and multiple correlation (21.7, 23.4 and 
23.5) are all asymptotically normally distributed about the corresponding 
coefficients of the population. 

One important remark should, however, be made in this connec- 
tion. In general, the constant c in the expression of the variance 
will have a positive value. However, in exceptional cases c may be 
zero, which implies that the variance is of a smaller order than n7'. 
Looking back on the proof of the theorem, it is readily seen that in 
such a case the proof shows that the variable V 2 (H — H) converges 
in probability to zero, which may be expressed by saying that H is 
asymptotically normal with zero variance, as far as terms of order n^! 
are concerned. It may, however, then occur that some expression of 
the form n?(H— H,) with p 4 may have a definite limiting distri- 
bution, but this is not necessarily normal. We shall encounter an example 
of this phenomenon in 29.12, in connection with the distribution of 
the multiple correlation coefficient in the particular case when the 
corresponding population value is zero. 


28.5. The quantiles. — Consider a sample of n values from a one- 
dimensional distribution of the continuous type, with the d.f. F(x) 
and the fr. f. f(z) — F'(z). Let ¢=¢, denote the quantile (cf 15.6) of 
order p of the distribution, i.e. the root (assumed unique) of the 
equation Z(/)-— p, where 0<p <1. We shall suppose that, in some 
neighbourhood of x= Lj, the fr.f. f(x) is continuous and has a con- 
tinuous derivative f’ (æ). 
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We further denote by zp the corresponding quantile of the sample. 
If np is not an integer, and if we arrange the sample values in 
ascending order of magnitude: £; € z, S = S x», there is a unique 
quantile zp) equal to the sample value z,41, where u = [np] denotes 
the greatest integer x np. If np is an integer, we are in the in- 
determinate case (cf 15.5—15.6), and zp may be any value in the 
interval (anp, 25541). In order to avoid trivial complications, we assume 
in the sequel that np is not an integer. 

Let g(x) denote the fr.f. of the random variable = zp. The 
probability g(x)dx that z is situated in an infinitesimal interval 
(a, x + da) is identical with the probability that, among the n sample 
values, u —[n»p] are <a, and n—u—1 are >x + dz, while the 
remaining value falls between x and x + dx. Hence 


apu (a) (n — u) (Fey (1 — Pæ)" f (x) de. 
In order to study the behaviour of the distribution of 2 for large n, 


we consider the random variable y = V n/pq f(X) (z — Z), where q= 1 — p. 
By (15.1.2) y has the fr. f. 


oV te V2 ge) ene 


where we have for any fixed x as n > oo (cf 16.4.8) 


Ac V re ttum 
M: x KV. 


FE Ff rg pe 
_ (Ey (1— FO) 
is p li ( q ) : 
where (=C+ E Now F()— p, and thus 


PF» ET m TT ui lees ( jJ 
nt, PO 
Substituting this in the expression of 4,, we find after some calculation 
368 


28.5 


ae 
e 2. It is also 


1 
so that the fr.f. of y tends to the normal fr. f. 
V2zx 
seen that A,, A, and A, are uniformly bounded in any interval 
a « x « b, so that jj (5. e a the probability of the inequality a<y<b 


tends to the limit e 7 rae 


Vis. 


It follows that the T ops quantile zp is asymptotically normal 


(c oa yu 3 where =p ds the corresponding quantile of the popula- 


tion. — In particular the median of the sample is asymptotically normal 


(: save where [= Cy is the median of the population. 


For a normal distribution, with the parameters m and c, the median 


is m, and we have oes Thus the median z of a sample of 
cV2zx 


n from this distribution is asymptotically normal (n. 2E 


On the other hand, we know that the mean z of such a sample is exactly normal 


(v. yj — As n— c, z and x both converge in probability to m, and for large 
n, 
values of n we may use either z or T as an estimate of m. The latter estimate should, 


however, be considered as having the greater precision, since the s. d. yi corresponding 
n 


FL 
to x is smaller than the s.d. o V = = 1.2588 2 corresponding to z. — A systematic 
n 


comparison of the precision of various estimates of a population characteristic will be 
given in the theory of estimation (cf. Ch. 32). 


Consider now the joint distribution of two quantiles 2’ and 2”, of 
orders p, and p, where p, <p, By a calculation of the same kind 
as above, it can be shown that this distribution is asymptotically 
normal. The means of the ene normal distribution are the cor- 
responding quantiles ¢’ and ¢” of the population, while the asymptotic 
expressions of the second gules moments 143(2’), uj (2, 2"), Ha (2”) are 


Pid. Pi ds iets ss 
nfl) nfES EN n») 
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B 


Choosing in particular p, = $, p = i. U and DL" are the lower and 
upper quartiles of the population, and we find that the semi-inter- 
quartile range (cf 15.6) of the sample, à(7" —2’), is eee: 
distributed in a normal distribution with the mean 3 (Z" —7') and the s. d. 


2 
is FO ERORE) * yy 


— For a normal (m, c) population, the mean of the semi-interquartile 


range becomes 0.6745 o, and the s.d. 0.7867 A 

28.6. The extreme values and the range. — So far, we have only 
considered sample characteristics which, in large samples, tend to be 
normally distributed. We now turn to a group of characteristics 
showing a totally different behaviour. 

In a one-dimensional sample of n values, there are always two finite 
and uniquely determined extreme values,') and also a finite range, which 
is the difference between the extremes. More generally, we may arrange 
the n sample values in order of magnitude, and consider the »:th 
value from the top or from the bottom. For y= 1 we obtain, of course, 
the extreme values. 

It is often important to know the sampling distributions of the 
extreme values, the »:th values, the range, and other similar charac- 
teristics of the sample. We shall now consider some properties of 
these distributions. 

We restrict ourselves to the case when the population has a distri- 
bution of the continuous type, with the d.f. F and the fr.f. f= F". 
Let x denote the v:th value from the top in a sample of n from this 
population. The probability element g,(x)dz in the sampling distribu- 
tion of æ is identical with the probability that, among the n sample 
values, n —» are <a, and » — 1 are >a + dz, while the remaining 
value falls between a and x + dz. Hence 


(28.6.1)  g,(x)dxz—m ( vi i) (FGy-*(1 — Fay- f(x) dx. 


If we introduce a new variable E by the substitution 


7) It, e.g, the two uppermost values are equal, any of them will be considered 
as the upper extreme value, and similarly in other cases. 
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(28.6.2) E— n(1— Fœ), 
we shall have 0 X E < n, and the fr. f. h, (E) of the new variable will be 


(28.6.3) h,()— C y i Ẹ n» ( jm 


for OX E X n, and h,(E) — O outside (0, n). As n — oo, h, (E) converges 
for any §=0 to the limit 


E NE unus 

(28.6.4) lim hy (E) = T9 3, 

Further, h,() is uniformly bounded for all » in every finite Ẹ-inter- 

val, and thus by (5.3.6) E is, in the limit as n > oo, distributed ac- 

cording to the fr. f. (28.6.4), which is a particular case of (12.3.3). 
Similarly, if y denotes the »:th value from the bottom in our 

sample, and if we introduce a new variable 7 by the substitution 


(28.6.5) 2 —nF(y) 
we find that ņ has the fr.f. h,(y) and thus, in the limit, the fr. f. 
r(j* " 


We may also consider the joint distribution of the v:th value x 
from the top and the v:th value y from the bottom. Introducing the 
variables E and 7 by the substitutions (28.6.2) and (28.6.5), it is then 
proved in the same way as above that the joint fr. f. of E and 7 is 


where E70, 7 >0, &+ <n, and 2v « m. As n> co, this tends to 


E »—1 


MU I ERES oat 
r9 e7", 


(28.6.1) T 


so that ë and 7 are, in the limit, independent. 

When the d.f. F is given, it is sometimes possible to solve the 
equations (28.6.2) and (28.6.5) explicitly with respect to z and y. We 
then obtain the »:th values z and y expressed in terms of the auxiliary 
variables E and z of known distributions. When an explicit solution 
cannot be given, it is often possible to obtain an asymptotic solution 
for large values of n. In such cases, the known distributions of 5 
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and 7 may be used to find the limiting forms of the distributions of 
the »:th values, the range etc. We now proceed to consider some 
examples of this method, omitting certain details of calculation. 


1. The rectangular distribution. — Let the sampled variable be 
uniformly distributed (cf 19.1) over the interval (a, b). If, in a sample 
of n from this distribution, v and y are the v:th values from the top 
and from the bottom, (28.6.2) and (28.6.5) give 


b—a b—a 
mb » g, y=at "^ 


where ë and 7 have the joint fr.f. (28.6.6) with the limiting form 
(28.6.7). Hence we obtain 


Ee =t 150-0), De ZETA ay, 


and similar expressions for y. We further have 


aty\ atb aty\_ v : 
$8.69) E( 2 )- 2 »( 2 )- suce ^" 


which shows that the arithmetic mean of the »:th values x and y 
provides a consistent and unbiased estimate (cf 27.6) of the mean 
(a + b)/2 of the distribution. Finally, we have for the difference x — y 


We fn " 2»(n—2»--1) ^ 
ei) Ele " (-2 SL a), De) = CA Dar. 


For v= 1 the difference z — y is, of course, the range of the sample. 


2. The triangular distribution. — In the case of a triangular distri- 
bution (cf 19.1) over the range (a, b), the equations (28.6. 2) and (28.6.5) 


give, when «> a7? ana s<% i 


rata VF. vss o-a|/ 7. 


We consider only the particular case y= 1, when z and y are the 
extreme values of the sample, and then obtain 
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aty a+b OHI 4—2 1 
E( D] )- 2 3 n ( )= » 6-a} + o(1). 
(28.6.10) 


E -9-(: — Va (b—a)4- 0 (s). D*(—9)— 7 (b-a) o(5) . 


3. Cauchy's distribution. — For the distribution given by the fr. f. 
(19.2.1), the substitution (28.6.2) gives 


AE zl z—u 
f= Fitcue 2 are cot 1 


or 
z=u+ 1 cot =p +42 + 0(8) 


where & has the limiting distribution (28.6.4). The remainder con- 
verges in probability to zero, and it then follows from 20.6 that the 


»th value z from the i is, in the limit, distributed as u + Pu, 


1 
where v= =+ has the fr.f. —— v-'-!e v. Similarly the »:th value from 


: B T: ) 
the bottom, y, is distributed as n— Pw, where w is, in the limit, 


independent of v and has a distribution of the same form. In the 
case y=1, the mean values of z and y are not finite. For »>2 we 
have 


(28.6.11) £ (734) =u w (754) Iya To =H a) +0) 


We observe that the variance does not tend to zero as n > œ. Ac- 
+ 
d does not converge in probability to u, so that - 2 2 


is not a consistent estimate (cf 27.6) of u. 


cordingly 2 
4. Laplace's distribution. — For the fr.f. (19.2.4) we obtain for 
the v:th value z from the top, when x> uy, 
z= u + Àlog 5 — à log &, 


where E has the limiting distribution (28.6.4). Substituting v for 
— log §, we thus have 
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x=u+ 1 log 5 + Lv, 
where v —— log & has, in the limit, the fr. f. 
: yel 
J(e) = T6) e j 


Similarly, the »:th value from the bottom is 


n 4 
y=u—Alog 5 4M, 


where w is, in the limit, independent of v and has the fr. f. Jv (we). 


In the particular case » — 1 we have (ef the following example) 


(28.6.19) (E22) =u, n 32)-*7 + o(). 


2 12 n 


Š ^ ety. 
and we observe that, as in the preceding case, —5 is not a con- 


sistent estimate of u. 

5. The normal distribution. — Consider first a normal distribution 
with the standardized parameters m =0 and o=1. If x is the v:th 
value from the top in a sample of n from this distribution, (28.6.2) gives 


It is required to find an asymptotic solution of this equation with 


respect to x, when n is large. By partial integration, the equation 
may be put in the form 


EV2n 


Po) 


Assuming & bounded, we obtain after some calculation 


z—V3loga—98logn-*log4a _ Oa ( L) 
2V2 logn V2 log n log n 


and it follows that the remainder converges in probability to zero. 
Proceeding to the general case of a normal distribution with arbi- 
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trary parameters m and c, we need only replace x by ee Substi- 


tuting at the same time v for — log ë, we thus find that the v:th 
value x from the top has the expression 


E log log n + log 4 z: c 
28.6.13) r—m-cV2logn—aoc : v, 
( j 2V2 log n V2 log n 
where v=— log ë is a variable which, in the limit as n > oo, has 
the fr. f. 
9 : ORAN -vv—e7U 
(28.6.14) jo (v) = Fo’? 


already encountered in the preceding example. Similarly we have, for 
the »:th value y from the bottom, the expression 


log log n + log 4 Bo o 
2V2 log n V2 log n 


(28.6.15) y=m—oV2logn+o Ww, 
where w is, in the limit, independent of v and has the fr. f. j, (w). 

Thus for large values of » the »:th values x and y are related by 
simple linear transformations to variables having the limiting distri- 
bution defined by the fr.f. (28.6.14). The frequency curves u= j, (v) 
are shown for some values of » in Fig. 27. 


5 6 
Fig. 27. The frequency curve u=j,(v) for » = 1, 2, 3, 4. 
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We observe that the limiting distribution has, except for different normalization, 
the same form as in the preceding example. A straightforward generalization of the 
above argument shows that the same limiting fr. f. j,(v) appears in all cases where 
the fr.f. of the parent distribution is, for large values of |x|, asymptotically ex- 


pressed by 
f(a) ~ Ae-Blzl?, 


where A, B and p are positive constants. 


The mode of a variable which has the fr.f. j,(v) is — log v, while 
the mean and the variance are given by the relations 


os ipu i 
£()= fui (0v — s f 8- log feias = GS 
0 0 


D*(v) = f etj lo) do — (0-5 S) 


in : 
pg | F7 e besser s, 
0 


obtained by means of (12.5.6) and (12.5.7). Here C denotes Euler's 
constant defined by (12.2.7), while 


elidel 1 TU ET 1 
Nr hg Ee seq tt oe 


Hence we obtain for the v:th value x from the top: 


E(x) =m+o(V2logn— “ete nt Um t (S 9. «of l ): 
/2 log n [o 
(28.6.16) "n vr 


D CERE Ec 1 
D 7 s (s s,) + O z) 


and similar expressions for the v:th value u from the bottom. We 
further obtain 


28.6.17 z(551)- '€i1j- i 
( ) 5 m, D (~ reed tim ue 


so that in this case ~ 


i NO z 

9  8lves a consistent estimate for m, though 
the variance only tends to zero as (log 1)-!, which is not nearly so 
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rapidly as n~t. — For the difference z — y between the »:th values 
we have 


4 log n — log log n — log 4z — 2(S, — C) ( 1 ) 
E(x— o 23 40 , 
( ) V2 logn log n 
(28.6.18) 


5 o [n* : 1 
Die D= s,) i o (rz): 


We may thus obtain a consistent estimate for c by multiplying x — y 
with an appropriate constant, and the variance of this estimate will, 
for a given large value of n, be approximately proportional to 


at e 
8$ 5-2; 


The limiting forms discussed above in connection with the normal 
distribution and Laplace's distribution are due partly to R. A. Fisher 
and Tippet (Ref. 110) and partly to Gumbel (Ref. 120) in whose 
papers further information concerning the properties of these distri 
butions and their statistical applications will be found. 

In the limiting expressions for the case of the normal distribution, 
the remainder terms are of the same order as a negative power of 
log». Now logn tends to infinity less rapidly than any power of 
1, and accordingly it has been found that the approach to the limiting 
forms is here considerably slower than e.g. in the case of the ap- 
proach to normality of the distribution of some moment characteristic. 
The exact distributions of the extreme values and the range of a sample 


0 1 2 3 4 5 


Fig. 28. Distribution funetion for the upper extreme of a sample of values from a 
normal population with m = 0 and c — J. 
Exact: Approximate formula: =-= . 
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from a normal distribution have been investigated by various authors, 
and certain tables are available. The reader is referred to K. Pear- 
son's tables, and to papers by Irwin, Tippet, E. S. Pearson and 
Davies, E. S. Pearson and Hartley (Ref. 264, 131, 226, 196, 197). 
We give in Fig. 28 some comparisons between the exact distribution 
of the largest member of a sample and the corresponding distributions 
calculated from the limiting expressions (28.6.13)—(28.6.14). 


CHAPTER 29. 


Exact SAMPLING DISTRIBUTIONS. 


29.1. The problem. In the two preceding chapters, we have shown 
how to caleulate moments and various other characteristics of sampling 
distributions, and we have investigated the asymptotic behaviour of 
the distributions for samples of infinitely increasing size. However, it 
is clear that a knowledge of the exact form of a sampling distribu- 
tion would be of a far greater value than the knowledge of a number 
of moment characteristics and of a limiting expression for large values 
of ». Especially when we are dealing with small samples, as is often 
the case in the applications, the asymptotic expressions are sometimes 
grossly inadequate, and a knowledge of the exact form of the distri- 
bution would then be highly desirable. 

Suppose that we are concerned with a sample of » observed values 
from a one-dimensional distribution with the d.f. F(z), and that we 
wish to find the sampling distribution of some sample characteristic 
9(x;,...,%n). The problem is then to find the distribution of a given 
function g(a,,...,2n) of n independent random variables LO, du; 
each of which has the same distribution with the d. f. F(z). 

Theoretically, this problem has been solved in 14.5, where we have 
shown that there is always a unique solution, as soon as the functions 
F and g are given. Numerically, the problem may often be solved by 
means of the computation of tables based on approximate formulae. 
If, however, we require a solution that can be explicitly expressed in 
terms of known functions, the situation will be quite different. At the 
present state of our knowledge such a solution can, in fact, only be 
reached in a comparatively small number of cases, 

One case where a result of a certain generality can be given, is 
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the simple ease of the mean à -iXa of a one-dimensional sample. 
í 


In Chs 16—19 we have seen (cf 16.2, 16.5, 17.3, 18.1, 19.2) that many 
distributions possess what we have called an addition theorem, i.e. a 
theorem that gives an explicit expression for the d.f. G(x) of the 
sum 2, +- + 2p, where the z; are independent, each having the given 
d.f. F(x). The d.f. of the mean z is then Gn(nz), and thus we can 
find the exact sampling distribution of the mean, whenever the parent 
distribution possesses an addition theorem. — We shall give some 
examples: 

When the parent F(x) is normal (m, o), we have seen in 17.3 that 
the mean @ is normal (m, o/V n). 

When F(x) corresponds to a Cauchy distribution, we have seen in 
19.2 that Z has the same d.f. F(x) as the parent population. 

When the parent has a Poisson distribution with the parameter 4, 


the mean Z has the possible values 0, : z ..., and it follows from 


(16.5.4) that we have »(;- z) = (3T gma, 


Apart from the case of the mean (with respect to this case, cf 
Irwin, Ref. 132), very few results of a general character are known 
about the exact form of sampling distributions. Only in one particular 
case, viz. the case of sampling from a normal parent distribution (in 
any number of dimensions), has it so far been possible to investigate 
the subject systematically and reach results of a certain completeness. 
In the present chapter, we shall be concerned with this case. 

Some isolated results belonging to this order of ideas were dis- 
covered at an early stage by Helmert, K. Pearson and Student. The 
first systematic investigations of the subject were, however, made by 
R. A. Fisher, who gave rigorous proofs of the earlier results and 
discovered the exact forms of the distributions in fundamentally 
important new cases. In his work on these problems, Fisher generally 
uses methods of analytical geometry in a multi-dimensional space. 
Other methods, involving the use of characteristic functions, or of 
certain transformations of variables etc., have later been applied to 
this type of problems. In the sequel, we shall give examples of the 
use of various methods. 


29.2. Fisher’s lemma. Degrees of freedom. — In the study of 
sampling distributions connected with normally distributed variables, 
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the following transformation due to R. A. Fisher (Ref. 97) is ofter 
useful. Suppose that 2,...,@ are independent random variables, 
each of which is normal (0, c). Consider an orthogonal transformation 
(cf 11.9) 

(29.2.1) Yi = Ci 94 + Cin Hg + °° + Cin Fn, G18 DA En) 


replacing the variables a,,...,%, by new variables y, .... Yn. By 
24.4, the joint distribution of the y; is normal and we obtain 
(cf Ex. 16, p. 319) E(yj) = 0, and 


x oc? for i=k, 
E (yiyi) =o X cij e; = f 
ji lo for iz 


so that the new variables y; are uncorrelated. It then follows from 
24.1 that they are even independent. Thus the transformed variables 
yi are independent and normal (0, o). 

The geometrical signifieation of this result is evident. The trans- 
formation (29.2.1) corresponds (cf 11.9) to a rotation of the system 
of coordinates about the origin, and our result shows that the parti- 
eular normal distribution in R, considered here is invariant under 
this rotation. 

Suppose now that, at first, only a certain number p < n of linear 


functions y, Ys,- -Yp are given, where y; — cj1%, - ::: + Cinn, and 
the c;; satisfy the orthogonality conditions 
z { 1 for z—k, 
Dija = 
ra lo for i£, 


for 7=1,2,...,p and £—1,2,.. ., p. By 11.9 we can then always 
find n — p further rows ci, ..., Gin, where i= p + 1,..., n, such that 
the complete matrix Cyn = (cj) is orthogonal. — Consider the quad- 
ratic form in 2,,..., €» 


(29.2.9) (rne Aes ee ere 


If we apply here the orthogonal transformation (29.2.1), Dj is by 


1 


11.9 transformed into Dy: and thus we obtain 
1 


Q= yo+ t+ ys. 
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Thus Q is equal to the sum of the squares of n — p independent 
normal (0, c) variables which are, moreover, independent Of 94, .. s Pp. 
Using (18.1.8), we obtain the following lemma due to R. A. Fisher 
(Ref. 97): 

The variable Q defined by (29.2.2) is independent Of yy «s Yp and 
has the fr. f. 

n- z 
n = "ee 1 ae ne e 20%, 
Qa er) 


where ks (a) is the fr. f. (18.1.8) of the y -distribution. 

The number n—p is the rank of the form Q (cf 11.6), i.e. the 
smallest number of independent variables on which the form may be 
brought by a non-singular linear transformation. In statistical applica- 
tions, this number of free variables entering into a problem is usually, 
in accordance with the terminology introduced by R. A. Fisher, denoted 
as the number of degrees of freedom (abbreviated d. of fr.) of the 
problem, or of the distribution of the random variables attached to 
the problem. 


Thus e.g. the variable xy? = DE and its fr. f. Æn(x) considered in 
1 


18.1 are said to possess degrees of freedom, since the quadratic 
form x? is of rank m. The corresponding distribution will accordingly 
be called the y%-distrébution with n degrees of freedom. 


n 
Similarly the form Q— Däi —yi—:-— yp of rank n—p con- 
1 


sidered above will be said to possess » — p degrees of freedom, and 
the result proved above thus implies that the variable Q/o* is distri- 
buted in à y*distribution with n — p degrees of freedom. 

The same terminology will often be applied also to other distri- 
butions. In the case of Student's distribution, it is customary io say 
that the fr.f. sn(z) defined by (18.2.4) is attached to Student's distri- 
bution with n degrees of freedom, since the quadratic form in the de- 
nominator of the variable ¢ as defined by (18.2.1) has the rank n. 
For Fisher's z-distribution (cf. 18.3), we have to distinguish between 
the m d. of fr. in the numerator of (18.3.1), and the n d. of fr. in 
the denominator. £ 


29.3. The joint distribution of @ and s? in samples from a normal 
distribution. — We have already pointed out in 29.1 that the mean 
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ï of a sample of n from a parent distribution which is normal (m, o) 
is itself normal (m, c[V n). We now proceed to consider the distribu- 


1 
tion of the sample variance s* —m-.2m—3 and, at the same 


time, the joint distribution of Z and s". Without loss of generality, 
we may then assume that the population mean m is zero, since this 
does not affect s*, and is equivalent to the addition of a constant to @. 

We thus assume that every 2; is normal (0, c), and consider the 
identity (cf 11.11.2) 


(29.3.1) n= $3m—z-—»-x—n zr 
1 1 
4 2 
Now n#= tan Te B is the square of a linear form 
Vn Vn 


CL, H cyan such that ci c: 0; — 1. We may thus apply the 
lemma of the preceding paragraph, taking in (29.2.2) p —1 and 
y= V nā. Returning to the case of a general population mean m, 
we then have the following theorem first rigorously proved by R. A. 
Fisher (Ref. 97): 

The mean & and the variance s* of a normal sample are independent, 
and & is normal (m, a/V n), while ns*/o® is distributed in a y*-distribu- 
tion with n—1 degrees of freedom. 


It can be shown that the independence of T and s? holds only when the parent 
distribution is normal (cf Geary, Ref. 115, and Lukaes, Ref. 150). On the other hand, 
we have seen in 27.4 that x and 8° are uncorrelated whenever the third central mo- 
ment u, of the parent distribution is zero. 


It follows from the theorem that the unbiased estimate (cf 27.6) 
of the variance, An. n has the fr.f. ls den Wis Du . Com- 
n—1 o o? 


S ; E ce si » 
paring with the fr.f. of 2 D xi given in the table at the end of 18.1, 
$ 


n 
ETN 


it is seen that the variable E xc mL is distributed 


n—1 


as the arithmetic mean of n — 1 squares of independent normal (0, o) 
variables, in accordance with the fact that there are » — 1 d. of fr. 
in the distribution. 
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The mean and the variance of s*— m, have already been given in 
(27.4.5). By means of (18.1.5) we obtain the following general ex- 
pression of the moments 


alee 1)(n + 1)(n + 3) (n + 2v — 3) n» 


n” 


(29.8.0) E (m) 


Hence we deduce the expressions for the coefficients of skewness and 
excess: 


2V2 12 


Vaci Yo (m) = ea 


yı (my) = 


For the s.d. s— Vm, of the sample we obtain from the theorem, 
using Stirling's formula (12.5.3) 


(29.3.3) 


in accordance with the general expressions (27.7.1) and (27.7.2). 

In view of the great importance of the theorem on the joint 
distribution of @ and s", we shall now give another proof of the same 
result, using certain transformations of variables, combined with geo- 
metrical arguments. As before, we suppose in the proof that m = 0. 

Consider the n-dimensional sample space R, of the variables 


23 v) ERE ODE sample is represented by a variable point in this 
space, the sample point X — X (ay, . - -, tn). Let XR be the perpendicular 
from X to the line z,— 2,—':— Ln. Then A has the coordinates 


(Z,...,4) so that the square of the distance OR from the origin O 
H 

to R is n@, and consequently X R* = O X!'—0mB8- > a — nī =ne. 
1 


The joint distribution of the variables a; is conceived in the usual 
way as a distribution of a mass unit over R,, and the probability 
element of this distribution is 
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1 et 
dP-— .—e Y dz ll. da. 


(22)? 0^ 


We now perform a rotation of the coordinate axes, such that one of 
the axes is brought to coincide with the line OR. This rotation is 


n 
expressed by an orthogonal substitution yi — X it, where one of 
1 


the y; say Yn, is equal to Yng--— co 2%, We then obtain 
Vn Vn 
n-i 
Èa- Anas + Ss and hence Qn The determinant 


of the atien being +1, we have be (22.2.3) 


dP-— L ramte dy, . . - dyn—1 dyn 


= woe 3122. dys-i dá. 


We further introduce the substitution 
(29.3.4) y—VYnez, | ((—51,2,..,5— 1), 


which signifies that we take the length XR — V ns as unit. How- 
ever, by the last substitution we have replaced the » — 1 variables Yi 
by n new variables s and z,,...,z&-:. Accordingly there is a relation 
between the new variables, which is found by squaring and adding 
the n—1 equations (29.3.4). We then obtain 


(29.3.5) 34-4 


and thus one of the z; say z,-;, may be expressed as a function of 
the » —2 others, so that in (29.3.4) the old variables y, . . ., Yn-1 
are replaced by the new variables s and 2, . . ., z, ,. For the Jacobian 
J of the transformation we have, since (E E NUBE ; 

OZ 2n-1 
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Ving, Vaiss Ce m 0 
Te ; Wo rh aml | One: 0 
n zs n8 cms 0 
> n=1 23 1 0 
|) wt ots Veh ope eee m3 g-i 
1 => = at ES SE e 
V nezna 0 O i ms SEIL OT Ds E] 
Vita nee —V S REA £n—i——£2, — 2a —2n-2 
n—1 2n-1 
2-i not 
2 gn—2 i a8 
( {jenn ee cut n? 8 r 
Zn-i Me os 


To any system of values (yj... yn-1) (0, . . ., 0) we obtain from 
(29.3.4) and (29.3.5) a uniquely determined system of values of 


£y... @n-2 and s, such that s>0. On the other hand, to any given 
n-2 
system of values of z,,...,2,-» and s, such that Dä <1 and s>0, 


1 
there correspond two values of 2n-1 with opposite signs determined 
by (29.3.5), viz. zaà1— € Vl—2i—:-— £5-» and thus two systems 
of values of the yi say Y,---) Yn—2, + Yn—1. Both these systems yield 
| the same value of the probability element dP and the modulus || 
of the Jacobian, and thus we obtain by means of a remark in 22.2 
the expression 


n 


dp.-19 pe a didsde, .. . den» 
z ZAA 
(2 7)? o" 1 
n-1 
nia n—1 
; MM Bx) 
E Vn EU S E. Inda Sad ay: B d£, .. . dena 

oV 2x er D Vi—zsÓ-:--—z2zu 
À 2 


The probability element dP appears here as a product of three fac- 
tors, viz. the probability elements of Z and s, and the joint probability 
element of z,...,24-» We thus see (cf 22.1.2) that Z and s are in- 
dependent not only of one another, but also of the combined variable 
(£ ... 22-2), and that the distributions of z and s are those given 

| by the above theorem.’) 
1) The same result can be obtained by means of the transformation x; = zz; 
which has been used for this and other purposes e.g. by Behrens, Steffensen, Rasch 

and Hald (Ref. 60, 218, 206). 
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We now perform a rotation of the coordinate axes, such that one of 
the axes is brought to coincide with the line OR. This rotation is 


expressed by an orthogonal substitution yc Y ijt, where one of 


: Het x, . 
the y; say yn, is equal to Varr rosse Vr We then obtain 


n-1 n-1 


Ža- Xs * 25 and hence acer The determinant 


of the INTUS bins +1, we have by (22.2.3) 


pe aL eu) FN o. 
(2 x)? o" 

= OMS sumi WW dyicrdz: 
(2 n)? 0” 


We further introduce the substitution 
(29.3.4) yi—Vnse, . (6=1,2)...,n—1), 


which signifies that we take the length XR=V ns as unit. How- 
ever, by the last substitution we have replaced the n—1 variables y; 
by n new variables s and 2,,..., 2n-1. Accordingly there is a relation 
between the new variables, which is found by squaring and adding 
the n—1 equations (29.3.4). We then obtain 


n-1i 


(29.3.5) DLE 
1 


and thus one of the z; say z4-, may be expressed as a function of 
the » —2 others, so that in (29.3.4) the old variables y, . . ., ya: 
are replaced by the new variables s and z,,..., 2, ,. For the Jacobian 
J of the transformation we have, since Pur pr 

Ó zi 2n-1 
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Vine, Vree O CLAR 0 
V nz Ü Veste 0 0 quy auo 


Viner» 0 0....Vns cnsstes Dese NO) | Oise i 
y 


; = Z 
V nzn- —V ns- 
z 


To any system of values (y;,...,Y¥n-1)#(0,...,0) we obtain from 
(29.3.4) and (29.3.5) a uniquely determined system of values of 
21, +++ 2n-9 and s, such that s>0. On the other hand, to any given 


n-2 
system of values of z,,...,25-» and s, such that Dä <1 and s>0, 
1 
there correspond two values of 2,-1 with opposite signs determined 
by (29.3.5), viz. z-1-—t V1i—2—:--—2-», and thus two systems 
of values of the y; say Ji «s Yn-2, + Yn—1. Both these systems yield 
the same value of the probability element dP and the modulus IJ] 
of the Jacobian, and thus we obtain by means of a remark in 22.2 
the expression 
gn? 


dP--— e a A TUE, .. dens 
x UAE A E 


5 i nya (n —i 
Vn 2 2(3) S ul 2 ) dz... dna 


m? 


| 
i UE WE eee 
oV 27 er ee 
lj 
li 


The probability element dP appears here as a product of three fac- 
tors, viz. the probability elements of Z and s, and the joint probability 
element of 2}, . . +; 2n-2. We thus see (cf 22.1.2) that @ and s are in- 
dependent not only of one anotlter, but also of the combined variable 
(es... Zna), and that the distributions of z and s are those given 
by the above theorem.) 

DIS Rein result can be obtained by means of the transformation x; = zc 832; 
which has been used for this and other purposes e.g. by Behrens, Steffensen, Rasch 
and Hald (Ref. 60, 218, 206). 
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For a later purpose we finally observe that, in the general case 
when the population mean m is not zero, the above transformation 
of the probability element may be written 


1 n 
-142Z-m-* n 
dP= n eva t dx,... dn 
(27)? o 

(29.3.6) aay : 

nia fn 

= I 
Vn -gamt 2(?) Ae ata | ( 2 ) de, . . tss 
— da e 8 n-1 1 

oV2n gun og Vi1—zi-:-:-—£-a 


Consider the effect of the above transformation on the expression 


^ f[g,— 3N* 
zi jk (2. 
me n 8 


By means of the identity (29.3.1), it is easily shown that every v; — i is transformed 
into a linear combination of yj ..., y5—,. It then follows from (29.3.4) and (29.3.5) 


that m, m; is a function of z,,...,2, 9 only. Thus the three variahles 2, 8 and 


m, my”? are independent. (Cf Geary, Ref. 116). 

Following Geary, we can use this observation to obtain exact expressions (first 
given by Fisher, Ref. 101) for the mean and the variance of the coefficients 
gi = M m; and g, = m, my? — 8, instead of the asymptotic expressions (27.7.9). 
It follows, in fact, from the independence theorem that 


eu) M 
E (men; i).x ma) -E (ne), 


»p 
so that the mean value of (m, mz) can be caleulated from E (m?) and E (m2). 
In this way we obtain 


E@)=0, E(g)-— —— 


n+1 
6 (n — 2) 
(n 4 2) (n4- 8) 


24n(n — 2)(n — 8) Y 
(n 4-1? n+ 3)(n +5) 


(29.8.7) D*(g,)= 


D'(g) = 


Thus g, is affected with a negative bias of order n—1, while g, is unbiased. If, instead 
of g, and gs, we consider the analogous quantities 


G, = Wee 
(29.3.8 ) 5 
d n—1 , 
a eae eS 
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where the Ky are the unbiased semi-invariant estimates of Fisher (cf 27.6), the bias 
disappears, and we obtain 


E(G,) = E(89) = 0, 


y Lo 6 n(n— 1) 
(29.3.9) D'(G)— FENCE SCEO 
24n(n — 1* 
D'(89— Syn —2)n4- Sn F 5) 
29.4. Student's ratio. — Consider the variables Vn (z— m) and 


es 1 s*, when the parent distribution is normal (m, c). According to 


the preceding paragraph, these two variables are independent, and 


es 1* is distributed as the arith- 


V n(z — m) is normal (0, o), while a= 


metic mean of »—1 squares of independent normal (0, c) variables. 
By the definition of Student's distribution in 18.2, the ratio 


(29.4.1) tu nem. y —i én 


is then distributed in Student’s distribution with n—1 degrees of free- 
dom. Thus ¢ has the fr. f. 


1 h (5) 


sn- (2) = "mem een (1 + E j^ 


This can, of course, also be shown more directly. Assuming for 


simplicity m — 0, we replace the sample variables 2, . . ., £n by new 
variables y,...,y» by means of an orthogonal transformation such 
n n 
that y, — V nz— SA peers a. Then ns’=) ri — nz =) yi and 
Vn Vn TU A 
thus 
t= > 


Yı 
l/ de 
nae 
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where by 29.2 the y; are independent and normal (0,0). We can 
then directly apply the argument of (18.2.1)—(18.2.4). 


"n 


n—1 
t SEMI which is obviously normal (0, 1). It follows from 20.6 


If, in the first expression of ¢ in (29.4.1), we replace 8° by its mean a’, we 


obtain the variable Vn 


that the difference t— Vn = converges in probability to zero as n — ©. Accord- 


1 
ingly by (20.2.2) the fr. f. of £ tends to PEE e—2? as n — œ. 


The variable ¢ defined by (29.4.1) is known as Student's ratio.) 
Its distribution was first discovered by Student (Ref. 221), whose 
results were then rigorously proved by R. A. Fisher (Ref. 97). 

As already pointed out in 18.2, the fr.f. s,-1, as well as the vari- 
able ¢ itself, does not contain c. As soon as we know m, we may 
_ thus calculate ¢ from the sample values, and compare the observed 
value of ¢ with the theoretical distribution. In this way we obtain a 
practically important test of significance for the deviation of the sample 
mean ï from some hypothetical value of the population mean m (cf 31.2 
and 31.3, Hx. 4). 

Of even greater practical importance is the application of Student's 
distribution to test the significance of the dzfference belween two mean 
values (R. A. Fisher, Ref. 97; cf 31.2) The sampling distribution 
relevant to this problem is obtained as follows. 

Suppose that we have two independent samples z,,...,2,, and 
Yn +++) Yn drawn from the same normal population. Without loss of 
generality, we may assume m — 0. Let the mean and the variance of 


ny 


PE TO ; 
the first sample be denoted by qu and ¢ = », 2i — a), 


while j and sj are the corresponding characteristics of the second 
sample. We now replace all the n, + n, variables z,, . . ., Zu, Yi «+ +> o 
by new variables 2, ..., 2&4», by means of an orthogonal transforma- 
tion such that z, = V n, and z, = Vn,j. The quadratic form 


m n 
Q=n s + n= Di + Dri —ni- ny 
1 1 
Tun. 
is then transformed into Q— > zi, which shows that the rank, or 
Ve np 3 
1) Student actually considered the ratio z = t/V n — 1 = (5 — m)/s. 
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the number of d. of fr., of Q is n, + », — 2. If we define a random 
variable « by the relation 


(29.43) u= Ve sn ee 


0, + Ny VQ 


| / ni Nna (ni + n, — 2) r—id 
n, + Ny Vn si + nyt 
u is then transformed into 
n n 
V 8g, — V 1_ gy 
ny + ng 9, + Ny w 


uc V. 1 TET p: r 1 T rae 
E O SDA 
nmn t mrn a ^ 


where w and 25,..., 254», are independent and normal (0, o). We can 
now once more apply the argument of 18.2, and it follows that the 
variable u is distributed in Student's distribution with m, + ny — 2 d. of 
fr., so that u has the fr.f. 8n,4n,-2(z). This result evidently holds true 
irrespective of the value of m. — It will be observed that in this 
case neither the variable w nor the corresponding fr.f. contains any 
of the parameters m and c of the parent distribution. Thus we can 
calculate w directly from the sample values, and compare the observed 
value of u with the theoretical distribution (cf 31.2 and 31.3, Ex. 4). 


n n 
Consider the quadratic form ns? = Ù (x; — T} = Ya}—nz* in the n sample 
1 1 


variables z,,..., p assuming that the population mean m is zero. Replacing the æ; 


by new variables y; by means of an orthogonal transformation such that the two 
first variables are 


P L 
Vane = hy 24.44, 
A Yn Vn Vn 
V. " n-a NEUEM m.s A EN GE 
EB n—1'! f n i Vn(n—1 Vnín — V 


the form ns? is transformed into Y y}. Consequently the variable 
L 


(29.4.8) r=, 


29.4—5 


which expresses the deviation of the sample value x, from the sample mean T, 
measured in units of the s.d. 8 of the sample, becomes 


Now y»...y, are independent and normal (0, 6), and thus by (18.2.6) and (18.2.7) 
the variable has the fr. f. (cf Thompson, Ref. 225, and Arley, Ref. 53) 


ri 1 d 
(29.4.4) miii) ( = J a 


EIET: 


The variable is then, by 18.2, distributed in Student's distribution with 


Yn— 
^» —2 d. of fr. — It follows from the definition of r that these results hold ir- 
mpl m 


respective of the value of m. Any relative deviation 


has, of course, the same 


distribution as v. These results are of importance in connection with the question 
of criteria for the rejection of outlying observations. 
ay tx 


More generally, if we consider the arithmetic mean T, jS where 


15 k-n,and write t= 


has the fr.f. (29.4.4), 


the variable rj. V Mane 


u^ 
and consequently the variable 


(29.4.5) 


has Student's distribution with » — 2 d. of fr. (Thompson, Ref. 225). This may be 


used for testing the significance of the difference between the mean of a sub-group 
and a general mean (cf 31.3, Ex. 5). 


29.5. A lemma. — We now proceed to the study of sampling 
distributions connected with a multi-dimensional normal parent distri- 
button. In this preliminary paragraph, we shall prove certain results 
due to Wishart and Bartlett (Ref. 240, 241) that will be required in 


Cert: 
thesequel. Let A=) . . . ; where aj;— aij, be a definite positive 
Aki ... Akk 
Yu... an 
matrix (cf 11.10) with constant elements, while X = PE 
Xp... aul 
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where zj;— zij is a variable matrix. Owing to the symmetry X con- 
tains, of course, only $%(k + 1) distinct variables sij. The determi- 
nants of the matrices are denoted by A = |a;;| and X= [2:5]. 

Consider now the $&(&+ 1)-dimensional space Ry r+1) of the 
variables xij where k=1. Let S denote the set of all points of this 
space such that the corresponding matrix X is definite positive, while 
S* is the complementary set. For any n >k, we now define a func- 
tion of the variables z;; by writing 


n-1 n-k-2 —Xaij?ij 


(295.1). el E RES M in S, 

0 in S*, 
where C, is a constant depending on k and n, but not on the aj; 
or the æj The sum is extended over i=1,...,4 and j=1,...,4. 

We shall now show that the constant C,» may be so determined. that 
Saltus «+ «5 ma) ds the fr.f. of a distribution in Ryu. — The com- 


plete expression of C, is, in fact, 


1 
(29:5:2) ERES TEES TES E —k\ 
poor (bel 2)... r(25*) 


For k= 1, (29.5.1)—(29.5.2) reduce to fn (2) = Tin NS ar ORE 
"(5 


(x >0, a 0), which is evidently a fr. f. in Re 

For &>1, we have to show that Cen may be determined such 
that the integral of fa over the whole space Ry r+) is equal to 1. 
We shall first consider the particular case when A is a diagonal 
matrix (cf 11.1) so that a;;— O for ij. Since A is definite posi- 
tive, we then have a:>0 for i—1,...,k. — In any point of the 
set S, we have 2;;7 0 for i= 1,...,k. Introducing, for every ij 
with 4 Æ j, the substitution 


(29.5.3) aig = wj Vai, 
we have yj;— y; and X — DYD, where D denotes the diagonal 


matrix with the elements Van; Y x03, .. +) Ver, while 
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l yis... Yik 
ya) Ya 1... yrl. 
Yer Yra... 1 


Denoting by Y the determinant of Y we thus have X—2, Lo - - . Lee Y. 
When X is definite positive, so is Y, and conversely. The Jacobian of 
k-1 


the transformation (29.5.3) being (ay, 212. - - xi) * , we thus have 


k 
n-k-32 E arii 
3.6 Rhy Ero day, d2,9 .. . dir 


S 


E E k 
j $ n3 -E aiit 
= | e f (Cute e i tea e day dao... Aten: 
0 o 


n=k-2 
| | RIG rs rele OP ks 


M 


the integral with respect to the y;; being extended over the set S' 
of all y;; such that Y is definite positive. Obviously the integral 
with respect to the y;;, say Jz, depends only on k and n, so that the 
whole integral reduces to 


where Hy, depends only on k and n. Taking in (29.5.1) Cen = Hy, 
it follows that the integral of fn(x,,..., xx) over the whole space 
Ry x41) is equal to 1, so that fr (being obviously non-negative) is the 


fr. f. of a distribution in Ry iu. 


In order to complete the proof in the case when a;; = 0 for i7 j, it remains to 
verify the expression (29.5.2) for Cpp. It follows from the above that we have to prove 


n-k-2 kü-1) y rt) 
dew prr 2 diu: dy =T SET 


S far e) j 
2 


for 2 S k- n. This may be proved by induction, and we shall indicate the general 
lines of the proof. For k = 2, our relation reduces to 
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1 n—4 Hg e = ? 
Ao PLE, 


which may be directly verified, since the substitution y* = z changes the integral 
into a. Beta-function (ef. 12.4). Suppose now that our relation has been proved fora 
certain value of k, and consider J,,,. Expanding the determinant under the integral 
according to (11.5.8), we obtain for Jp}; the expression 


n—k—3 


k 
J dyr... dy iif (Y= Lip Yi kay, ka) 2 Uy pene ea 
s t,j=1 


where the integral with respect to the y; p}; has to be extended over all values of 
k 
the variables such that Y Y; jYi ki Yj, k+1 S Y. The latter integral may be evaluated 
i,j=1 
by the same methods as the integrals (11.12.3)—(11.12.4), and we obtain 


n—k—1) e ten n=) 
r( 2 m Er [pag 


nu 7 
r) iar 
2 


Tes = Ie 


Thus the relation holds for k+ 1, and the proof is completed. 


In the general case when A is any definite positive matrix, we 
consider the transformation 


(29.5.4) CAC=B, CXC-Y, 


where C is an orthogonal matrix such that B is a diagonal matrix 
(cf 11.9). The set S in the z-space is transformed into the analogous 
set S, in the y-space. From the proof given above, it then follows 
that the function 


n-1 nm-k-2 -E bij Yij 


Gn BY 9 et in Sy, 
0 in Sf, 


(29.5.5) gn (Yury -o ye) = 


is a fr.f. in the y-space. (Note that we have b:j = 0 for ? zj) Now, 
since the determinant of C is equal to +1, we have A=B and 
X=Y, and it is further verified by direct substitution that we have 


2s rj = 23 b;;yi. Thus if, in the distribution (29.5.5), we introduce 
ij Lj 

the transformation of random variables defined by (29.5.4), we obtain 
according to 22.2 a transformed distribution with the fr. f. f (zi - kk). 
Thus f, is a fr.f., and our assertion is proved. 
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In the particular case k — 2, there are three variables Tip T22 and Tyg = T21- 
The set S is the domain defined by the inequalities 21; > 0, T22 > 0, Tl. < Tu Te 
In S we have 


(29.5.0) — f, (X1 Tras 222) 


EE è ae 
= Cyn (G11 ase — iz) 2 (ruga — is) ee SETA 2873, 
where (cf 12.4.4) 
gn 
C; 1 = E 
2n - —1 n—2| mxl(n—2) 
area T 
mina 2 


Outside S the fr. f. is zero. 


We shall also consider the c.f. pn (t11, - - .» tes) corresponding to the 
fr. f. fa (a, - - +) tex) defined by (29.5.1). Let T= {t,;} denote the sym- 
metric matrix of the variables ¢;, and put 

fl for t=), 
fing la for 147. 


Since f, — 0 in S*, the c.f. corresponding to the fr. f. Sn is 


iE tij tij tij 
Palts- +) tee) = | eti Fo (Gar, - «+> Ter) AH AXyy... dzii. 
E 


(In order to avoid confusion, we use here a heavy-faced i to. denote 
the imaginary unit, as already mentioned in 27.1.) For t; = 0, the 
integral is equal to 1, so that we have 

AcCR- eig 


CAN day 4c, ...dxpp = CES 
$ Crn AU 


Replacing here a;; by a:j—ierjtij, and denoting by A* the deter- 
minant A* =|a;;— ic;;t;|, we obtain finally the expression 


n-1 
5. A\a 
(29.5.7) Paley ph (4) 3 


for the c.f. corresponding to the distribution (29.5.1).") 


29.6. Sampling from a two-dimensional normal distribution. — 
In a basic paper of 1915, R. A. Fisher (Ref. 88) gave exact expressions 


1) Ingham (Ref. 180) has shown directly that the c.f. (29.5.7) gives, according to 
the inversion formula (10.6.8), the fr.f. (29.5.1). 
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for certain sampling distributions connected with a two-dimensional 
normal parent distribution. We shall now prove some of Fisher's 
results, using the method of characteristic functions first applied to 
these problems by Romanovsky (Ref. 208, 209), It will be found that 
the distributions obtained are particular cases of the distributions 
considered in the preceding paragraph. 

Consider a non-singular normal distribution in two variables (cf 
21.12). Without loss of generality, we may assume the first order 
moments equal to zero, so that the fr.f. is in the usual notation 


1 a 23ozy,M 1 4 i 
1 238-8 PETA +4) i5 Th lar e Ti ap a a 
2z0,0,V1— e! 24V M 


where M = upo lo — wis = 07 03(1— e") is the determinant of the mo- 


ment matrix M — : p se - From a sample of observed pairs of 
11 Po2 
values (z,,9;), - - +: (Zn. Yn), we calculate the moment characteristics of 


the first and second orders (cf 27.1.6) 


1 
zm y tio Yis 


(29.6.1) j y 
my —ras- Dla 23, Zim 2$. 
i i 


1 Y 1 J 
ma =8=— Du I=, Z2 — 
i i 


We now propose to find the joint distribution of the five random 
variables Z, J, mo my, and Mo. The c.f. of this distribution is a 
function of five variables t, ta, fo, tu and fo, viz. 


E (e E(t B+ te Y + tro Monthy Marthe ma) = 
(29.6.2) 


-—, fem dea dy den 


(2 zy M? 
where 


1 n 
Q= ilh E +--+ tog Mo) — ggg Dy Moe tt — Pauci Iso Vi). 
1 
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and the integral is extended over the 2n-dimensional space of the 
variables 24, .- Zn Yn ~- Yn 


We now replace 2,..-., tn by new variables ES... En by means 
of an orthogonal transformation such that ë =V na, and apply a 
transformation with the same matrix to Yj,- Yn which are thus 


replaced by new variables z;, . . - Mn such that 7, — V nj. We then have 


n n n n n n 
Das Jä, Diy = Piim Exhn-2À". 
1 1 1 1 1 1 


n 


n n 
n my = $8, nm; = >, Eini nma — X ni, 
2 2 


2 
and hence 


te tet 1 ; 3 
omi ian y ee 2 a + Kani) — 


EE z n : 
—1 5 (sae -i)n + 2(— mt 4 ty) Som + 


Nis; 
+ (2 — ita) ni]: 


Introducing this expression of Q in (29.6.2), the transformed 2 fold 
integral reduces to a product of » double integrals, which may be 
directly evaluated by means of (11.12.1) and (11.12.2). The joint c.f. 
(29.6.2) then takes the form 


(29.6.3) d Wet t2muttetieelt) (A = 
e . a , 
where 
Ning _ "Hn 
Jee 2M 2M| n 
mun 0 nuw| 4M 
2 2 
n ney 


A* = 


29.6—7 


The joint c.f. (29.6.3) is a product of two factors, the first of which 
contains only the variables f, and f, while the second factor contains 
only ty, i£, and fo. The first factor is, by (21.12.2), the c.f. of a 
normal distribution with zero mean values!) and the moment matrix 
n-1M. The second factor, on the other hand, is a particular case of 
the c. f. (29.5.7). In fact, if we take in the preceding paragraph k=2 and 


Rio — Bn 
Pes 2M 2M =" ma, 
_ bu N tao 2 
2M 2M 
{to ia 
Ut los 


the c.f. (29.5.7) reduces to the second factor of (29.6.3). The corres- 
ponding distribution is then the particular case k=2 of (29.5.1), 
{which has already been given in 29.5.6), with the variables £, Zis 
and ay, replaced by mm Mı and mo, respectively. Thus by 22.4 we 
have the following theorem: 

The combined random variables (&, j) and (ms, mi, moy) are indepen- 
dent. The joint distribution of z and j is normal, with the same first 
order moments as the parent distribution, and the moment matriz nM. 
The joint distribution of may my, and mo has the fr. J- fn given by 


(29.6.4) — fu (Meo, mis; mos) = 


— 9 n 
(o (msg mos — Min) ? gor Maman tn mr tao Men) 


An (n ep ME 


n—4 


in the domain mag > 0, mos >O, mi, < mao mos, while f, — 0 outside this 
domain. 


The mean values and the moment matrix of the five sample moments may be 


calculated from the c.f. (29.6.3). We find, e.g, E (mo) = E Uso» E(m)="— Muy 
E(m:) = — in accordance with 27.4 and 27.8. 

29.7. The correlation coefficient. — In the joint distribution (29.6.4) 
of the variables mo, m; and mos, we now introduce the new variable 


1) If, more generally, we consider a parent distribution with arbitrary mean values, 
we obviously obtain here the same means as for the parent distribution. 
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r by the substitution mı = rV my Mos, so that r is the correlation 
coefficient of the sample. By (22.2.3), we then obtain the following, 
expression for the joint fr. f. of mg, Mog and r: 


V mag tos. fn (so; 7 V mao Mos Moe) = 
—3 —3 —4 — 

nr} STEN acu. curte un rV Mso mort in Mee 

pai M29 Mos ( wr ) e , 


An T (n —2) M ? 


where me > 0, mg 7 0, 7* — 1. The marginal fr.f. of r is now ob- 
tained by integrating the joint fr.f. with respect to mo and ms from 


ue 
QUU or con Ie the factor e^ TATS 


the integration can be explicitly performed, and we thus obtain the 
fr. f. of the sample correlation coefficient r: 


is developed in power series; 


Qn ai 


(954) f()— CERE -ejiü-25* Yr (=) par 


»=0 


for —1<r<1. The power series appearing in this expression may 
be transformed in various ways. We find, e.g., by simple calculations 
the expansion 


1 
f gni : dx 9n-3 5r e +9— ‘) (2 er) 
(1—erzy"! Vi-—a (n—2)!2 2 »! 


0 


and hence obtain the following expression for the fr.f. of r: 


: xen. kcal sta nce [o le A 
eaa nh- a-e i foe 


The distribution of r was discovered by R. A. Fisher (Ref. 88). 
We observe the remarkable property that the distribution of 7 only 
depends on the size » of the sample and on the correlation coefficient 
9 of the population. : 

For » — 2, the fr.f. fn(r) reduces to zero, in accordance with the 
fact that a correlation coefficient calculated from a sample of only 
two observations is necessarily equal to + 1, so that in this case the 
distribution belongs to the discrete type. For n=3 the frequency 
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Fig. 29 a. Frequency curves for the correlation coefficient r in samples from à 
normal population. 7 — 10. 


curve is U-shaped, with infinite ordinates in the points r— t 1. For 

=4 we have a rectangular distribution if ọ — 0, and otherwise a 
J-shaped distribution. For »>4, the distribution is unimodal, with 
the mode situated in the point r=0 if o — 0, and otherwise near 
the point r— 9. Some examples are shown in Figs 29 a—b. 

The distribution of r has been studied in detail by several authors. 
(cf e.g. Soper and others, Ref. 216, and Romanovsky, Ref. 208), and 
extensive tables have been published by David (Ref. 261). Various 
exact and approximate formulae for the characteristics of the distribu- 
tion are known. Any moment of r can, of course, be directly calcul- 
ated from (29.7.1), but we shall here content ourselves with the 
asymptotic formulae for E (r) and D*(r) for large n that have already 
been given in (27.8.1) and (27.8.2). 

For practical purposes, it is often preferable to use the trans- 
formation 


(29.7.3) EA I a mua 


qe C=} log-——> 


1-36 
introduced by R. A. Fisher (Ref. 13, 90). Fisher has shown that the 
variable z is, already for moderate values of n, approximately nor- 


399 


29.7 


Fig, 29 b. Frequency curves for the correlation coefficient r in samples from a 
normal population. n = 60. 


mally distributed with mean and variance given by the approximate 
expressions 


(29.7.4) E(e)=C+ > D*()— 


ELAN Min 
2(n—1) n—3 
Thus the form of the z-distribution is, in the first approximation, in- 
dependent of the parameter o, while the distribution of r changes its 
form considerably when o varies. It is instructive to compare in this 
respect the illustrations of the r- and ¢-distributions given in Figs 
29 and 30. Of further 31.3, Ex. 6. 

In the particular case Q = 0, the fr. f. (29.7.1) reduces by (12.4.4) to 


nc 
(29.7.5) FACES mA r( 2 T T P 


a form conjectured by Student (Ref. 222) in 1908. We have already 
encountered this fr.f. in other connections in (18.2.7) and (29.4.4). 


By 18.2, the transformed variable t= V n — 2 


is in this case 


ul 
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-l 
Fig. 30 a. Frequency curves for z = } log eae in samples from a normal popula- 


tion. n= 10. 


Fig. 30 b. Frequency curves for z = $ log : tr in samples from & normal popula- 
tion. n= 50. 


distributed in Student's distribution with n — 2 d. of fr. If tp denotes 
the p% value of t for n — 2 d. of fr. (cf 18.2), we have the prob- 
ability p% of obtaining a value of ¢ such that |t|- tp and this 
inequality is equivalent with (cf 31.3, Ex. 7) 


t 
29.7.6 r|> 2 , 
( ) In| Viitn—2 
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29.8. The regression coefficients. — The regression coefficients of 
the parent distribution 


00; u go 
Ba £u "s Ra ier 


Iso 9, Hos 9; 


have been defined in 21.6. In accordance with the general rules of 
27.1, the corresponding regression coefficients of the sample will be 
denoted by 

mo TS: ma Ts, 


29.8.1 b. > Dis 
( ) "HO mo sS 1 Mo 33 


It will be sufficient to consider the sampling distribution of one of 
these, say bn: The distribution of bız can then be obtained by per- 
mutation of indices. 

In the joint distribution (29.6.4) of mo, Mı and Mos we replace 
m,, by the new variable bs, by means of the substitution n; = Mso b. 
We can then directly perform the integration, first with respect to 
ms over all values such that Mos > Mso b, and then with respect to 
Mg over all positive values. In this way we obtain the following ex- 
pression for the fr. f. of the sample regression coefficient ba: 


» not 
r() M? 


(29.8.2) Im i 
e e 0b 2 
2 My? (uso — 2 fy bay + Ho2) 


This distribution was first found by K. Pearson and Romanovsky 

(Ref. 185, 210). If we introduce here the new variable 

Hay Vn —1 | &«Vn—1 
YM 


29.8.3 
( ) t d Vine" Ba); 


(bs, TE B21) 


where M = pls) os — Wii, it is found that t is distributed in Student's 
distribution with m —1 d. of fr. 

If we compare the distribution of b, with the distribution of r, 
it is evident that the former has not the attractive property belonging 
to the latter, of containing only the population parameter directly 
corresponding to the variable. The fr. f. (29.8.2) contains, in fact, all 
three moments Hs, Un and Ho and if we want to calculate the 
quantity ¢ from (29.8.3) in order to test some hypothetical value of 
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Ba, we shall have to introduce hypothetical values of all these three 
moments. In order to remove this inconvenience, we consider the variable 


Pea eee) 
(29.8.4) t = 2 (ba — bn), 
s,V1—r 


where the population characteristics o,, c, and o occurring in (29.8.3) 
have been replaced by the corresponding sample characteristics Sı, Se 
and r, while the factor Vm — 1 has been replaced by Vn—2. If this 
variable // is introduced instead of m in the joint distribution (29.6.4), 
the integration with respect to mj, and My can be directly performed, 
and we obtain the interesting result that t is distributed im Student's 
distribution with n—2 d. of fr. (Bartlett, Ref. 54.) The replacing of 
the population characteristics by sample characteristics has thus re- 
sulted in a loss of one d. of fr. — When it is required to test a 
hypothetical value of f}, we can now calculate t’ directly from an 
actual sample, and thus obtain a test of significance for the deviation 
of the observed value of bp, from the hypothetical £4. (Of 31.3, Ex. 6.) 
"4 

29.9. Sampling from a k-dimensional normal distribution. — The 
results of 29.6 may be generalized to the case of a k-dimensional 
normal parent distribution. Consider a non-singular normal distribu- 
tion in & dimensions (cf 24.2). Without loss of generality, we may 
assume the first order moments equal to zero, so that the fr. f. is 
(cf 24.2.1) 

ah 


1 1 
1 gn Dg ey 1 cipEP ta 


PON r | Rao. Vn 
where A= {A;;} is the moment matrix, and P= (o;;] the correlation 
matrix of the distribution (cf 22.3). 44 and P are the corresponding 
determinants. Throughout this paragraph, the subscripts ? and j will 
always have to run from 1 to &. 

Suppose now that we dispose of a sample of n observed points 
from this distribution. Let the »:th point of the sample be denoted 
by (zi, 225,.. £0), where » — 1, 2, ..., n, and suppose n > k. We 
then calculate the moment characteristics of the first and second order | 
for the sample. According to the general rules of 27.1, and the nota- 
tions for the corresponding population moments introduced in 22.8, 
these will be denoted by 
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ud 
IE 5 Dy Viv, 
v—1 
m s 
(29.9.2) lii ái S enis i, 


n 
lij = Tij Sij = = 2e — ii) (ajo =a): 
There are & sample means 7; and k variances l;;= si. Further, since 
i= lij, there are $k(k—1) distinct covariances lj with ¿ j. The 
total number of distinct variables lj is thus 3 &(k + 1). 

The matrices L= {lj} and R= (r;jj are the moment matrix and 
the correlation matrix of the sample, while the corresponding deter- 
minants are L= |lu;| and R — |i]. 

The joint distribution of all the variables z; and l;j can now be 
found in the same way as the corresponding distribution in 29.6. In 
direct generalization of (29.6.2) we obtain for the joint c.f. of all 
these variables the expression 


1 
—B | m os Uden, 
(22)? 4? 


n 
Q=i Dd ta + iXstuly- 54 DD Ajj Xie Tir 
i ij »=1 i,j 

where the integral is extended over the n-dimensional space of the 
variables aj, ((=1,...,%, »=1,...,”), while as in 29.5 we write 
eij = 1 for i=j, and &;— à for iA). 

For every 7, we now replace the set of n variables £ii, . . ., Lin by 
n new variables &,.. ., Ej, by means of an orthogonal transformation 


such that Ei;— V nz; using the same transformation matrix for all 
values of i. We then have for all 7 and j 


n n 
q 
Driv aj = Dy Biv Sin, 
v=1 v=1 
» 


n 
nlij— D Riv Bir —ni t= Dënn 


v=1 »=2 


and hence 
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ies n Em 


eo (E t] 2 EE. 


Introducing this expression of Q in (29.9.3), the integral may be 
evaluated in the same way as the corresponding integral in (29.6.2), 
and the joint c.f. (29.9.3) assumes the form 


1 acl 
(29.98) emu y; Mf 


where A and A* denote the determinants of the matrices 


and 


«_ [nA ; 
A =f -iu mn 


Thus in particular A=(}n)' A-7'. In the same way as in 29.6, the 
joint c.f. is a product of two factors, the first of which is the c.f. 
of & normal distribution, while the second is of the form (29.5.7), 
and thus corresponds to a distribution of the form (29.5.1) with 
A —1n.-!, and the matrix of variables X = L = (/;j]. Denoting by 
S the set of all points in the jA(k-- 1)-dimensional space of the 
variables /;; such that the symmetric matrix L is definite positive, 
we thus obtain the following generalization of the theorem of 29.6: 

The combined random variables (a, ..., x) and (ly, lg, . - lex) are 
independent. The joint distribution of &,,...,% ts normal, with the 
same first order moments as the parent distribution, and the moment 
matrix n-1 A, The joint distribution of the 4k(k + 1) distinct variables 
lij has the fr. f. fa given by 


nk R=) nak-2 on 
(29.9.6) fa (lity lis, - - -> ex) = Cen (sr) PL è e^, 


Mig lig 


for every point in the set S, while f, — 0 in the complementary set S*. 
The constant Cy» is given by (29.5.2). 
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This theorem was first proved by Wishart (Ref. 240) by an ex- 
tension of the geometrical methods due to R. A. Fisher, and then by 
Wishart and Bartlett (Ref. 241) by the method of characteristic 
functions. We also refer to a paper by Simonsen (Ref. 213 a). 


29.10. The generalized variance. — The determinant L = |l; j| re- 
presents the generalized variance of the sample (cf 22.7). Following 
Wilks (Ref. 232), we shall now indicate how the moments of L may 
be determined. For the explicit distribution of L, we refer to Kull- 
back (Ref. 143). 

The integral of the fr. f. f, in (29.9.6) over the set S is obviously 
equal to 1. Now the set S is invariant under any transformation of 
the form w:j = a lij, where a > 0. Taking a = n, and writing W —|wi;l, 
we thus obtain 

2-1 
(2354)? 
Cr» 


n-k-2 VN m 
Wo ss 34/3 H 4 dw, dwis .. dtr = 


rj 


Since this relation holds for all values of n > k, we may replace n 
by n+ 2» and then obtain, after reintroducing the variables lj, 


n-i 
AR a oe y okA\ at’ 
IE +e, WAMO qt dis. dac (ZF) a 1 
s 


n* Oina. 
Hee 
After multiplication with Cin (zi) * this gives, taking account of 
(29.9.6) and (29.5.2), 


n—i 
z= (4) Cen =(*4 ep cx +») 
n* ] Casas në [EZ 
NEA ius] 


for n + 2v >k, i.e. for any » 2 — à(n — k). In particular we have 
E(L) i s e (n— k) 


tenti (n—1f...(n—B* ,, 
DAD) u pe EES S "ut P ae. 


A, 


For a one-dimensional distribution (k= 1) we have L = l, = m, and 
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4 -—c', and the above expression for E(L*) then reduces to the for- 
mula (29.3.2). 


29.11. The generalized Student ratio. — Consider now a sample 
from a k-dimensional normal distribution with arbitrary mean values 
Mı, 7, ... m and denote by lj the product moments about the 


population mean: 
99.114) fü É S (win — m) (tye — m) = leg + (Bx — m) — m), 


v=1 


where the i; and the /;; are given by (29.9.2). 
There are 1 k(k + 1) distinct variables U;;. If we write Ej, = 21, — mi, 
the joint c.f. of the /;; becomes 


c ey he diiit oci boa 
(22)? 43 


where 


in E a um —ie; 1 B Ej. 


v=1 íj 


Comparing this with (29.9.3) — (29.9.5) we find that the c.f. of the 
li; is (A/A*)"?, where A and A* denote the same determinants as in 
(29.9.5). It follows that the joint fr.f. of the Jj; is obtained if, in 


k 
(29.9.6), we replace n by n + 1, except in tbe two factors 34 and 


RS which arise from the matrix A. 
Writing L'—|Z;|, we then obtain by thé same transformation as 


in the preceding paragraph 


su»- ay i t = -— 3 


for any u >— 4(n + 1 — k). — On the other hand, according to (29.11.1) 
L' is a function of the random variables l;; and & = Z; — mi, and the 
joint fr.f. of all these variables is by the theorem of 29.9 
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n" -. 
E us 
ELI all 


where fall) — fa (li lis, lis) is given by (29.9.6). Thus we may 
also write 


E(L'^) = f L" g (ë, dg dl, 


where the integral is extended over the set S (defined in 29.6) with 
respect to the lj, and over (— co, oo) with respect to every &. Here 
we may now apply once more the transformation of the preceding 
paragraph, writing w;;— nl;; and m=V nën and then replacing » 
by n+2v. Equating the two expressions of E(L'^, we then obtain 
for any » >0 and u 5 —» —à(n - 1— k) 


n-—i n+1i—i 
k parez +o) ri ID 
E(L* L') e Ey 2 TEUN, 2 Mm i, 


n—R. 5 fn ; 
r( z ) r(; + ») 
Thus by (18.4.4) the variable L/L' has the same moments as the Beta- 
distribution with the fr.f. . 


n 
200) TAG), e, ira 


(29.11.2) e(z; ” 


(0 « x «— 1). 


Since a distribution with finite range is uniquely determined by its 
moments (ef 15.4), it follows that L/L' has the fr.f. (29.11.2). On 
the other hand, we obtain from (29.11.1) 
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L-—L-t J Lij(zi — mj) (z; — mj), 
ij 


where L;; is the cofactor of l; in L. The quadratic form in the de- 
nominator is non-negative, since L is the moment matrix of a distri- 
bution, viz. the distribution of the sample. — 1f we now introduce a 
new variable T' by writing 


(29.11.8) T = (n— 1) 2 (č — m) — m), 
ij 

where T = 0, we have 

dee 1 

iss TE 

la s 
and by a simple transformation of (29.11.2) the fr.f. of T is found 
to be 
eu 
Pi (5) at 

(29.11.4) . » (x20). 


i p[*—* [t CE eis 

(n — 1)" rz) à (1+ = i) 

For k=1, this reduces to the positive half of the ordinary Student 
distribution (18.2.4) with m — 1 degrees of freedom. The distribution 
of T has been found by Hotelling (Ref. 126), and the above proof is 
due to Wilks (Ref. 232). 

Just as the ordinary Student ratio ¢ may be used to test the signi- 
ficance of the deviation of an observed mean Z from some hypothetical 
value m, the generalized Student ratio T provides a test of the joint 
deviation: of the sample means 4,,...,4& from some hypothetical 
system of values m,..., mk. 


In 29.4, we have shown how the Student ratio may be modified so as to provide 
a test of the difference between two mean values. An analogous modification may 
be applied to the generalized ratio T. 

Suppose that we are given two sampies of n, and ns individuals respectively, 
drawn from the same k-dimensional normal population, and let 2; l ij and Tap la T 
denote the means, variances and covariances of the two samples. Let further H 
denote the matrix 
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H-(nltn ly = n L, +n Ls 


while H and H; ;j are the corresponding determinant and its cofactors. Writing 


(29.1.5) pidum + ts = 2) g Big @, , — 3), Ta) 

ny + My z 

ij 

where U= 0, it can be shown by the same methods as above that U has the fr. f. 
(29.11.4) with m replaced by m,-- n, —1. The expression (29.11.5) is entirely free 
from the parameters of the parent distribution, so that U can be directly calculated 
from a sample and used as a test of the joint divergence between the two systems 
4,, and zs, of sample means. For k= 1, it will be seen that U* is identical with 


w* as defined by (29.4.2). 


29.12. Regression coefficients. — For a two-dimensional distribu- 
tion we have seen that the variable (29.8.4), which is simply connected 
with a sample regression coefficient, has the f-distribution with n — 2 
d. of fr. This result has been generalized by Bartlett (Ref. 54) to 
distributions in any number of dimensions. 

Replacing in (23.2.3) and (23.4.5) the population characteristics 
by sample characteristics, we obtain for the regression coefficient 
Dis.34,..& the expressions 
o8), Pas $1.34. k 


Say BLIGE) Wee 3 zx 
s Ry $2.94... k 


bia 34... 


where the residual variances s may be calculated from the sample 
correlation coefficients r as shown by the first relation (23.4.5). 

If 8:5.»...» denotes the population value of the regression co- 
efficient, the variable 
(29.1.1) pes eA SL (des ca) be re 

81:33... k 

has Student's distribution with » — k d. of fr. In the same way as 
in the case of (29.8.4) we can thus obtain a test of significance for 
the deviation of the observed value b of a regression coefficient from 
any hypothetical value 8. (Cf 31.3, Ex. 7.) 


29.13. Partial and multiple correlation coefficients. — We now 
proceed to some further applications of the distribution (29.9.6), re- 
stricting ourselves to the particular case when the k variables in the 
normal parent distribution are independent. In this case 4;;, o; and Aij 
all reduce to zero for ij, so that the moment matrix A is a dia- 
gonal matrix, while the correlation matrix P is the unit matrix (cf 22.3). 
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In the joint distribution (29.9.6) of the lj, we replace the /;; with 
i Æj by the sample correlation coefficients 7;;, by means of the sub- 
stitution lj — r;;jVl;;ljj; We then have L= ln ly... lex, where 
R = |r:;| is the determinant of the correlation matrix R of the sample. 
The Jacobian of the transformation (cf the analogous transformation 
29.5.3) is (li . . . 14) *7??, and the joint fr. f. of the variables /;; and rij 
becomes by (22.2.3), in the particular case considered here, 


n* € n-8 n-k-9 ny hi 

AME S ÉL 2 Ist. m3 2 4, 

Orkn (s BY FEAR z) (li la.. w)? R e titi, 

for l;;>0 and all values of the r;; such that the matrix R is definite 
positive. For all other values of the variables, the fr.f. is zero. 

We can now directly integrate over (0, o») with respect to every l;;. 
After introduction of the value (29.5.2) of Ckn, we obtain the joint 
Jr. f. of the sample correlation coefficients rij: 


eru me. 


(29.13.1) EI) ER usi 
uc r(553)...n( d 


According to the terminology of Frisch (Ref. 113), the determinant 
R' , the square of the scatter coefficient of the sample (cf. 22.7). The 
m ments of R may be determined by the method of 29.10. Denoting 

n-k-2 
by Brn the factor of R ? in (29.13.1), we find, e.g., 
— 2) (n — 3)... (n— k) 
peperina EG 
A Basa a= 


pg - E60, o (5) 


The partial correlation coefficient between the sample values of the 
variables x, and zs, after elimination of the remaining variables 
gy 2,,.. + Ze, 18 by (23.4.2) 


{29.13.2) 


Fas 
29.13.3 DUCE HY T e a 
{ ) 112-34 k Ra Ra 


where the A;; are the usual cofactors of R. In the particular case of 
an uncorrelated parent distribution considered here, the corresponding 
population value Q1».:4...: is, of course, equal to zero. 
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In order to find the distribution of rı2.s4...z, we regard (29.13.3) 
as a substitution replacing r,; by a new variable ri» s4...:, while all 
the »,; except rı are retained as variables. Ry; and Rə do not 
involve 7,5, and thus (29.13.83) can be written, using notations analo- 
gous to those of 11.5, 


R 1 
oam REUS tę, 


where Q does not involve 7,5. This shows that there is a one-to-one 
correspondence between the two sets of variables. The Jacobian of 
the transformation is 


Ori... k Rn.n 


rori E VRE Ra, 


From (11.7.3) and (29.13.3) we further obtain 


Ru R. 3 
R = — làn. m 


Introducing the substitution (29.13.3) in (29.13.1), we thus find that 
the joint fr. f. of rj.34...: and all r;; other than ri is 
.n-k-i 
cd ? 


R 


»-k-2 


—(1 — ria-3...2) MED 


2 
1:22 


where C is a constant. This is the product of two factors, one of 
which depends only on r;.5,....: while the other depends only on the 
rjj. Since the variable r;.54...« obviously ranges over the whole 
interval (— 1, 1), the multiplicative constant in its fr.f. is easily de- 
termined, and we have by (22.1.2) the following theorem: 

The partial correlation coefficient ria-s4...% is independent of all the 
rij other than ris, and has the fr. f. 


n—k+1 RE ! 
(29.13.4) Ao 4 qwe 
gri 


We observe that by (29.7.5) the total correlation coefficient riz 
has in the present case the fr. f. 
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hie 


In order to pass from the distribution of 7,4 to the distribution of 
712-34...k We thus only have to replace n by » — (k — 2), i.e. to sub- 
tract from » the number of variables eliminated. R. A. Fisher (Ref. 
93) has shown that this property subsists even in the general case 
when the variables in the parent distribution are not independent. 
In the ease of independence, it follows (cf 29.7) that the variable 
t=Va- kv where r—rg.»...: has Student's distribution 
—r 
with » — k d. of fr. Consequently the inequality 


99 12 t 
(29.18.5) Ir cal E, 
where tp is the p % value of ¢ for n — k d. of fr., has the probability 
p 9^. (Cf 31.3, Ex. 7.) 

The multiple correlation coefficient rı. ..x) between the sample 
values of x, and (zs, . . ., 2) is, by (23.5.2), the non-negative square root 


R 
(29.13.6) ne a= -E 


The corresponding population value @i(2...%) is, in the present case 
of an uncorrelated normal parent distribution, equal to zero. We 
now propose to find the distribution of ri(...5. 

In the joint distribution (29.13.1) of the »;;, we replace the k — 1 
variables 7,5, 745... 71% by the k new variables r= ri(...:; and 
73 ...,£p by means of the relations (29.13.6) and 


Tu — gir, (G3 Bo 3r 
Between the new variables, we then have by (11.5.8) the relation 
k 
2 HBu.ig2;2; = Ru, 
[SEI 


by which one of the z; say z, may be expressed as a function of 
the other z; and the r;; with 7>1 and j>1. The Jacobian of this 
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transformation is 7 
Ory Ore Ory | "Oz, "Oz, "B Ton 


= rag, 


where (' does not involve r. Further, we obtain from (29.13.6) 
R= Ra (1 — r’), and thus the introduction of the above substitution 
in (29.13.1) yields an expression of the form 


ue 
pe(1—r)? Q. 


for the joint fr.f. of the new variables, where Q" does not involve r. 


Thus the multiple correlation coefficient ri...» is independent of 


all the rij with i > 1, 7>1, and has the fr. f. 


—1 
2 r(" ; TE 


E SM (0 — x — 1). 
? 2 


The square r* has the Beta-distribution with the fr.f. 


n—1 

T 4 Hu 

k—1 n—k ( uet SEEN 
E : 1—2) ? 


(29.13.8) e(z; p 5 DSR 
2 2 


(29.13.17) 


The distribution of r was found by R. A. Fisher (Ref. 94), who 
also (Ref. 98) solved the more general problem of finding this distri- 
bution in the case of an arbitrary normal parent distribution. In this 
general case, the fr.f. of r may be expressed as the product of the 
function (29.13.7) with a power series containing the population value 
@i(2...), in a similar way as in the case of the ordinary correlation 
coefficient (cf 29.7.1). 

Let us finally consider the behaviour of the distribution of r° for 
large values of n. The variable nr? has the fr.f. 
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When n > ©, this tends to the limit 


ELLEN 
EI 

"reg! 

which is the fr. f. of a y°-distribution with k — 1 d. of fr. (cf 31.3, Ex. 7). 


Thus the distribution of r°? does not tend to normality as n— oo. 
Accordingly, we obtain from (29.13.8) 


2(—1—2.. - (i). 


(n — 1)* (n + 1) n 


R-3'5 zx 


wae 2, 


(29.13.9) 


E()-L—1. Dt) = 


so that we have here an instance of the exceptional case mentioned 
at the end of 28.4, where the variance is of a smaller order than n^! 
and the theorem on the convergence to normality breaks down. This 
takes, however, only place in the case considered here, when the po- 
pulation value ọ is equal to zero. When Q 740, the variance of r° is 
of order n-!, and the distribution approaches normality as n > o. 
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CHAPTERS 30-31. TESTS or SIGNIFICANCE, I. 
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CHAPTER 30. 
Tests or Goopness or FIT AND ALLIED TESTS. 


30.1. The z* test in the case of a completely specified hypothetical 
distribution, — We now proceed to study the problem of testing the 
agreement between probability theory and actual observations. In the 
present paragraph, we shall consider the situation indicated in 26.2, 
when a sample of observed values of some variable (in any number 
of dimensions) is given, and we want to know if this variable can be 
reasonably regarded as a random variable having a given probability 
distribution. 

Let us denote as hypothesis H the hypothesis that our data form 
a sample of n values of a random variable with the given pr. f. (5). 
We assume here that P(S) is completely specified, so that no unknown 
parameter appears in its expression, and the probability P(S) may be 
numerically caleulated for any given set S. It is then required to 
work out a method for testing whether our data may be regarded as 
consistent with the hypothesis H. 

If the hypothesis H is true, the distribution of the sample (cf 25.3), 
which is the simple discrete distribution obtained by placing the mass 
1/n in each of the n observed points, may be regarded as a statistical 
image (cf 25.5) of the parent distribution specified by P(S). Owing 
to random fluctuations, the two distributions will as a rule not coin- 
cide, but for large values of » the distribution of the sample may be 
expected to form an approximation to the parent distribution. As 
already indicated in 26.2, it then seems natural to introduce some 
measure of the deviation between the two distributions, and to base 
our test on the properties of the sampling distribution of this measure. 

Such deviation measures may be constructed in various ways, the 
most generally used being that connected with the important * test 
introduced by K. Pearson (Ref. 183). Suppose that the space of the 
variable is divided into a finite number r of parts $,,..., S, without 
common points, and let the corresponding values of the given pr.f. 
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r 
be py... Pr, so that p, = P(S;) and Dr= 1, We assume that all 


1 
the p; are > 0. The r parts S; may, e. g., be the r groups into which 
our sample values have been arranged for tabulation purposes. Let 
the corresponding group frequencies in the sample be »,, . . ., vj, 80 
r 


that v, sample values belong to the set S; and we have Dri =, 
1 


Our first object is now to find a convenient measure of the devia- 
tion of the distribution of the sample from the hypothetical distribu- 
tion. Any set S, carries the mass v;/n in the former distribution, 
and the mass p; in the latter. It will then be in conformity with 
the general principle of least squares (cf 15.6) to adopt as measure 

r 


of deviation an expression of the form X c(n/n— p)! where the 
1 


coefficients c; may be chosen more or less arbitrarily. It was shown 
by K. Pearson that if we take c; — n/p, we shall obtain a deviation 
measure with particularly simple properties. We obtain in this way 
the expression 


o(n—np! gn 
Ch Acta = 
x 2 n pi Dan te 


Thus 7° is simply expressed in terms of the observed frequencies v; 
and the expected frequencies np; for all r groups. 

We shall now investigate the sampling distribution of z*, assuming 
throughout that the hypothesis H is true. It will be shown that we have 


E(,)=r—1, 


(30.1.1) pner P a 2); 
1 


We shall further prove the following theorem due to K. Pearson 
(Ref. 183) which shows that, as the size of the sample increases, the 
sampling distribution of z* tends to a limiting distribution completely 
independent of the hypothetical pr. f. P(S). 

As n- œ, the sampling distribution of z* tends to the distribution 
defined by the fr. f. 

r-3 L4 

(0.1. ^ ka()-——L—mur ei, (r>0) 
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studied in 18.1. — Using the terminology introduced in 18.1 and 29.2, 
we may thus say that, in the limit, y? is distributed in a q^ distribution 
with r —1 degrees of freedom. 

At each of the n observations leading to the n% observed points in 
our sample, we have the probability p; to obtain a result belonging 
to the set S; For any set of non-negative integers 9, -. ., * such 


E 
that yu” the probability that, in the course of n observations, 


1 
we shall exactly » times obtain a result belonging to S for 
i=1,...,7, is then (cf Ex. 9, p. 318) 
n! 


rs PULO DW CR Lid 
nl.» Pr 


which is the general term of the expansion of (pı + + pr)". Thus 
the joint distribution of the r group frequencies 73, .. ., ¥r is a simple 
generalization of the binomial distribution, which is known as the 
multinomial distribution. The joint c.f. of the variables », . . ., % is 


(pi ci^ + +++ + pr ett)", 


as may be directly shown by a straightforward generalization of the 
proof of the corresponding expression (16.2.3) in the binomial case. 
Writing 
(80.1.3) P LL eS XM 2 
Vn pi 
r 
it is seen that the 2; satisfy the identity > cv; V p; — 0, and that we 


have 


Further, the joint c.f. of the variables £, . . ., t; is 


r : it, \n 
-iVn BVH EUR ET 
g(h...t)—e- $ ae ea : 


From the MacLaurin expansion of this function, we deduce by some 


easy calculation the expressions (30.1.1). We further find for any fixed 
toner auda 
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log p (4, .. ., &) =n log [1+ X mg Xt oo ie 
—iY» Yu p 
1 


-—ÀiÀNe Qn va) + O(n), 


so that the c.f. tends to the limit 


lim p(t, . -n t) = n Ẹ E (iava) ] R AAA 


n-eco 
T 3 

The quadratic form Q(t, ..., 2 ü— (3 ti va) has the matrix 
1 


A=I— pp', where I denotes the le matrix (cf. 11.1), while p de- 


notes the column vector (cf 11.2) p= (Vpn ..., Vp). Replacing 
to.. ir by new variables 4,,...,w. by means of an orthogonal 


T 
transformation such that ur = Dt V p, we obtain (cf 11.11) 


r 2 Lr 

Q(t, ae) t)= Dt y (3 ti va) = Dui. 
1 1 1 

It follows that Q(t»... t) is non-negative and of rank r— 1 (cf 

11.6), and that the matrix 4 has r — 1 characteristic numbers (cf 11.9) 

equal to 1, while the r:th characteristic number is zero. 

As n > oo, the joint c.f. of the variables 2,..., 2, thus tends to 
the expression e-?@ which is the c.f. of a singular normal distribu- 
tion (cf 24.3) of rank r — 1, the total mass of which is situated in 
the hyperplane Z2; p;— 0. By the continuity theorem 10.7 it then 
follows that, in the limit, 7, ..., x, are distributed in this singular 
normal distribution, with zero means and the moment matrix 4. It 


r 
then follows from 24.5 that, in the limit, the variable g = D\xi is 
1 


distributed in a z*-distribution with r — 1 d. of fr. Thus the theorem 
is proved. 

By means of this theorem, we can now introduce a test of the 
hypothesis H considered above. Let yp denote the p % value of x 
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for r—1 d. of fr. (ef 18.1 and Table 3). Then by the above theorem 
the probability P= P(z*> zp) will for large n be approximately equal 
to p%. Suppose now that we have fixed p so small that we agree 
to regard it as practically certain that an event of probability p % 
will not occur in one single trial (cf 26.2). Suppose further that n is 
so large that, for practical purposes, the probability P may be identi- 
fied with its limiting value p %. If the hypothesis H ts true, it is then 
practically excluded that, in one single sample, we should encounter a 
value of x° exceeding xp- 

If, in an actual sample, we find a value y? — yj, we shall accord- 
ingly say that our sample shows a significant deviation from the hypo- 
thesis H, and we shall reject this hypothesis, at least until further 
data are available. The probability that this situation will occur in 
a case when H is actually true, so that H will be falsely rejected, is 
precisely the probability P = P(y* > 3») which is approximately equal 
to p%. We shall then say that we are working on a p % level of 
significance. 

If, on the other hand, we find a value 4! € xp this will be re- 
garded as consistent with the hypothesis H. Obviously one isolated 
result of this kind cannot be considered as sufficient evidence of the 
truth of the hypothesis. In order to produce such evidence, we shall 
have to apply the test repeatedly to new data of a similar character. 
Whenever possible, other tests should also be applied. 

When the x? test is applied in practice, and all the expected fre- 
quencies np; are 2 10, the limiting z°-distribution tabulated in Table 
3 gives as a rule the value yp corresponding to a given P= p/100 
with an approximation sufficient for ordinary purposes. If some of 
the np; are < 10, it is usually advisable to pool the smaller groups, 
so that every group contains at least 10 expected observations, be- 
fore the test is applied. When the observations are so few that this 
cannot be done, the y? tables should not be used, but some informa- 
tion may still be drawn from the values of E(z*) and D (x°) calculated 
according to (30.1.1). 

Table 8 is only applicable when the number of d. of fr. is 
<30. For more than 30 d. of fr., it is usually sufficient to use 
Fisher's proposition (cf 20.2) that V2y* for n d. of fr. is approxi- 
mately normally distributed, with the mean V2n—1 and unit s.d. 


30.2. Examples. — In practical applications of various tests of 
significance, the 5%, 1% and 0.1 % levels of significance are often 
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used. Which level we should adopt in a given case will, of course, 
depend on the particular circumstances of the case. In the numerical 
examples that will be given in this book, we shall denote a value 
exceeding the 5% limit but not the 1 % limit as almost significant, a 
value between the 1% and 0.1 % limits as significant, and a value 
exceeding the 0.1 % limit as highly significant. This terminology is, 
of course, purely conventional. 


Ex. 1. In a sequence of n independent trials, the event / has oc- 
curred v times. Are these data consistent with the hypothesis that /7 
has in every trial the given probability p = 1 — q? 

The data may be regarded as a sample of » values of a variable 
which is equal to 1 or 0 according as E occurs or not. The hypo- 
thesis H consists in the assertion that the two alternatives have fixed 
probabilities p and g. Thus we have two groups with the observed 
frequencies » and n — v, and the corresponding expected frequencies 
np and »q. Hence we obtain 


wann ,(n—»—na*. (v—n p) 
np e ng npg 


2 


(30.2.1) P 


By the theorem of the preceding paragraph, this quantity is for 
large n approximately distributed in a 7°-distribution with one d 
of fr. This agrees with the fact (cf 16.4 and 18.1) that the standardized 


variable Vr is asymptotically normal (0, 1), so that its square has, 

npq 

in the limit, the fr. f. A, (x). Accordingly, the percentage values of y' 

for one d. of fr. given in Table 3 are the squares of the corresponding 
values for the normal distribution given in Table 2. 

In » —4040 throws with a coin, Buffon obtained v — 2048 heads 

and n— v= 1992 tails. Is this consistent with the hypothesis that 


there is a constant probability p — 3 of throwing heads? — We 


EOE y : 4 
have here x SE 0e and this falls well below the 5 % 
value of y? for one d. of fr., which by Table 3 is 3.841, so that the 


data must be regarded as consistent with the hypothesis. The corres- 
ponding value of P= P(z?=0.776) is about 0.38, which means that 
we have a probability of about 38 % of obtaining a deviation from 
the expected result at least as great as that actually observed. 


Ex. 2. Suppose now that k independent sets of observations are 
available and let these contain 1, .... ng observations respectively, 
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the corresponding numbers of occurrences of the event E being 
v... 7x. The hypothesis of a constant probability equal to p may 
then be tested in various ways. 

The totality of our data consist of n= Xm, observations with 
y=» occurrences, so that we obtain a first test by calculating the 


et = 2 
quantity 77 = rene Further, the quantity xi = —À provides 
a separate test for the 4th set of observations. 

Then xj ...,xk are independent, and for large n; all have asymp- 


iotically the same distribution, viz. the 4! distribution with one d. of 
fr. By the addition theorem (18.1.7) the sum Xj has, in the limit, 
a y? distribution with k d. of fr., and this gives a joint test of all 
our gi-values. 

Finally, when the »; are large, yi, ..-, 4k may be regarded as a 
sample of k observed values of a variable with the fr. f. Kk, (x), and 
we may apply the x’ test to judge the deviation of the sample from 
this hypothetical distribution. 

In his classical experiments with peas, Mendel (Ref. 155) obtained 
from 10 plants the numbers of green and yellow peas given in Table 
30.2.1. According to Mendelian theory, the probability ought to be 
p=# for »yellow», and q—41 for »green» (the »3:1 hypothesis»). 
The ten values of yi, as well as the value 7*-— 0.187 for the totals, 
all fall below the 5% value for one d. of fr. The sum of all ten 
diis 7.191, and this falls below the 5 % value for ten d. of fr., which 
by Table 3 is 18.307. Finally, the ten values of y? may be regarded 
as a sample of ten values of a variable with the fr. f. k, (x). For this 
distribution, we obtain from Table 3 the following probabilities: 


P(0 < z? < 0.148) = 0.8, 
P(0.148 < x° < 1.074) = 0.4, 
P(x? > 1.074) = 0.8, 


while according to the last column of Table 30.2.1 the corresponding 
observed frequencies are respectively 2, 6 and 2. The calculation of 
X! for this sample of »=10 observations with r= 8 groups gives 
x? = (2 — 8)*/3 + (6 — 4)*/4 + (2 — 8)*/3 = 1.667. In this case, the ex- 
pected values are so small that the limiting distribution should not be 
used, but we may compare the observed value x° = 1.667 with the values 
E(x?) =2 and D(5?)— 1.90? calculated from (30.1.1) Since the ob- 
served value only differs from the mean by about 18 % of the s.d., 
the agreement must be regarded as good. 
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Taste 30.2.1. 
Number of peas 
Plant number a 
i Yellow Green Total 
Ms Nees ae 
1 25 11 36 | 0.598 
2 82 39 1.084 
3 14 19 0.018 
4 | 70 27 97 0.416 
5 | 24 13 37 2.027 
6 20 6 26 0.051 
7 32 18 45 0.863 
8 44 9 53 1.818 
9 50 14 | 64 0.888 
10 44 18 62 0.588 
Total 355 123 478 7.191 
X^ for the totals = 0.187 


Thus all our tests imply that the data of Table 30.2.1 are con- 
sistent with the 3:1 hypothesis. If either test had disclosed a signi- 
ficant deviation, we should have had to reject the hypothesis, at least 
until further experience had made it plausible that the deviation was 
due to random fluctuations. 


Ex. 3. In another experiment, Mendel observed simultaneously the 
shape and the colour of his peas. Among n = 556 peas he obtained: 


Round and yellow ..... 315, (expected 312.15), 
Round and green. . . . . . 108, (. >» 104.25), 
Angular and yellow. . . . . 101, (. > 104.26), 
Angular and green. . . . . 82,( » 34,15), 


where the expected numbers are calculated on the hypothesis that 
the probabilities of the r = 4 groups are in the ratios 9 : 3 : 3 : 1. From 
these numbers we find y? = 0.470. We have r — 1 — 3 d. of fr., and 
by Table 3 the probability of a x* exceeding 0.470 lies between 90 
and 95 %, so that the agreement is very good. 


Ex. 4. We finally ‘consider an example where the hypothetical 
distribution is of the continuous type. Aitken (Ref. 2, p. 49) gives the 
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following distributions of times shown by two samples of 500 watches 
displayed in watchmakers’ windows (hour 0 means 0 — 1, ete.): 


Taste 30.2.2. 

Honr EN DBDDOE | 
poe c od E bod rd Ld S —T———— 
Sample 1. . . . | 41 | 34 | 54 | 39 | 49 | 46 | 41 83 | 87 | 41 | 47 | 39 | 500 | 
Sample2. . . . | 36 | 47 | 41 | 47 | 49 | 45 | 32 | 87 | 40 41 | 37 | 48 | 500 | 


On the hypothesis that the times are uniformly distributed over the 
interval (0, 12), the expected number in each class would be 500/12 — 
= 41,07, and hence we find x = 10.000 fer the first sample, and 
xa = 8.082 for the second, while for the combined sample of all 1 000 
watches we have y?= 9.464. In each case we have 12— 1 — 11 d. 
of fr, and by Table 3 the agreement is good. We may also consider 
the sum 7? + z= 18.092, which has 22 d. of fr., and also shows a 
good agreement. 


30.3. The x test when certain parameters are estimated from 
the sample. — The case of a completely specified hypothetical distri- 
bution is rather exceptional in the applications. More often we en- 
counter cases where the hypothetical distribution contains a certain 
number of unknown parameters, about the values of which we only 
possess such information as may be derived from the sample itself. 
We are then given a pr.f. P(S; a,,..., as) containing s unknown 
parameters c,,...,c, but otherwise of known mathematical form. 
The hypothesis H to be tested will now be the hypothesis that our 
sample has been drawn from a population having a distribution deter- 
mined by the pr.f. P, with some values of the parameters aj. 

As in 30.1, we suppose that our sample is divided into r groups, 
corresponding to r mutually exclusive sets S,,...,S,, and we denote 


the observed group frequencies by »;,..., %, while the corresponding 
probabilities are pi(a,..., e) = P(S5 a,...,@,) for 2—1,2,.. sr. 


If the »true values» of the a; were known, we should merely have 
to calculate the quantity 


(30.3.1) ph oye sut 


in n pi (ay, ED as) 
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and apply the test described in 30.1, so that no further discussion 
would be required. 

In the actual case, however, the values of the «a; are unknown and 
must be estimated from the sample. Now, if we replace in (30.3.1) 
the unknown constants a; by estimates calculated from the sample, 
the p; will no longer be constants, but functions of the sample values, 
and we are no longer entitled to apply the theorem of 30.1 on the 
limiting distribution of Z*. As already pointed out in 26.4, there will 
generally be an infinite number of different possible methods of estima- 
tion of the aj, and it must be expected that the properties of the 
sampling distribution of 7? will more or less depend on the method 
chosen, 

The problem of finding the limiting distribution of 7? under these 
more complicated circumstances was first considered by R. A. Fisher 
(Ref. 91, 95), who showed that in this case it is necessary to modify 
the limiting distribution (30.1.2) due to K. Pearson. For an im- 
portant class of methods of estimation, the modification indicated by 
Fisher is of a very simple kind. It is, in fact, only necessary to reduce 
the number of d. of fr. of the limiting distribution (30.1.2) by one unit 
for each parameter estimated from the sample. 

We shall here choose one particularly important method of estima- 
tion, and give a detailed deduction of the corresponding limiting 
distribution of 7°. It will be shown in 33.4 that there is a whole 
class of methods of estimation leading to the same limiting distribution. 

It seems natural to attempt to determine the »best» values of the 
parameters aj so as to render y° defined by (30.3.1) as small as pos- 
sible. This is the y? minimum method of estimation. We then have 
to solve the equations 


: d 07 C [rnp (vi — np \ Om 
6053) LETS 2 ( pi i 2npi J Oa 0; 
where j=1,2,...,8, with respect to the unknowns q, .. ., «s and 


insert the values thus found into (30.3.1). The limiting distribution 
of y* for this method of estimation has been investigated by Neyman 
and E. S. Pearson (Ref. 170), who used methods of multi-dimensional 
geometry of the type introduced by R. A. Fisher. We also refer in 
this connection to a paper by Sheppard (Ref. 213). 

Even in simple cases, the system (30.3.2) is often very difficult to 
solve. It ean, however, be shown that for large » the influence of 
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the second term within the brackets becomes negligible. If, when 
differentiating z? with respect to thé aj, we simply regard the denomi- 
nators in the second member of (30.3.1) as constant, (30.3.2) is replaced 
by the system 


- 


v; —npi Opi em ; 
0.3.8 > —— x =0, (js) 
{30.3 ) pi ó aj 


i=1 
and usually this will be much easier to deal with. The method of 
estimation which consists in determining the aj from this system of 
equations will be called the modified z* minimum method. Both methods 
give, under general conditions, the same limiting distribution of x° 
for large n, but we shall here only consider the simpler method based 
on (30.3.3). 


By means of the condition a) of the theorem given below, the equations (30.3.3) 
reduce to 


r ; 
(80.3.8 a) Mim; 


^ : ôL $ 

which may also be written oec 0, where L = ph.. py". The method of estima- 
x j 

tion which consists in determining the a; such that L becomes as large as possible 

is the maximum likelihood method introduced by R. A. Fisher, which will be further 

discussed in Ch. 33. With respect to the problem treated in the present paragraph, 

the modified 7* minimum method is thus identical with the maximum likelihood 


method. The latter method is, however, applicable also to problems of a much more 
general character. 


On account of the importance of the question, we shall now give 
a deduction of the limiting distribution of y? under as general condi- 
tions as possible, assuming that the parameters «j are estimated by 
the modified y? minimum method. We first give a detailed statement 
of the theorem to be proved. 

Suppose that we are given r functions py(a,, ..., €s), «s Pr (1) s as) 
of s — r variables a,,..., a such that, for all points of a non-degenerate 


interval A in the s-dimensional space of the aj, the p; satisfy the following 
conditions: 


b) pila... n a) > € >0 for all i. 
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3 i M NOD ô? pi 
c) Every pi has continuous derivatives ae a and TT 
, . f8p4 : $ " 
d) The matrix D— Taf where 4—1,..., and j=1,...,8, 2 
4] 


of rank s. 


Let the possible results of a certain random experiment © be divided 
into r mutually exclusive groups, and suppose that the probability oj 
obtaining a result belonging to the i:th group is pi — pim ..., as), 
where &y = (ai, . . ., a3) is an inner point of the interval A. Let v; denote 
the number of results belonging to the i:th group, which occur in a se- 

r 


quence of m repetitions of ©, so that Eun. 


1 

The equations (80.3.3) of the modified y? minimum method then have 
exactly one system of solutions a = (e, . . ., a) such that a converges in 
probability to a as n> co. The value of x° obtained by inserting these 
values of the aj into (30.3.1) is, in the limit as n> œ, distributed in a 
4°-distribution with r — s — 1 degrees of freedom. 

The proof of this theorem is somewhat intricate, and will be 
divided into two parts. In the first part (p. 427—431) it will be 
shown that the equations (30.3.3) have exactly one solution « such 
that æ converges in probability (cf 20.3) to a. In the second part 
(p. 481—434) we consider the variables 


(80.3.4 am pilaty ad j—1,... f) 
( ) yi pos m TENDS G ) 


where a@=(a,,..., as) is the solution of (30.3.3), the existence of 
which has just been established. It will be shown here that, as 
n-> œ, the joint distribution of the y; tends to a certain singular 
normal distribution of a type similar to the limiting distribution of 
the variables a; defined by (30.1.3). As in the corresponding proof in 


30.1, the limiting distribution of r=) yi is then directly obtained 
1 


from 24.5. 
Throughout the proof, the subscript 7 will assume the values 
1,2,...,r, while j and k assume the values 1, 2, .. ., s. 


We shall first introduce certain matrix notations, and transform 


ô 
the equations (30.3.3) into matrix form. Denoting by (52), the value 
J. 
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assumed by op: in the point ao, (30.3.3) may be written 
j 
P oy pl (Om (32) y, —npi (2) ke 
wa) X«-42; (2) G2), zt e) * ae 
where 
xnu-npm[19» _ (32) |- 
oa = 2 n luos vi V aj], 
NE ECHTE 2x) |- 
(30.3.6) D(a al üe pi des n 
cw (2n) [., — 25) a JI 
Z5 (5s M |» B zk ae m 
Let us denote by B the matrix of order r: s 


1 (2) LANI 2) 
VR dalo Vr Ô üs 


o2), ya (oe) 
Vg Va), Vg Vo 


By 11.1, we have B = P, Do, where A is the diagonal matrix formed 


by the diagonal elements vs M. ys while D, is the matrix ob- 


tained by taking «;— cj in the matrix D - 05. Hence by condition 
jj 


d) the matrix B is of rank s (cf 11.6). — We further write in analogy 


with (30.1.3) 


(80.3.1) q P. 
Y np: 
and denote by «, «,, (a) and x the column vectors (cf 11.2) 
quem (op mds); 
d Oe els 
o (a) = (v, (a), . . ., wla), 
E85. zy 


the three first of which are, as matrices, of order s-1, while the 


fourth is of order r-1. 
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In matrix notation, the system of equations (30.3.5), where 
j=1,...,8, may now be written (cf 11.3) 


B' B(a — aj) — n-3 B' x + ola). 


B'B is a symmetric matrix of order s-s, which according to 11.9 is 
non-singular, so that the reciprocal (B'B)-! exists (cf 11.7), and we 
obtain!) i 


(30.3.8) a = a, + n-3(B' B)! B' x + (B' B)?! w (a). 


This matrix equation is thus equivalent to the fundamental system of 
equations (30.3.3). 

For every fixed 7 the random variable » has the mean np} and 
the s.d. Vnpi(1 — pi), 80 that by the Bienaymé-Tchebycheff inequality 
(15.7.2) the probability of the relation |»; — n p? | Z AV n is at most 
dc ale) <# 
|»—np|zAVm for at least one value of i is smaller than 


equal Consequently the probability that we have 


a> pi = A~? and, conversely, with a probability greater than 1 — A7? 
í 


we have 


(30.3.9) |»— np | c AV for all i=1,..., r. 


Until further notice, we shall now assume that the » satisfy the 
relations (30.3.9). We shall here allow A to denote a function of n 
such that 4 tends to infinity with n, while 4°/V n tends to zero. We 
may e.g. take à= n, where 0 < g < ]. — All results obtained under 
such assumptions will thus be true with a probability which is greater 
than 1.—7?, and which consequently tends to 1 as n> oo. 

From (30.3.7) we then obtain by condition b) 


À 
(30.3.10) lal <?. 
Further, when «' = (oi, ..., a.) and a” = (a1, . . ., a¢) are any points in 


1) Note that we cannot write here (B' B)-1 = B-1(B')-1, since by hypothesis 
8<r, so that B is not square, and the reciprocal B-! is undefined. — If we take 
8 — r, it will be seen that the conditions a) and d) of the theorem are incompatible. 
In this case, if we assume that a)—c) are satisfied, the matrices D, B and B' B are 
all singular, so that the reciprocal (B' B)-1 is undefined, and (30.3.8) has no sense. 
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the interval A, we obtain from (30.3.6) after some calculations, using 
the conditions b) and c), and expanding in Taylor's series, 


” , ” , " A 
(908.11) lue! — oe) £ Kile! ml (1d —al+ 1a" =al + 77): 
B n 


In the second member, we use the notation |a — b| for the distance 
(cf 3.1) between two points a and b in the s-dimensional space of the 
aj, while K, is a constant independent of a’, a", j and n. 

We now define a sequence of vectors a, = (af, .. 4 al”) by writing 
for »=1,2,... 


(30.3.12) — a,— a, + n~? (B' B)?! B' x + (B’ BJ? o (a), 


and we propose to show that the sequence aj, d, ... converges to 
a definite limit a, which is then evidently a solution of (30.3.8). By 
(30.3.6) we have «c (a) — 0, and thus 


(80.3.13) a, — a, —n-3 (B' B)-! B' x, 
while for » — 0 
(80.3.14) &,41 — ay = (B' B)! [o (a,) — w (a,-1)]. 


Now the matrices (B' B)-! B' and (B' B)! are both independent of n. 
Denoting by g an upper bound of the absolute values of the elements 
of these two matrices, it then in the first place follows from (30.3.13) 
and (30.3.10) that every element of the vector a, — «, satisfies the 
inequality 
D. ec. À 

laj? — aj | < "yir 

so that 


A 
la, — a| sae 


where K, is independent of ». In a similar way, it then follows from 
(30.3.14) and (30.3.11) that we have 


vi A 
laca ae] alae — ar |: 1a, m aol + læri m a] + 1 
for every v — 0, where K, is independent of » and n. From the two 


last inequalities, it now follows by induction that we have for all 
sufficiently large n, and for all » —0,1,2,... 
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(30345) lan- a| s K, [4 K, + 1) Kg b 
n, 


Since by hypothesis æ is an inner point of the interval A, it follows 
that for all sufficiently large n the vectors a,, a,,... (considered as 


points in the a-space) all belong to A, and that the sequence «, gs cis 
converges to a definite limit 


(30.3.16) a =a, + (e, — a) + (e, — o) + 


which, as already observed, is a solution of (30.3.8), and thus also of 
the fundamental equations (30.3.3). It follows from (30.3.15) that 
«&— a as n — oo». Moreover, æ is the only solution of (30.3.8) tending 
to @ as n> coo. In fact, if a' is another solution tending to &, we 
have 

a’ — a = (B' B) (o (e^) — o (a), 


and by the same argument as above it follows that 


la —«|s K,|e' alfie a| + |a aol + z): 


where the expression within the brackets tends to zero as n- oo, 
but this is evidently only possible if a’ = a for all sufficiently large n. 
All this has been proved under the assumption that the relations 
(30.3.9) are satisfied, and thus holds with. a probability which is 
greater than 1 — À-?, and consequently tends to 1 as n> o. We 
have thus established the existence of exactly one solution of (30.3.8), 
or (30.3.3), which converges in probability to a), and the first part 
of the proof is completed. 
. Still assuming that the relations (30.3.9) are satisfied, we obtain 
from (30.3.8), (30.3.13) and (30.3.16) 


(B' B)! o (a) = a — a, = (a, — aj) + (e, — @,) +. 


It then follows from (30.3.15) that every component of the vector 
(B'B)' (a) is smaller than K’2*/n, where K' is independent of n, 
so that (30.3.8) may be written 
KP 

n 


(80.3.17) a — a= n} (B' B) Bx + 6,, 
where 6, = (6;,.. ., %) denotes a column vector such that |6;|<1 for 
J=1,...,8. 
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Consider now the variables y; defined by (30.3.4). Still assuming 
that the relations (30.3.9) are satisfied, we obtain by means of (30.3.7), 
(30.3.10) and (30.3.17) 


»—npi ygyPR—Pi  vi— "E 


VAR Vnp? Vp "m va) 


E = 5 (32) »)40 E 
m Vaz 0a; em e3) Vn 


Expressing this relation in matrix notation, we obtain 


"1 
y=x—VnBla—a,) + de M 
Vn 


where y =(y;,..-, yr) and 0, = (05, . . ., or) with |6/|<1, while K” is 


independent of n. Substituting here the expression (30.3.11) for « — ao, 


we obtain 
Kit 


y =x— B(B' B) B'x- —0 
Vn 
(30.3.18) 
= [I — B(B' B)! B'] x + KE, 
where I is the unit matrix of order r-r, and 0 = (0,, . . ., 6,) with 


]@:|<1, while K is independent of n. 
We now drop the assumption that the relations (30.3.9) are satis- 
fied, and define a vector z = (z;, . . . 2r) by writing 


y=Axts, 
where A denotes the symmetric matrix 
A —I— B(B' B)? B'. 
It then follows from (30.3.18) that, with a probability greater than 
1—2A- we have |z| X Ki?/Vn for all i, so that z converges in 
probability to zero. Further, it has been shown in 30.1 that the 


variables 2;,..., 2, are, in the limit as n > œ, normally distributed 
with zero means and the moment matrix A—I—pp’, where 
p—(Vp,...Vp) By the last proposition of 22.6 it then follows 
that the limiting distribution of y is obtained by the linear trans- 
formation y — Ax, where x=(z,,...,a,) has its normal limiting 
distribution, with the moment matrix A of rank r — 1. 
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By 244, the joint limiting distribution of y,,..., yr is thus nor- 
mal, with zero means and the moment matrix 


AAA’ = [I — B(B' B)! B]-[I—pp']-[I — B(B' B)! B]. 
Now by condition a) the j:th element of the vector B'p is 


Opi) — 
2052). -* 


so that B'p is identically zero. Hence we find on multiplication that 
the moment matrix of the limiting y-distribution reduces to 


(80.3.19) AAA -I— pp — B(B' BJ B'. 


It now only remains to show that this symmetric matrix of order 
r-r has r —5— 1 characteristic numbers equal to 1, while the rest 
are 0, so that the effect of the last term is to reduce the rank of 
ihe matrix by s units. It then follows from 24.5 that the sum of squares 


= dy 
Li 


is, in the limit, distributed in a y*-distribution with r — s — 1 degrees 
of freedom, so that our theorem will be proved. 

For this purpose we first observe that, by 11.9, the s characteristic 
numbers x; of the symmetric matrix B'B are all positive. Writing 
xj = uj, where w 0, and denoting by M the diagonal matrix formed 
by the diagonal elements 4,,...,4, we may thus by 11.9 find an 
orthogonal matrix C of order s:s such that C'B'B C — M?, and 
hence (B' B)-! = (C M? C)! = C M~ -M~ C'. It follows that 


(30.3.20) B(B'B!B'—BCM-^?-.M^?CB'—HH', 

where H= B C M-! is a matrix of order r:s such that 
H'H—M^'CB'BCM^?—M^?M'!M-7?-—I, 

denoting here by I the unit matrix of order s-s. The last relation 

signifies that the s columns of the matrix H satisfy the orthogonality 


relations (11.9.2). Further, we have shown above that B'p — 0, and 
hence H'p = M- C'B'p —0. Thus if we complete the matrix H by 


an additional column with the elements Vj, . . ., Vo, the s + 1 co- 
lumns of the new matrix H, will still satisfy the orthogonality rela- 
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tions. Since s<r, we may then by 11.9 find an orthogonal matrix 
K of order r-r, the s +1 last columns of which are identical with 
the matrix H,. 

Then K'p is a matrix of order r:1, i.e. a column vector, and it 
follows from the multiplication rule that we have K’ p = (0, . . ., 0, 1). 
Thus the product K'p p'K = (0, . . ., 0, 1): (0,..., 0, 1] is a matrix of 
order r:r, all elements of which are zero, except the last element of 
the main diagonal, which is equal to one. — In a similar way it is 
seen that the product K'H H'K is a matrix of order r-r, all elements 
of which are zero, except the s diagonal elements immediately preceding 
the last, which are all equal to one. 

By (30.3.20) the moment matrix (30.3.19) now takes the form 
I— pp’ — HH’. It follows from the above that the transformed 
matrix K'(I— pp’ — HH')K is a diagonal matrix, the r —5— 1 first 
diagonal elements of which are equal to 1, while the rest are 0. Thus 
we have proved our assertion about the characteristic numbers of the 
moment matrix (30.3.19). As observed above, this completes the proof 
of the theorem. 

By means of this theorem, we can now introduce a test of the 
hypothesis H in exactly the same way as in the simpler case con- 
sidered in 30.1. Some examples of the application of this test will 
be shown in the following paragraph. 


30.4. Examples. — We shall here apply the x° test to two parti- 
cularly important cases, viz. the Poisson and the normal distribution. 
Other simple distributions may be treated in a similar way. 


Ex. 1. The Poisson distribution. Suppose that it is required to test 
the hypothesis that a given sample of n values 2,,...,2& is drawn 
from some Poisson distribution, with an unknown value of the para- 
meter 4. Every 2, is equal to some non-negative integer 7, and we 
arrange the z, according to their values into r groups, pooling the 
data for the smallest and the largest values of 7, where the observa- 
tions are few. Suppose that we obtain in this way 


vk observations with a < k, 
»; » > g-—i, where i=k+1,...,k+7r—2, 
Mtr.» » rzkctr—l. 


5 E 
If we write m= Ple =i) =e, the corresponding probabilities 
are 
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k 
pe P(x Sk) = X os, 

0 
po P(r—i—w; fo i=k+1,...,k+7r—2, 


Prr- = P(t 2 k+r—1)= m Wi. 
k+r-1 


In order to estimate the unknown parameter 4 by the modified x? 
minimum method, we have to solve the system (30.3.3), or the equi- 
valent system (30.3.3 a). Since there is only one unknown parameter, 
we have s=i, so that each system reduces to one single equation, 
and (30.3.3 a) gives 


k 


i 
X(i-1)« ktr-2 


n t k+r— 
re es Gp i—i) + Paa = 0. 
>a Et 2) Bi 
0 k+r-1 
This equation has a single root 4— A*, where 
k CJ 
p tH quus 2, i ài 
1 ; = 

Me % + D in + veri E 

Do k+1 >) [57 

0 k+r-1 


Here, the second term within the brackets is equal to the sum of all 
z, such that k< gy <k+r— 1, while the first and the last term 
give approximately the sum of all z, which are Sk or 2k+r—1 
respectively. The estimate A* to be used for 4 is thus approximately 
equal to the arithmetic mean of the sample values: 

1 n 


nD tu = 8. 


1 


r= 


Taking s — 1 in the theorem of the preceding paragraph, we find that 
the limiting z?-distribution has in this case r — 2 d. of fr. 

In Table 30.4.1, three numerical examples of the application of 
the test are shown. Ex. 1 a) gives the numbers of a-particles radiated 
from a dise in 2608 periods of 7.5 seconds according to Rutherford 
and Geiger (Ref. 2, p. 77). Ex. 1 b) gives the numbers of red blood 
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Taste 30.4.1. 
Application of the 7? test to the Poisson distribution. 
——————————— 
- 
Ex. 1 a) Ex. 1 b) | Ex. 1 c) 
No. of No.ofcom M No "at 
4 periods partments 2 x 
t with i (wi np | with i (vy7npj* planta, winapi 
s np; |—— blood- np; |————} with i np, |———- 
p pae n pi ue np; flowers np, 
ticles corpuscles 
v, », »t 
i i 
| 
| 
0 67 54.s9| 0.1244 | | 
1 203 210.528| ^ 0.2688 
2 383 407.861 1.4568 
3 526 526.496 0.0005 
4 632 608,418 1.0988 1 
6 408 398.515 0.5382 8 10 25.0217 2.5717 
6 273 253.817| — 1.4498 5 19 | 19.1860 0.0010 
7 139 140.325 0.0125 8 15.7955 | 0.0919 20 24.1984 0.7268 
8 45 67.882 7.7182 13 11.4043 | 0.2293 42 26.7689 8.6736 
9 27 29.189| — 0.1642 14 16.0990| — 0.0792 27 26.9178 0.0177 
10 10 17.076 0.0077 15 17.0573| 0.4981 25 23.2918 0.1254 
11 4 16 19.4661 | 1.0247 23 18.7889 0.9689 
12 2 21 19.8217) 0.1458 11 | 13.8199 0.5754 
13 | 18 11.7092 | 0.0050 | 5 22.7171| 1.9861 
14 17 15.0006 | 0.2495 6 
| 
15 16 11.9599 | 1.3648 4 
16 9 8.9034} 0.0010 
17 6 16.3140| 0.8282 
18 3 | 
19 2 
20 2 1 
Ero DD iP EE A wie te fue ot tf | S 
Total 2608 2608 000| 12.8849 169 169.0000} 4.0065 200 200.0000 | 15.6466 
(Se We A VEI a MON t Pp Cte arida MMRE 
z= 11.911 T = 8.850 
7 = 12.885 (9 d. of fr.) 7° = 4.006 (9 d. of fr.) 7? = 16.647 (7 d. of fr.) 
P= 017 P-09 P= 0.08 


436 


30.4 


corpuscles in the 169 compartments of a hemacytometer observed 
by N. G. Holmberg. Ex. 1 c) gives the numbers of flowers of 200 
plants of Primula veris counted by M.-L. Cramér at Utó in 1928. Ac- 
cording to the rule given in 30.1, the tail groups of each sample 
have been pooled so that every group contains at least 10 expected 
observations. Thus e.g. in 1 b) the observed frequency in the groups 
i-'1 and ¢=17 are respectively 1+3+5+8=17 and 6-34 
+2+2+1=14. — The agreement is good in a), and even very 
good in b), while in c) we find an »almost significant» deviation from 
the hypothesis of a Poisson distribution, which is mainly due to the 
excessive number of plants with eight flowers. 


The cases considered above are representative of classes of variables which often 
agree well with the Poisson distribution. — When the data show a significant devia- 
tion from the Poisson distribution, the agreement may sometimes be considerably 
improved by introducing the hypothesis that the parameter A itself is a random 

gi 

T (x) 
(x > 0), where « and x are positive parameters. In this way we obtain the negative 
binomial distribution (cf Ex. 21, p. 259), which has interesting applications e.g. to 
accident and sickness statistics (Greenwood and Yule, Ref. 119, Eggenberger, Ref. 81, 
Newbold, Ref. 159 a), and to problems connected with the number of individuals be- 
longing to given species in samples from plant or animal populations (Eneroth, Ref. 
81a; Fisher, Corbet and Williams, Ref. 111) In the case of accident data, the in- 
troduction of a variable 2 may be interpreted as a way of taking account of the 
variation of risk among the members of a given population. Analogous interpreta- 
tions may be advanced in other cases. 'The subject may also be considered from the 
point of view of random processes (cf Lundberg, Ref. 152). 


variable, distributed in a Pearson type III distribution with the fr. f. gx-le-az, 


Ex. 2. The normal distribution. Let a sample of n values zi, . . ., £n 
be grouped into r classes, the z:th class containing » observations 
situated in the interval (b; — $h, & 4 4h), where 5; — & + (/ — 1). 
We want to test the hypothesis that the sample has been drawn from 
some normal population, with unknown values of the parameters m 
and c. If the hypothesis is true, the probability p; corresponding to 


the z:th class is 
1 Líz-m" 
p= f e 20° dz, 
cV2zx 


where the integral is extended over the Z:th class interval For 

the two extreme classes (;— 1 and i=7r), the intervals should be 

(— œ, E, + $h) and (E; — h, + œ) respectively. We then have, writing 
(a—m)* 

for brevity g(x) =e 20° » 
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Opi _ 1 v 
se ovg] © m) g (x) dz, 


Opi _ 1 PIG Pepe 
Aule m) g (x) dx E 


The equations (30.3.3 a) then give after some simple reductions, all 
integrals being extended over the respective class intervals specified above, 


slg. fem) ds 
72" f 9942 


We first assume that the grouping has been arranged such that the 
two extreme classes do not contain any observed values. We then have 
»,— »,— 0. For small values of k, an approximate solution may be 
obtained simply by replacing the functions under the integrals by 
their values in the mid-point & of the corresponding class interval. 
In this way we obtain estimates m* and o* given by the expressions 


moi Dni go Dl m*y. 
Thus m* and c'* are identical with the mean 2 and the variance s* 
of the grouped sample, caleulated according to the usual rule (ef 21.9) 
that all sample values in a certain class are placed in the mid-point 
of the class interval. — In order to obtain a closer approximation, 
we may develop the functions under the integrals in Taylor's series 


about the mid-point &. For small h, we then find by some calculation 
that the above formulae should be amended as follows: 


hd 1 4 +2 1 Lar] h* 4 
appre aay O(M)  « ain m] — 75 t 00. 


Neglecting terms of order ht, we may thus use the mean of the 
grouped sample as our estimate of m, while Sheppard's correction (cf 
21.9) should be applied to the variance. 

Even when h is not very small, and when the extreme classes are 
not actually empty, but contain only a small part of the total sample, 
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the same procedure will lead to a reasonable approximation. — In 
practice, it is advisable to pool the extreme classes of a given sample 
according to the rule given in 30.1, so that every class contains at 
least 10 expected observations. Our estimates of m and o* should 
then if possible be the values of z and s* calculated from the original 
grouping, before any pooling has taken place, and with Sheppard's 
correction applied to s*. If ris the number of classes after the pooling, 
and actually used for the calculation of x°, the limiting distribution 
of ° has r—3 d. of fr., since we have determined two parameters 
from the sample. 

When the parent distribution is normal, asymptotic expressions for 
the means and variances of the sample characteristics g, and g, have 
been given in (27.7.9), while the corresponding exact expressions are 
found in (29.3.7). A further test of the normality of the distribution 
is obtained by comparing the values of g, and g, calculated from an 
actual sample with the corresponding means and variances. 


Taste 30.4.2. 
Distribution of mean temperatures for June and July in Stockholm 
1841—1940. 
June July 
Denes Observed Expected pore Observed | Expected 
—124 10 12 89 —14.9 11 10.4 
12.5—12.9 12 7.89 16.0—16.4 7 6.72 
13.0 —13.4 9 10.20 16.5—16.9 8 9.00 
13.5—13.9 10 11.98 16.0—16.4 13 10.95 
14.0—14.4 19 12.62 16.5—16.9 14 12.12 
14.5—14.9 10 12.08 17.0—174 13 12.20 
156.0—16.4 9 10.46 17.5—17.9 6 11.16 
15.5—16.9 6 8.19 18.0—18.4 9 9.28 
16.0—16.4 7 5.81 18.5— 18.9 7 7.02 
16.5— 8 7.98 19.0— 12 11.14 
Total 100 100.00 Total 100 100.00 
Z= 14.283, 8 = 1.574, T= 16.98, #8 = 1.615 
gı = 0.098,  g, = 0.062, gı = 0.882, gy =— 0.044, 
7° = 7.86 (7 d. of fr) x? = 3.84 (7 d. of fr.) 
P= 0.85 P= 0.85 
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Taste 30.4.3. 
Breadth of beans. E, = 6.825 mm, h=0.25 mm. 


Observed Expected frequency "p; 

Class number frequency — 
d 9i Normal First approx. | Second approx. | 
1 32 67.6 17.5 26.6 | 
2 103 132.2 98.8 90.4 
3 239 309.8 291.5 277.2 
4 624 617.8 648.9 636.8 
5 1187 1046.7 1142.2 1141.1 
6 1650 1 505.8 1 630.4 1 639.9 
7 1883 1842.8 1918.1 1931.6 
8 1930 1919.9 1892.4 1 906.2 
9 1 638 1697.9 1587.8 1 699.5 

10 1130 1277.8 1 158.8 1 163.5 
1l 737 817.0 152.4 745.1 
12 427 444.2 441.9 427.8 
13 221 205.8 235.6 223.8 
14 110 80.7 112.7 109.1 
15 57 27.0 47.5 49.7 
16 32 10.0 24.5 32.2 
Total | 12 000 12 000.0 12 000.0 12 000.0 
T = 8.512 7° = 196.5 7 = 34.8 z= 14.9 
8 = 0.6163 (13 d. of fr.) (12 d. of fr.) (11 d. of fr.) 
g, =— 0.2878 P< 0.001 P « 0.001 P=0.19 
ga = 0.1958 


Table 30.4.2 shows the result of fitting normal curves to the distri- 
butions of mean temperatures for the months of June and July in 
Stockholm during the n = 100 years 1841—1940. In the original data, 
the figures are given to the nearest tenth of a grade, so that the 
exact class intervals are (12.45, 12.95) etc. We have here used some- 
what smaller groups than is usually advisable. Both values of 7° 
indicate a satisfactory agreement with the hypothesis of a normal 
distribution. The values of g, and g, are also given in the table. On 
the normal hypothesis, the exact expressions (29.3.7) give in both 
cases E(g) — 0, D(g,)— 0.228, and E(g,)— — 0.059, D(g,) = 0.455, so 
that none of the observed values differs significantly from its mean. 
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A diagram of the sum polygon for the June distribution (drawn 
from the 100 individual sample values), together with the corresponding 
normal curve, has been given in Fig. 25, p. 328. 

When g, or g, have significant values, the fit obtained by a normal 
curve may often be considerably improved by using the Charlier or 
Edgeworth expansions treated in 17.6—17.7. We must then bear in 
mind that, for every additional parameter determined from the sample, 
the number of d. of fr. should be reduced by one. 

Table 30.4.3 shows the distribution of the breadths of » — 12 000 
beans of Phaseolus vulgaris (Johannsen's data, quoted from Charlier, 
Ref. 9, p. 73). On the hypothesis of a normal distribution, we have 
E(g,) =0, D(g,) = 0.0224, and E (gs) — — 0.0005, D (gẹ) = 0.0447, so that 
the actual values of g, and g, given in the table both differ signifi- 
cantly from the values expected on the normal hypothesis. 

The table gives also the expected frequencies and the corresponding 
values of *?, calculated on the three hypotheses that the fr.f. of the 


standardized variable 
(17.7.3) or (17.7.5),") 


UL * ; 
; min accordance with the expansion 


a Es 
onmale E pu en ah 
2) »normal» g(a) V2 
b) »first approx» . . . . g(a) — $ p(x), 
c) »second approx. . . . lee) — 3: (2) T ter a) + + 109% go Ji 


In the first two cases, the deviations of the sample from the hypo- 
thetical distributions are highly significant, the values of P being 
< 0.001, while in the third case we have P = 0.19, so that the agree- 
ment is satisfactory. — In Fig. 26, p. 329, we have shown the histo- 
gram of this distribution, compared with the frequency curve for the 
»second approx.». More detailed comparisons for this and other 
examples are given by Cramér, Ref. 10. 


30.5. Contingency tables. — Suppose that the n individuals of a 
sample are classified according to two variable arguments (quantitative 
or not) in a two-way table of the type shown in Table 30.5.1. 

A table of this kind is known as a contingency table, and it is 
^3) By the same method as above, it is shown that the estimates to be used for 
the coefficients y, and y, are g, and gs, as calculated from the grouped sample, using 
Sheppard's corrections. 
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often required to test the hypothesis that the two variable arguments 
are independent. Denote by pi; the probability that a ramdomly chosen 
individual belongs to the ith row and the j:th column of the table. 


Taste 30.5.1. 


Arguments 1 Su vss 8 Total 
Puis pH DERE 
1 Vy Piss ss. Vis » 
2 Var Vegas t n Vas Va 
r My Maer ree Yre P 
Total vy E ENEAN LAS n 


The hypothesis of independence is then (c£ 21.1.4) equivalent to the 
hypothesis that there exist 7 + s constants p;. and p.j such that 


pij — Pi. D.» 


Er.—N»-1 
i j 


According to this hypothesis, the joint distribution of the two argu- 
ments contains r” + s —2 unknown parameters, since by means of the 
last relations two of the r + s constants, say pr. and p.s may be ex- 
pressed in terms of the remaining r + s — 2. 

In order to apply the x° test to this problem, we have to calculate 


2 5 PIT np pa? 
a 2 npi.p.j 
where the sum is extended over all rs classes of the contingency 


table, and replace here the parameters p;. and p.; by their estimates 
derived from the equations (30.3.3) or (30.3.3 a), which in this case 


become 
vij "Yn : 
0 7 
ae za) : (@=1,...,°—1), 


Vij Vis ] 
———]2—0, = 1°. g 
at ) BEI dees 


7 P.s, 


The solution of these equations is 
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so that the estimates to be used are simply the frequency ratios cal- 
culated from the marginal totals. Substituting these estimates for 
pi. and p.j, the expression for x? reduces to 


MES, 
n vij 
n Dis » —1].- 
i. Vj 


bd ee | i 


(80.5.1) =n > 


Since we have here rs groups and r +s—2 parameters determined 
from the sample, the limiting distribution of * has rs—(r + 5— 2)-1— 
—(r— 1)(s— 1) d. of fr. — Exact expressions for the mean and the 
variance of y? as defined by (30.5.1) have been given by various 
authors (cf Haldane, Ref. 123, where further references are given). 
Assuming that the independence hypothesis is true, we have 


zur 


(30.5.2) E(x’) = 


The variance has a complicated expression that will not be given here. 

A large value of z* shows that the deviation from the hypothesis 
of independence is significant, but gives no direct information about 
the degree of dependence or association between the arguments. On 
the other hand, the quantity 


is the sample characteristic corresponding to the mean square con- 
tingency g? defined by (21.9.6). If q is the smallest of the numbers 7 


and s, it follows from 21.9 that 
f x 
(Fe KE Sark: 
TA Ge) 
The upper limit 1 is attained when and only when each row (when 
r = s) or each column (when r < s) contains one single element different 


2 
from zero. Thus mew may be regarded as a measure of the degree 


of association indicated by the sample. The distribution of this measure 
is, of course, obtained by a simple change of variable in the distribu- 
tion of y3. (For other measures of association, cf e. g- the text-book by 
Yule-Kendall, Ref. 43, chs 3—4.) 
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At the Swedish census of March 1936, a sample of 25 263 married 
couples was taken from the population of all married couples in 
country districts, who had been married for at most five years. Table 
30.5.2 gives the distribution of the sample according to annual income 
and number of children. From (30.5.1) we obtain y? = 568.5 with 
(6 — 1)(4 — 1) — 12 d. of fr., so that the deviation from the hypothesis 
of independence is highly significant. On the other hand, the measure 

2 
of association is — X __ _ 0.00750, thus indicating only a slight degree 


n(q — 1) 


Taste 30.5.2. 


Distribution of married couples according to annual income and 
number of children. 


M 


of dependence. 


Income (unit 1000 kr) 
Children |- FT = == ||| Total 
0 Le EA DOORS 

0 2161 | 3577 2184 | 1636 9 558 

i 2755 | 5081 2222 | 1052 11110 

2 936 1763 640 | 306 3 636 

3 225 419 96 38 718 

24 39 98 31 14 182 
"Total 6116 10 928 5173 | 3046 25 263 


In the particular’ case when r = s = 2, the contingency table 30.5.1 


becomes a 2-2 table or a fourfold table, and the expression (30.5.1) 
reduces to 


(30.5.3) pan Mites Pata 


PY, 93,971 9:3 


so that f?— |» corresponds to the expression (21.9.7) for p^. When 
the arguments are quantitative, f? is identical with the square of the 
correlation coefficient of the sample (cf 21.9.7 and 21.1.3). — In the 
case of a fourfold table, there is only (2 — 1)(2 — 1) — 1 d. of fr. in 
the limiting distribution of 7*, and we have q— 1 — 1. 

In Table 30.5.3, we give the distribution of head hair and eyebrow 
colours of 46 542 Swedish conscripts according to Lundborg and Lin- 
ders (Ref. 26). From (30.5.3) we obtain y? = 19288 and f*= 0.414, 
indicating a marked dependence between the arguments. 
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Taste 30.5.3. 
Hair colurs of Swedish conscripts. 


————— 


| Head hair 
Eyebrows Leitor Dakon ESSE 
red | medium 
Light or red. . . . - | 30 472 | 3238 | 33 710 
Dark or medium. . . | 3364 | 9 468 | 12 832 
Total | 33 836 | 12 706 | 46 542 | 
| i 


zs es in a fourfold table are small 


When the expected frequencies 


the approximation obtained by the usual 4? tables will be improved 
if we calculate y? from the first expression (30.5.1), and reduce the 
absolute value of each difference ny by à before squaring. 


This is known as Yates’ correction (Ref. 250). 


30.6. 4? as a test of homogeneity. — The contingency table 30.5.1 
expresses the joint result of a sequence of n repetitions of a random 
experiment, each individual result being classified according to two 
variable arguments. In many cases, however, we encounter tables of 
the same formal appearance, where the situation is different. 

Suppose that we have made s successive sequences of observations, 
consisting of np... ^s observations respectively, where the numbers 
nj are not determined by chance, but are simply to be regarded as 
given numbers. At each observation we observe a certain variable 
argument, and the results of each sequence are classified according 
to this argument in 7 groups, the number of observations in the ¢:th 
group of the j:th sequence being denoted by »;j. Our data will then 
be expressed by a table which is formally identical with Table 30.5.1, 
the column totals »,; being here denoted by nj. In the present case, 
however, the table does not express the result of one single sequence 
of observations, but of s independent sequences, each of which cor- 
responds to one column of the table. 

In such a case, it is often required to test the hypothesis that 
the s samples represented by the columns are drawn from the same 
population, so that the data are homogeneous in this respect. This is 
equivalent to the hypothesis that there are r constants py, . . s pr with 
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25 pi=1, such that the propability of a result belonging to the 7:th 
i 


group is equal to p; in all s sequences. 

In order to test this hypothesis, we calculate 7* from the same 
formula (30.5.1) as in the previous case. A slight modification of the 
proof of 30.3 then shows that, if the hypothesis is true, z* has the 
usual limiting distribution with the same number (r — 1)(s — 1) of d. 
of fr. as before. 


Unlike the corresponding proposition of the preceding paragraph, this is not a 
direct corollary of the general theorem of 30.3, but requires separate proof. The 
theorem of 30.8 may, in fact, be generalized to the case when we consider s inde- 
pendent samples of m,,..., n, individuals, all with the same r frequency groups, and 


determine a certain number, say /, of unknown parameters by applying the modified 


n, 2 

7° minimum method to the expression 7* = plate 
ij nj Pi 

generalization of the proof of 30.3 then shows that 7* has the usual limiting distri- 

bution with (r — 1)8 — t d. of fr. In the case considered above, we are concerned 

with the hypothesis that the s samples are drawn from the same population, without 

further specification of the distribution, so that the parameters are the probabilities 


A straightforward 


p; themselves. Owing to the relation Zn = 1 there are t — r — 1 parameters, and thus 


(r — 1)(s — 1) d. of fr. 

By means of the generalized theorem, we may also apply 7? to test the hypo- 
thesis that s given samples are drawn from the same population of a specified type 
such as the Poisson, the normal, etc. In such a ease, the application of the modified 
z° minimum method to the above expression for 7* shows that the parameters of 
the distribution should be determined in the same way as if we were concerned with 
one single sample with group frequencies equal to the row sums », of the given 


table. The proof of this statement will be left as an exercise for the reader. 


In the particular case when r — 2, the table may be written: 


We are here concerned with s sequences of observations, the number 
of occurrences of a certain event E being respectively »,, . . ., », and 
we ask whether it is reasonable to assume that E has a constant, 
though unknown probability p throughout the observations. The 
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estimate to be used for p will here be the frequency ratio of E in 


the totality of the data: p*=1—g*= > »j and we obtain from 


the formula (30.5.1)) i 


3 (2 (27 20 el ep 
30.6.1 jg c = —n =: 
2 njp* q pa 2 mq 


with s—1 d. of fr. Writing i= ET the quantity Q is 
identical with the divergence coefficient introduced by Lexis. In ac- 
cordance with (30.5.2), we have E(Q?) — 1. (Cf e.g. Tschuprow, Ref. 
227 a, Cramér, Ref. 10, p. 105—123.) 

Table 30.6.1 gives the number of children born in Sweden during 
the s— 12 months of the year 1935. The estimated probability of a 
45682 
88213 
with 11 d. of fr, which corresponds to P — 0.18, so that the data. 
are consistent with the hypothesis of a constant probability. 


Tase 30.6.1. 
Sex distribution of children born in Sweden in 1935. 


male birth is p* — = 0.517 5082. From (30.6.1) we find x° = 14.986 


Month 
Fe = Total 
r[s[s[a|s|e|*|s|»|sm]|u 12 
Boys. . . | $743} 3560) 4017| 4173 asas 3964/3797| 3712| 3612, 3392| 3761| 45682 
Girls. . .|3537| 3407| 3866) 3711| 3775| 3665| 3621| 3596| 3491| 3391| 3160| 3371) 42591 


Total | 7280] 6957| 7883| 7884) 1892| 7609) 7586) 7393| 7203| 6903| 6552) 7182| 88278 


We finally consider the case s — 2. In this case we are concerned 
with two independent samples, and we want to know whether these 
are drawn from the same population. The table may then be written 


1) €f also (30.2.1). 


30.6 


We have r —1 d. of fr, and (30.5.1) gives (cf. K. Pearson, Ref. 186, 
and R. A. Fisher, Ref. 91) 


. 1 MIND 
(30.6.2) qb -—mn» a (£ z 
sje ui 2 MNMIT : " 
Writing Wi i Ws and c mE this reduces to the following 
itv 


expression due to Snedecor (Ref. 35, p. 173), which is often convenient 
for practical computation, 


P (m+ ny ui m? 
mn durn m+n 


E (x Mi Wi ma): 


Table 30.6.2 gives some income distributions from the Swedish 
census of 1930. When we compare the income distributions of the 
age groups 40—50 and 50—60 for all industrial workers and employees, 
(30.6.3) gives z? = 840.62 with 5 d. of fr., showing a highly significant 
difference between the distributions. It is evident that in this case 


(30.6.3) 


Taste 30.6.2. 
Income distributions from Swedish census of 1930. 


———————————————————————— 


| All workers and employees in F in ind 
industry oremen in ln ustry | 
Income A | SEREIN Po 
(unit 1000 kr) ge group | | Age group 
EU IE UE T; ET T [7 | 
40—50 50—60 40—50 50—60 
uU; t | ui t 
0—1 7831 7558 | 0.5088 6997 71 54 | 0.5680 0000 | 
1—2 26740 | 20685 | 0.5638 s764 430 324 | 0.57029178 | 
2—3 35 572 24 186 0.5952 6758 1072 894 0.5452 6958 
8—4 20 009 12 280 0.6196 8472 1609 1202 0.5723 9417 
4—6 11527 6776 0.6297 8747 1178 903 0.5660 7400 
c= 6919 4222 0.6210 3940 158 112 0.5851 8519 
Total 108 598 76 707 0.5892 2981 | 4518 3 489 | 0.5642 5628 
4^ = 840.62 (5 d. of fr.) z? = 4.27 (5 d. of fr.) | 
P< 0.001 P= 0.51 
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the numbers w; show a tendency to increase with increasing income. 
When we pass to the more homogeneous group of the foremen, however, 
this tendency disappears, and the comparison of the income distribu- 
tions of the two age groups gives here 7? = 4.27 and P= 0.51, so that 
we may consider these two samples as drawn from the same population. 


30.7. Criterion of differential death rates. — Suppose that, in a 
mortality investigation, we have obtained the following data for two 
different classes (districts, occupations etc.) of persons: 


Class A Class B 
Age group 
Exposed to risk Deaths Exposed to risk Deaths 
| n, d, a di 
2 "n. d, ny di 
i | e a i à 


It is required to test whether the sequences of death rates d;/m; and 
dilni obtained from these data are significantly different. For each 
age group, we may form a 2-2 table of the type 
Class A. Class B. 
Dind ia sosi Nene di 


Surviving. . . . . .m—di ni — di 
and calculate from (30.6.2) the corresponding quantity 


nin; (ny + ni) (2 ay’ 
(di + di) (ni + ni — di — di) \ni n 


x 


which has one d. of fr. The successive Xi are independent. Thus if 
we assume that the two populations have identical death rates, the 


sum r= Ji has the usual limiting distribution with r d. of fr., 


i 
and this provides a test of the hypothesis (cf K. Pearson and Tocher, 
Ref. 187; R. A. Fisher, Ref. 91; Wahlund, Ref. 228). 
Table 30.7.1 contains some data from a tuberculosis investigation 
by G. Berg (Ref. 61) It is required to test whether there are any 
Significant differences in mortality between the two sexes during the 
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first year after the finding of T.B. plus. The total z* amounts to 
22.2 with 10 d. of fr, which corresponds to P = 0.014, so that the 
deviation is »almost significant» according to our conventional termi- 
nology (cf 30.2). From the values of Xi given in the last column of 
the table, it is seen that the main contributions to z* arise from 
the ages 30—50, where the women show a considerably higher mor- 
tality than the men. 
Taste 30.7.1. 
Death rates for patients suffering from open pulmonary tuberculosis, 
during first year after finding T.B. plus. 


————— 


Men Women | 
Ame frei | ean | ste emi pene | tun | zi 
ni i % ni i | % 
15—19 406 156 38.4 500 174 348 1.25 
20—24 695 204 29.4 816 246 | 301 Qai 
25—29 585 169 28.9 619 184 | 297 0.09 
30—34 464 128 28.2 433 150 | 346 4m 
35—39 214 82 299 | 357 92 | 355 2.10 
40—44 221 68 30.8 194 88 | 425 6.43 
45—49 158 41 26.8 94 39 | as 5.15 
50—54 110 34 30.9 58 20 | 345 0.28 
55—59 69 36 522 | 29 18 448 0.45 
60— 89 43 48.8 47 28 | 59.6 1.87 
Total | 3086 961 3047 | 1029 | 22.20 


30.8. Further tests of goodness of fit. — As already observed in 
30.1, it is always advisable to try to supplement the z? test by other 
methods. In many cases, a simple inspection of the signs and magni- 
tudes of the differences between observed and expected frequencies 
will reveal systematic deviations from the hypothesis tested, even 
though x? may have a non-significant value. 

When the 2? test is applied to a comparatively small sample, it is 
necessary to use a grouping with large class intervals, and thus sacri- 
fice a good deal of the information conveyed by the sample. In such 
cases, it would be desirable to have recourse to a test based on the 


individual sample values. We shall now brieüy mention a test of 
this type. ; 
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Let it be required to test the hypothesis that a sample of n ob- 
served values z,,...,2, has been drawn from a population with the 
given d. f. F(x). The d.f. of the sample (cf 25.3) is F* (x) = v/n, where 
«v is tbe number of sample values =. Since F* converges in prob- 
abibility to F (cf 25.5) for any fixed x, we may consider the integral 


a IF" (2) — FG) dK (2) 


where K(x) may be more or less arbitrarily chosen, as a measure of 
the deviation of our sample from the hypothesis. Tests based on 
measures of this type were first introduced by Cramér (Ref. 10 and 
70) and von Mises (Ref. 27). Following Smirnoff (Ref. 215), we shall 
here take K (x)= F(x), and thus obtain the integral 


v- fi [F* (z) — FG à F(a). 


If the sample values z,,...., an are arranged in increasing order, we 
have for any continuous F(x) 


1 


T IM 2» —1]* 
"us *;2[re- 2n I 


When the individual sample values are known, the exact value of w° 
may thus be simply calculated. When only a grouped sample is avail- 
able, an approximate value can be found, e. g. by the usual assumption 
that the z, are situated in the mid-points of the class intervals. 

As observed in 25.5, F* (x) is the frequency ratio in n trials of an 


event of probability F(x). Hence E(F*— F} = UR X mod 


w? 


By means 
of this remark, it is possible to find the mean and the variance of w°. 
These are independent of F(x), and we have 


1 4n—3 
seeds D= 


Comparing the value of w* found in an actual sample ‘with the mean 
and the variance calculated from these expressions, we obtain a test 
of our hypothesis. — The sampling distribution of w*, which is inde- 
pendent of F(x), has been further investigated by Smirnoff (Ref. 215), 
who has shown that nw? has, as n > co, a certain non-normal limiting 
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distribution independent of » (cf the case of » r* in 29.13). It would 
be desirable to extend the theory to cases when the hypothetical 
F(z) is not completely specified, but contains certain parameters that 4 
must be estimated from the sample. ~ 

Further important tests of goodness of fit have been proposed e. g. 
by Neyman (Ref. 164) and E. S. Pearson (Ref. 191). 


CHAPTER 31. 
TESTS oF SIGNIFICANCE FOR PARAMETERS. 


31.1. Tests based on standard errors. — In the applications, it 
is often required to use a set of sample values for testing the hypo- 
thesis that a certain parameter of the corresponding population, such 
as a mean, a correlation coefficient, etc., has some value given in ad- 
vance. In other cases, several independent samples are available, and 
we want to test whether the differences between the observed values 
of a certain sample characteristic are significant, i.e. indicative of a 
real difference between the corresponding population parameters. 

Now we have seen in Ch. 28 that important classes of sample 
characteristics are, in large samples, asymptotically normal with means 
and variances determined by certain population parameters. Hence we 
may deduce tests of significance for hypotheses of the above type, 
following the general procedure indicated in 26.2 (cf also 35.1). 

Thus if we draw a sample of n values aj, . . ., &n from any popula- 
tion (not necessarily normal) with the mean m and the s. d. c, we know 
by 17.4 and 28.2 that the mean Z of the sample values is asymptotic- 
ally ‘normal (m, c/V n). Suppose for one moment that we know a, and 
that we are testing the hypothesis that m has a specified value mo 
If the hypothesis is true, Z is asymptotically normal (mo, o/V n). De- 
noting by A, the p% value of a normal deviate (cf 17.2), we thus 
have for large n a probability of approximately p % to encounter à 
deviation |z — m,| exceeding 2po/V n. Working on a p % level, we 
should thus reject the hypothesis if | z — m,| exceeds this limit, whereas 
a smaller deviation should be regarded as consistent with the hypo- 
thesis. 
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Now in practice we usually do not know c. By 27.3 we know, 
however, that the s.d. s of the sample converges in probability to c 
Fas n o. Hence for large n there will only be a small probability 
that s differs from c by more than a small amount. For the purposes 
of our test, we may thus simply replace o by s, and act as if we had 
' to test the hypothesis that @ were normal (mọ, s/V n), where s is the 
known value caleulated from our sample. An observed deviation 
|2 — m| exceeding 4,s/V n will then lead us to reject the hypothesis 
m — m, on a p% level, while a smaller deviation will be regarded as 
consistent with the hypothesis. 

The same method may be applied in more general cases. Consider 
any sample characteristic z, the distribution of which in large samples 
is asymptotically normal. In the expression for the variance of the 
asymptotic normal distribution of z, we replace any unknown popula- 
tion parameter by the corresponding known sample characteristic, 
retaining only the leading term of the expression for large n. The 
expression d(z) thus obtained will be denoted as the standard error 
of z in large samples. If it is required to test the hypothesis that 
the mean E(z) has some specified value 2, we regard z as normally 
distributed with the known s.d. d(z). If the deviation |z — z,| ex- 
ceeds Àj d(z), the hypothesis will then be rejected on the p % level, and 
otherwise accepted. 

In this way, all expressions deduced in Chs 27—28 for the s. d:s 
of sample characteristics and of their asymptotic normal distributions 
may be transformed to standard errors. Thus e. g. by (27.2.1), (27.4.2) and 
(27.7.2) the standard errors of the sample mean @, the sample variance 


s* — m, and the sample s.d. s =V m, are 


da= aen Um t 


If it is assumed that the population is normal, the simpler expressions 
corresponding to this case may be applied. Thus e.g. by 28.5 the 
Standard error of the median of a normal sample is 


s Vzi(2 n) = 1.2523 s/V n. 


When a sample characteristic z has been computed, it is customary 
in practice to indicate its degree of reliability by writing the value z 
followed by + d(z). Thus e.g. the sample mean is written z + s/V n, 
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ete — For the frequency ratio in n trials of an event of constant 
probability p, we have by (16.2.2) E(v/n)=p and D(»/n) = V pain, 
—3) 


so that the standard error is | uA S and consequently the fre- 


quency ratio will be written < - ye al The corresponding per- 


1100 = 
centage w = 1007 is accordingly written w + V suo e 


If two independent samples are given, the difference between their 
means or any other characteristics may be tested with the aid of 
the standard errors. If the means @ and j are regarded as normal 


(m,, [V n) and (ms, s,/Vn,) respectively, the difference z — jj will be 


2 ct 
normal |m, — ms, V2«3) and any hypothesis concerning the 


m Ms 
value of the difference m, — m, can now be tested in the way shown 
above. In partieular, the hypothesis m, — m, will be rejected on the 


2 2 
p% level, if | — j| > 4 V2 + = and otherwise accepted. 
1 2 


All the above methods are valid subject to the condition that 
our samples are »large». There are two kinds of approximations in- 
volved, as we have supposed a) that the sampling distributions of our 
characteristics are normal, and b) that certain population characteris- 
ties may be replaced by the corresponding values calculated from the 
sample. In practice, it is often difficult to know whether our samples 
are so large that these approximations are valid. However, some 
practica] rules may be given. When we are dealing with means, the 
approximation is usually good already for n >30. For variances, me 
dians, coefficients of skewness and excess, correlation coefficients in 
the neighbourhood of o — 0, etc., it is advisable to require that 7 
should be at least about 100. For correlation coefficients considerably 
different from zero, even samples of 300 do not always give & satis- 
factory approximation. 

Even in cases where n is smaller than required by these rules, OT 
where the sampling distribution does not tend to normality, it is often 
possible to draw some information from the standard errors, though 
great caution is always to be recommended. — When the sampling 
distribution deviates considerably from the normal, the tables of the 
normal distribution do not give a satisfactory approximation to the 
probability of a deviation exceeding a given amount. We can then 
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always use the inequality (15.7.2), which for any distribution gives 
the upper limit 1/k* for the probability of a deviation from the mean 
exceeding & times the s.d. However, in most cases occurring in prac- 
tice this limit is unnecessarily large. It follows, e.g., from (15.7.4) 
that for all unimodal and moderately skew distributions the limit may 
be substantially lowered. The same thing follows from the inequality 
given in Ex. 6, p. 256, if we assume that the coefficient y, of the 
distribution is of moderate size. When there are reasons to assume 
that the sampling distribution belongs to one of these classes, a devia- 
tion exceeding four times the s.d. may as a rule be regarded as 
clearly signifcant. — When n is not large enough, it is advisable to 
use the complete expressions of the s.d:s, if these are available, and 
not only the leading terms. Further, we should then use the unbiased 


estimates (cf 27.6) of the population values, thus writing e. g. s/Vn —1 
instead of s/V n for the standard error of the mean. — Whenever 
possible it is, however, preferable to use in such cases the tests based 
on exact distributions that will be treated in the next paragraph. 


31.2. Tests based on exact distributions. — When the exact sampling 
distributions of the relevant characteristics are known, the approxi- 
mate methods of the preceding paragraph may be replaced by exact 
methods. As observed in 29.1, this situation arises chiefly in cases 
where we are sampling from normal populations. 

Suppose, e.g. that we are given a sample of » from a normal 
population, with unknown parameters m and c, and that it is required 
to test the hypothesis that m has some value given in advance. If 


this hypcthesis is true, the sample mean z is exactly normal (m, o/V n), 
and the standardized variable Vise is normal (0, 1). The approxi- 


mate method of the preceding paragraph consists in replacing the 
unknown o by an estimate calculated from the sample — for 


small » preferably Va s — and regard the expression thus 


obtained, tes Vp EN as normal (0,1) Now ¢ is identical 


with the Student ratio of 29.4, and we have seen that the exact distri- 

bution of ¢ is Student's distribution with »—1 d. of fr. If tp denotes 

the p% value (cf 18.2) of t for n — 1 d. of fr., the probability of a 

deviation such that |t| > fj is thus exactly equal to p %. The hypo- 
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thetical value m will thus have to be rejected on a p % level if 
|t| > tp, and otherwise accepted. 

As n> co, the f-distribution approaches the normal form (cf 20.2), 
and the E for this limiting case are given in the last row of 
Table 4. It is seen from the table that the normal distribution gives 
a fairly good approximation to the é-distribution when n = 30. For 
small », however, the probability of a large deviation from the mean 
is substantially greater in the distribution (cf Fig. 20, p. 240). 

When we wish to test whether the means Z and j of two inde- 
pendent normal samples are significantly different, we may set up the 
»null hypothesis» that the two samples are drawn from the same nor- 
mal population. It has been shown in 29.4 that, if this hypothesis is 
true, the variable 


(81.2.1) io / summ min +m—2) 3—3 


ny + Ng Yn,si + nsi 


has the ¢-distribution with n, + n, — 2 d. of fr. When the means and 
variances of the samples are given, u can be directly calculated. If 
|u| exceeds the p% value of ¢ for n, +n, —2 d. of fr., our data 
show a significant deviation from the null hypothesis on the p % level. 
If we have reason to assume that the populations are in fact normal, 
and that the s.d:s c, and o, are equal, the rejection of the null 
hypothesis implies that the means m, and m, are different (cf 35.5). 

It is evident that we may proceed in the same way in respect of 
any function z of sample values, as soon as the exact distribution of 
z is known. We set up a probability hypothesis, according to which 
an observed value of z would with great probability lie in the neigh- 
bourhood of some known quantity 2. If the hypothesis H is true, Z 
has a certain known distribution, and from this distribution we may 
find the p% value of the deviation |z — z,|, i.e. a quantity hp such 
that the probability of a deviation |z — z,| ^ hj is exactly p %. 
Working on a p % level, and always following the procedure of 26.2, 
we should then reject the hypothesis H if in an actual sample we 
find a deviation |z — z;| exceeding hp, while a smaller deviation should 
be regarded as consistent with the hypothesis (cf 35.1). 

When we are concerned with samples drawn from normal popula- 
tions, tests of significance for various parameters may thus be founded 
on the exact sampling distributions deduced in Ch. 29. In practice, 
it is very often legitimate to assume that the variables encountered 
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in different branches of statistical work are at least approximately 
normal (cf 17.8). In such cases, the testa deduced for the exactly 
normal case will usually give a reasonable approximation. It has, in 
fact, been shown that the sampling distributions of various important 
characteristics are not seriously affected even by considerable devia- 
tions from normality in the population. In this respect, the reader 
may be referred to some experimental investigations by E. S. Pearson 
(Ref. 190), and to the dissertation of Quensel (Ref. 200) on certain 
sampling distributions connected with a population of Charlier’s type 
A. It seems desirable that investigations of these types should be 
further extended. 


31.3. Examples. — We now proceed to show some applications 
of tests of the types discussed in the two preceding paragraphs. We 
shall first consider some cases where the samples are so large that it 
is perfectly legitimate to use the tests based on standard errors, and 
then proceed to various cases of samples of small or moderate size. 
With respect to the significance of the deviations etc. appearing in 
the examples, we shall use the conventional terminology introduced 
in 30.2. 

Ex. 1. In Table 31.3.1 we give the distribution according to sex 
and ages of parents of 928570 children born in Norway during the 
years 1871—1900. (From Wicksell, Ref. 231.) It is required to use 
these data to investigate the influence, if any, of the ages of the 
parents on the sex ratio of the offspring. 

As a first approach to the problem, we calculate from the table 
the percentage of male births, and the corresponding standard error, 
for four large age groups, as shown by Table 31.3.2. 

There are no significant differences between the numbers in this 
table. The largest difference occurs between the numbers 51.589 
and 51.111, and this difference is 0.478 + 0.222. The observed difference 
is here 2.15 times its standard error, and according to our conventional 
terminology this is only »almost significant». Nevertheless, the table 
might suggest a conjecture that the excess of boys would tend to 
increase when the age difference x — y decreases. 

In order to investigate the question more thoroughly, we consider 
the ages z and y of the parents of a child as an observed value of 
a two-dimensional random variable. Table 31.3.1 then gives the joint 
distributions of x and y for two samples of n,=477533 and 
n, = 451 037 values, for the boys and the girls respectively. If the 


457 


313 


Tasie 31.3.1. 
Live born children in Norway 1871—1900. 


Total 


2217 
36 147 
94 272 
112 670 
96 965 
69 714 
38 916 
17218 

6 492 

2571 

952 


477 533 


2006 
34 225 
88 738 

106 304 
91043 
66 099 
36 688 
16 249 

6217 

2278 

911 
379 


Age of mother | 
Age of y 
father | i: - | 
£ —20 | 20—25 | 25—30 | 30—35 | 35—40 | 40—45 | 45— | 
Loc st Nec sa Sy N N mM 
Boys | | | 
—20 377 974 655 | 187| 98 25 | 6 
20—25 | 2173 | 18043 | 11173 | 3448 | 1022| 258 30 
25—30 | 1814 | 26056 | 43082 | 10760 | 4564| 973 | 123 
30—35 | 700 | 14252 | 38505 | 41208 | 14475 | 3243 | 287 
35—40 | 238 | 4738 | 17914 | 32240 | 31678 | 8426 | 830. 
40—45 | 103 | 1791 | 65860 | 16214 | 24770 | 18079 | 2171 | 
45—50 47 695 | 2593| 6952 | 12453 | 13170 | 4000 
50—55 21 311 993| 2503| 4492| 6322 | 2574 
55—60 5 133 412 925| 1790| 2141 | 1086 
60—65 10 57 190 408 736| 822 | 348 
65—70 6 25 68| 173| 266] 283 | 131 
.T0— 2 12 | 46 59 119 113 48 
Total | 5496 | 67987 |122119 |120077 | 96353 | 53855 |11046 
Girls | | 
—20 319 861 |  501| 206 91 2| s» 
20—25 | 2183 | 16990 | 10643 | 3193 9:9 | 242 45 | 
25—30 | 1793 | 25147 | 40817 | 18697 | 4305 | 943 | 96 
| 30—35 | 707 | 13264 | 36745 | 38619 | 13669 | 3018 | 292 | 
35—40 | 236 | 4676 | 17105 | 30453 | 29858 | 7883 | 772 | 
40—45 | 101 | 1070 | 6278| 15323 | 23803 | 10983 | 1941 | 
45—50 38 040 | 2384| 5603| 11704 | 12336 | 3823 | 
50—655 16 284 964 | 2469| 4221| 5815 | 2480 
55—60 12 120 406 874 | 1726| 2000 | 1079 | 
60—65 6 54 171 381 b91 | 760 | 926 | 
65—70 3 29 87 154 277 | 4| 14| 
uy esa een a f see uUa e cte ol Ta] ala A T a A a 
Total | 5365 | 63743 |116194 | 112979 | 91392 | 50354 | 11010 


451 037 


sex ratio among the newborn varies with the ages of the parents, the 
(x, y)-distribution must be different for the boys and the girls, so that 


the two samples are not drawn from the same population. 
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Tasie 31.3.2. 
Percentage of male births. 


Age of mother 


Age of 
father s Y 
s « 30 230 
«35 51.409 + 0.090 51.589 -- 0.122 


> 35 51.1113 0.186 51.4803- 0.081 | 


Taste 31.3.3. 
Sample moments for Table 31.3.1, in units of the classbreadth (5 years). 


| 
1 Boys Girls | 
Central | ng 
morens Raw Corrected Raw Corrected | 
| fao 2.9127 2.8294 | 2.9086 2.8203 | 
MR 1.4140 1.4140 1.4085 14085 | 
Mes 1.7956 1.7128 | 1.7929 1.7096 | 
Mso 3.0699 3.0699 | 3.0891 3.0891 
Mos 0.4588 0.4588 | — 0.4588 0.4588 
Mio 28.6579 | 27.2807 | 28.4595 | 27.0300 | 
| Ma 10,3527 9.9992 | 10.2509 9.8988 | 
Mss 7.7285 7.8481 7.6970 7.8126 
Mis 5.8110 5.4575 | 5.8020 5.4499 
Mos 7.5250 6.6564 | 7.5260 6.6587 


Table 31.3.3 shows the uncorrected moments of the two samples, 
and the corrected moments calculated according to (27.9.4) and (27.9.6). 
We first observe that the distributions deviate significantly from nor- 
mality. Consider, e.g., the marginal distribution of the father's age 
« for the boys. On the hypothesis that this distribution is normal, 
we find from the corrected moments g, = 0.6450 + 0.0085 and gy= 
= 0.4015 + 0.0071, where the standard errors are calculated from (27.7.9). 
In both cases, the deviation from zero is highly significant, so that 
the hypothesis of normality is clearly disproved.!) 

‘) According to Wicksell, 1. e, the distribution is approximately logarithmico- 
normal (et. 17.5). 
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Tasnrr 31.3.4. 
Sample characteristics for Table 31.3.1. Unit: one year. 
Characteristics Boys Girls 10°- Diff. 
T 35.699 + 0.0122 35.703 + 0.0125 + 44175 
y 32.128. + 0.0095 32.116 + 0.0097 —12+13.6 
z—y 3.571 + 0.0095 3.587 - 0.0097 +16+13.6 
8, 8.410 3- 0.0094 8.897 + 0.0097 —13+13.5 
[^ 6.548 + 0.0058 6.538 + 0.0055 — 5t.6 
r 0.6424 + 0.00097 0.6414 + 0.00101 —lot 140 


Table 31.3.4 gives the values of some important sample characteris- 
tics for the boys and the girls, as well as the differences between 
corresponding characteristics for both sexes. The standard errors have 
been calculated according to the rules of 31.1 from the general for- 
mulae (27.2.1), (27.7.2) and (27.8.1); thus the simpler expressions (27.8.2) 
and (29.3.3) corresponding to the case of a normal population have 
not been applied here. For the difference @— j, we find 


D*(z — y) = (å — 2 e 0, 0, + oi)[n, 
and consequently the square of the standard error is 
d*(z—y)-—(8—2rs sj s/n. 


It is seen from the table that there are no significant differences 
between the characteristics. In particular we find that the mean of 
the age difference z — y is not significantly greater for the girls than 
for the boys, so that the conjecture suggested by Table 31.3.2 is not 
supported by further analysis. 

Finally, we may directly apply the x? method to test whether the 
two samples in Table 31.3.1 may be regarded as drawn from the same 
population. In each of the two samples we have, in fact, 12-7 = 84 
frequency groups, so that the whole table 31.3.1 may be rearranged 
as an 84-2 table of the type considered in 30.6, which may be tested 
for homogeneity by the y? method, using (30.6.2) or (30.6.3) for the 
calculation of x°. Pooling all groups with fathers above 60, and with 
mothers above 40, we have a 60-2 table, and find Z* = 51.97 with 
(60 — 1)(2 — 1) — 59 d. of fr. According to Fisher's approximation 
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(cf 20.2), V 2%? = 10.20 would then be an observed value of a normal 
variable with the mean V117 = 10.82 and unit s.d. By Table 1, the 
probability of obtaining a value of y? at least as large as that actually 
observed is then approximately 1 — @ (10.20 — 10.82) = 0.78, so that 
the agreement is very good, and the data are consistent with the 
hypothesis that the samples are drawn from the same population. 

The analysis of the data in Table 31.3.1 has thus entirely failed 
to detect any significant influence of the ages of the parents on the 
sex of the children. 


Ex. 2. In a racially homogeneous human population, the distribu- 
tions of various body measurements usually agree well with the nor- 
mal curve, and the small deviations are well represented by the first 
terms of a Charlier or Edgeworth series, as given e.g. by (17.7.5). 
We refer in this connection to a paper by Cramér (Ref. 70), where 
detailed examples are given. 

In such cases, the standard errors of sample characteristics may 
be calculated from the simplified expressions which hold for the 
case of a normal parent distribution. Thus by (29.3.3) the standard 
error of s may be put equal to s/V2n, the standard error of the 
coefficient of variation V may be calculated from (27.7.11), etc. 

For the stature of Swedish conscripts, measured in the years 
1915—16 and 1924—1925 at an average age of 19 years 8 months, 
we find according to Hultkrantz (Ref. 128) the sample characteristics 
given in Table 31.3.5. The table shows a highly significant increase 
of the mean and the median during the interval of 9 years between 
the measurements. On the other hand, the s.d. and the coefficient 


Taste 31.3.5. 


Sample characteristics for the stature of Swedish conscripts. 


————————— 


Characteristics 1915—16 | 1924—25 10°- Diff. 
| | 

[ONDES iiv L4 me | 80 084 | 89 337 
Mean’ tex? ao. pecans em 171.80+0.022 | 172.58+ 0.020 +78+38.0 
Median. cass toute nips » 171.8140.027 | 172.55 + 0.025 T74t8. 
Bi dio. sc ee O ET > 615+0.015 | 6.04+ 0.014 11421 
Semi-interquartile range . » 4.05 + 0.017 | 4,02+ 0.016 — 3t25 
100 Y — 100.5/z. s 3.58 + 0.0090 | 3.50 + 0.0088 — 8t13 
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of variation show a highly significant decrease, while the decrease 
of the semi-interquartile range is not significant. 

These results agree well with further available data from Swedish 
conscription measurements. During the last 100 years, the mean 
stature of the conscripts has steadily increased, while the s.d. has 
decreased. 

According to Table 31.3.5, the increase of the mean stature for 
the observed samples during the period of 9 years amounts to 
0.78 + 0.030 cm. What kind of conclusions can we draw from tbis 
fact with respect to the unknown increase 4m of the population 
mean m? — We have, in fact, observed the value 0.78 cm of a vari- 
able which is approximately normally distributed, with the unknown 
mean 4m, and a s.d. approximately equal to 0.030 cm. Let us, for 
the sake of the argument, assume that the word »approximately» may 
be omitted in both places, and let as usual åp denote the p % value 
of a normal deviate (cf 17.2). Consider the hypothesis that 4m is 
equal to a given quantity c. If we are working on a p % level, this 
hypothesis will evidently be regarded as consistent with the data if 
¢ is situated between the limits 0.78 + 0.080 45, while otherwise it will 
be rejected. The quantities 0.78 + 0.030 Àp are called the p % confidence 
limits for 4m, and the interval between these limits is the p % con- 
fidence interval. — We shall return to these concepts in Ch. 34. 


Ex. 3. The occurrence of exceptionally high or low water levels 
in lakes or rivers is often of great practical importance. For the 
average water levels of Lake Vänern in the month of June of the 
n=124 years 1807—1930, we have (data from Lindquist, Ref. 149) 
the mean 2 — 4454.5 cm above sea level, and the s.d. s = 48.51 cm. 
The distribution agrees well with the normal curve, Grouping the 
original data (which are not given here) into 9 groups with the class- 
breadth h=20 em, we find y? = 3.728. For 9—2—1=6 d. of fr. 
this gives P = 0.71, so that the fit is very good. 

If we denote by a, the v:th value from the top in a normal 
sample of » values, while y, is the v:th value from the bottom, the mean 
and the s.d. of z, are given by (28.6.16), while the corresponding 
expressions for y, are obtained by obvious modifications. Replacing 
in these expressions the population parameters m and o by the sample 
values @ and s given above, and neglecting the error terms, we obtain 
the means and standard errors given in Table 31.3.6, which also shows 
the extreme June levels actually observed during the period. 
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Taste 31.3.6. 
Extreme water levels of Lake Vünern, June 1807—1930. 


j Diff. in Dif. in 
Y Ty E(x,) d(x,) | units of y, E(yj) d(y,) | units of 
observed| approx. stand. error| observed | approx. stand. error 


EN ee ne ee MM aee a A A G 


1 4566 4682.1 20.04 — 0.80 4350 4326.9 20.04 +1.15 
2 4548 4566.5 12.55 —1.47 4356 4842.6 12.55 +1.07 
3 4546 4558.7 9.82 —1.29 4360 4350.4 9.82 +0.98 
4 4535 4553.4 8.82 2.21 4366 4365.6 8.82 T 1.26 
5 4535 4549.5 7.85 —1.97 4366 4369.5 7.85 + 0.88 


The absolute magnitude of the differences between the observed 
values and their means is in no case greater than might well be due 
to random fluctuations. We observe, however, that all the z, lie below 
their means, and conversely for the y, This is partly due to the 
correlation between the 2, (and the y,), and partly to the fact that 
the approximate mean values are affected with considerable errors, 
since we are dealing with the comparatively low value » = 124. 

If we may assume that the distribution will remain unaltered for 
a period of, say, 500 years, we obtain in the same way as above the 
mean 4603.5 cm, and the standard error 17.6 em, for the upper ex- 
treme level x, during this period. It would thus seem highly improb- 
able that a level exceeding 4603.5 + 4- 17.6 = 4673.9 em will occur 
during this period. 


Ex. 4. From Student's classical paper (Ref. 221) on the £-distri- 
bution, we quote the figures given in Table 31.3.7. It is required to 
test whether there is any significant difference between the effects of 
the drugs A and B. If we assume that the difference between the 
gains in sleep effected by the two drugs is normally distributed, the 
last column of the table constitutes & sample of » — 10 values from 
a normal population. On the usual null hypothesis that there is no 
difference between the effects, the mean ms of this population is zero. 
: =e is distributed 
in the £distribution with 9 d. of fr. (cf 31.2). From the observed 
values, we find ¢ = 4.06, which by Table 4 corresponds to a value of 
P between 0.01 and 0.001. Thus the deviation from zero is significant, 
and the null hypothesis is disproved. 
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Tase 31.3.7. 
Additional hours of sleep gained by ten patients through the use of 
two soporific drugs A and B. 


—————— 


Patient Drug A NE B Prep ia 
tt SS tema 
1 19 0.7 1.2 
2 0.8 | —1.6 24 
3 14 —0.2 13 
4 0.1 —13 1.8 
5 —043 —04 0.0 
6 44 3.4 1.0 
7 5.5 3.7 18 
8 1.6 0.8 0.8 
9 4.6 0.0 4.6 

10 3.4 2.0 14 
T= 2.88 y = 0.75 Z = 1.58 
8, = 1.899 | 8, = 1.697 8, = 1.167 


In this case, where we have the low value n = 10, it is to be ex- 
pected that the approximate test based on the standard error of 2 
will not give a very accurate result. If we apply this test, and use 
the estimate s,// 10 —1 for the standard error, we are led to regard 
the same value as above, V 9 (z — 0)/s, = 4.06, as an observed value of 
a variable which, on the null hypothesis, is normal (0,1) By Table 
2, this corresponds to P < 0.0001. If we compare this with the value 
of P given by the exact test, it is seen that the error involved in 
applying the approximate test tends to exaggerate the significance of 
the deviation. 

If, in the experiments recorded in Table 31.3.7, two different sets 
of ten patients had been used to test the two drugs, the data might 
also have been treated in another way (cf R. A. Fisher, Ref. 13, p. 
123—125). Suppose that for each drug the gain in sleep is normally 
distributed, the s.d. having the same value in both cases. The samples 
headed x and y are then independent samples from normal popula- 
tions with the same c, and it is required to test the null hypothesis 
that the two population means m, and m, are equal. The variable 4 
defined by (31.2.1), where we have to take n, = n, = 10, then has the 
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t-distribution with 18 d. of fr., and from Table 31.3.7 we find u= 1.86, 
which corresponds to P=0.08, so that in this way we do not find 
any significant difference between the effects. 

In cases where we may assume that the x and y columns are in- 
dependent, both the above methods are available, and if either test 
shows a clearly significant difference, we must regard the null hypo- 
thesis as disproved, even if the other test fails to detect any signifi- 
cant difference. — In the case actually before us in Table 31.3.7 
there is, however, an obvious correlation between the x and y columns 
due to the fact that corresponding figures refer to the same patient, 
so that itis not legitimate to apply the second method. 


Ex. 5. For the July temperatures in Stockholm for the n = 100 
years 1841—1940, we have (cf Table 30.4.2) the mean Z= 106.982 
and the s.d. s= 1.6145. For the 30 first and the 30 last years of the 
period, the means are respectively 16.898 and 17.463. Are these group 
means significantly different from the general mean 16.982? 

From the expression (29.4.5), we obtain ¢=— 0.36 for the k= 30 
first years, and t= 1.97 for the 30 last years, in both cases with 


600 ‘800 (000 


Fig. 81. Prices of potatoes at 46 places in Sweden, December 1936 (æ), and December 
1937 (y) Regression lines: . Orthogonal regression line: --——— š 
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n—2=98 d. of fr. Both values lie below the 5 % limit, so that this 
test does not indicate any significant change in the summer temperature 
during the century. 


Ex. 6. Fig. 31 shows the distribution of the prices of potatoes (öre 
per 100 kg) in December 1936 (x) and December 1937 (y), at n = 46 
places in Sweden, according to official statistics. The ordinary char- 
acteristics of the sample are 


z= 660.57, g= 732.50, sı = 106.86, %= 120.91, 
r= 0.7928, Die = 0.7007, Dy, = 0.8971. 


Let us assume that the (x, y)-values form a sample from a normal 
population, and that we wish to obtain information about the unknown 
values of the regression coefficient B. and the correlation coefficient 
Q of this population. TUM 
E í 3,Vn—2 
According to (29.8.4), the variable raat puer (bs; — B4) has Stu- 
2 
dent's distribution with » — 2 d. of fr. Introducing the values of the 
sample characteristics given above, we may thus test the hypothesis 
that 8, is equal to any given quantity c. If we are working on & 
p% level, this hypothesis will be regarded as consistent with the 
data if c is situated between the limits 


where č» denotes the p % value of f for n—2 d. of fr., while other 
wise the hypothesis will be rejected. These limits are the p % con- 
fidence limits for fx (cf Ex. 2 above) In the actual case we obtain 
in this way the following confidence limits for ba: 


peb^*....:..- . . . 0.687 and 1.107, 
Sio UEM NA c ees 0.617 and 1.177, 
DL Ba Sn ME eo hie OR 0.530 and 1.264. 


For the sample correlation coefficient r = 0.7928, we have by (27.8.1) 
and (27.8.2) approximately the mean o and the standard error 


d(r) = (1 — r3)/V n = 0.0548. 
If the sampling distribution of r shows a sufficiently close approach 
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to normality, this may be used to test the hypothesis that ọ is equal 
to any given quantity. However, the sampling distribution of r 
tends rather slowly to normality, when @ differs considerably from 
zero, ‘and for n=46 it must be expected that the results obtained 
by the use of the standard error are not very accurate. It is thus 
preferable to use the exact tables of the 7-distribution (David, Ref. 
261) or the logarithmic transformation (29.7.3)—(29.1.4) due to R. A. 


Fisher. In the latter case, we have to regard z = 3 log i = B as norm- 


Aet. : lto e 
ally distributed, with the mean } log TE p 2 —1) and the s.d. 


1/V n — 3, so that the variable 


ie Vn 5 (4 log 127 (iori l )) 


1—e 2(n—1) 


is normal (0,1) Working on a p % level, we are thus led to regard 
the data as consistent with any hypothetical value of o, if 


ite cane 
PBT SS il 2(n— 1) 
falls between the limits 
1-ctr Ay 
log —— + , 
ł log Ill" n—3 


where A, is the p % value of a normal deviate, while otherwise the 
hypothetical value will be rejected. When r is known, these limits 
may be caleulated for any p, and the corresponding values of ọ are 
then obtained by the numerical solution of an equation of the form 
4 log 12 + $51 — k. These values are the p % confidence limits 
for ọ. In the actual case, we obtain the following confidence limits 
for o: 


PORE) m eov ele ee 0.6486 and 0.8783, 
mee SA E. ee hs . 0.5913 and 0.8980, 
PON 46 Ev s Ee 0.5164 and 0.9171. 


Ex. 7. Table 31.3.8 gives the values (taken from official records) 
for the n= 30 years 1913—1942 of the following four variables: 


x, = average yield of wheat (autumn sown) in kg per 10* m? for 
20 rural parishes in the district of Kalmar (Sweden). 
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Taster 31.3.8. 
Wheat yield, temperature and rainfall in the Kalmar district. 


es 


j 1 | 
SENE. eae iret Ner BAM iate m 
| a T Ty Fi z? 
eee S qoe 
| | 
1913 1990 2.7 | 12.8 230 | 2125 
1914 1950 34 | 13.7 | 268 2295 
1915 1630 1.9 12.0 188 | 1899 
1916 1720 1.8 11.7 315 2058 
1917 1560 1.0 12.7 180 1794 
1918 1680 1.6 12.0 261 2004 
1919 1980 2.8 12.2 216 2017 
1920 2180 1.7 12.8 346 2223 
1921 2370 3.1 13.1 131 1995 
1922 1790 Tit 11.8 256 1918 
1923 2400 1.6 11.2 327 2100 
1924 1410 0.1 11.8 320 1913 
1925 2570 3.7 13.2 382 2580 
1926 2180 la 12.5 279 1996 
1927 2150 2.5 12.2 361 2313 
1928 2530 0.8 10.5 324 1956 
1929 2100 0.8 10.9 196 1718 
1930 2330 3.6 124 381 2629 
1931 1850 | 1.6 10.7 273 1970 
1932 2230 1.9 12.5 289 2123 
1933 2510 2.2 11.9 338 2234 
1934 2600 | 3.0 13.5 207 2271 
1935 2480 3.2 12.8 372 2453 
1936 1940 | 2.8 12.8 367 2370 
1937 2770 | 2.1 13.5 358 2332 
1938 2570 3.8 12.9 202 2154 
` 1989 2510 3.8 13.4 311 2461 
1940 1420 NL 11.8 172 1434 
1941 810 —0.4 11.8 194 1572 
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ax,=mean Celsius temperature of the air at Kalmar during the 
preceding winter (October—March). 

x% = mean Celsius temperature of the air at Kalmar during the 
actual vegetation period (April—September). 

«,=total rainfall in mm during the vegetation period, average 
for three meteorological stations in the district. 


In this case it seems reasonable to regard the variables 2, z, and 
az, as causes, each of which contributes more or less to the value of 
ihe yield z,. It is required to investigate the nature of the causal 
relations between the variables. When the data are so few as in this 
example, we cannot hope to reach very precise results, but have to 
be satisfied with some general indications with respect to the signi- 
ficance or non-significance of the various possible influences. 

We shall assume that the joint distribution of the four variables 
is normal. The correlation matrix R = [r;j] of the sample is 


1 0.59107 — 0.41082 — 0.46120 
0.59107 1 0.67028 — 0.81888 
0.41082 0.67028 1 0.10720 


0.46120 — 0.31828 — 0.107220 1 


The determinant R —|r;;| is the square of the scatter coefficient 
(cf 22.7) of the sample. If the 2; are independent, we have by (29.13.2) 
E(R)— 0.806 and D(R) approximately = 0.115. From the above matrix, 
we actually find R = 0.273, so that a dependence between the variables 
is clearly indicated. 

The significance of the various r;; may be judged by means of the 
distribution (29.7.5), which holds for r;; if x; and a; are independent. 
According to (29.7.6) the hypothesis that x; and aj are independent 
will be disproved on the p % level, if |7;;| exceeds the limit ¢,/V tp + » 
where tp is the p% value of t for »— n —2 d. of fr. A table of 
this limit for various values of » and p is given by Fisher and Yates 
(Ref. 262). For the usual 5%, 1 ?; and 0.1 % levels, the values of 


the limit are 
D. of fr. p=5% pH=1% p=01% 


vy = 26 0.3740 0.4786 0.5880 
y= 27 0.3673 0.4706 0.5790 
» — 28 0.3609 0.4629 0.5708 
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For our 7; we have y=n—2= 28 d. of fr., so that all r;; except 
Ta and ry exceed the 5 % limit. r,, lies between the 5 % and 1 % 
limits, and rj, is almost equal to the 1% limit, while r,, and 7s, 
even exceed the 0.1 % limit. It is interesting to note that r,, is con- 
siderably larger than 1,,, which seems to indicate that the temperature 
of the last winter has a greater influence on the yield than the tem- 
perature of the summer. 

The partial correlation coefficients rij. may be calculated from 
(23.4.8), and we find the following values: 


12.5 = 0.4666 113.2 = 0.0244 Tia. = 0.3570 


Ti24 = 0.5281 713.4 = 0.4096 r143 = 0.4602 


For the significance limits of the r;;.; we have by (29.13.5) an ex- 
pression of the same form as for the 7;;, with » = n — 3 = 27 d. of fr. 
Among the six coefficients given above, it is thus only 7124 that ex- 
ceeds the 1 % limit, though both r;;s and rus lie very close to this 
value. If we compare e.g. rış, = 0.41082 with the values given for 
rıs2 and risa, we find that the elimination of the influence of the 
winter temperature z, has reduced the correlation between the yield 
a, and the summer temperature 2, to the completely insignificant value 
715.3 = 0.0244, while the elimination of the rainfall x, has practically 
no effect on the correlation. On the other hand, the comparison 
between 7r,,— 0.59108 and 123 or rima shows that the correlation be- 
tween yield and winter temperature is not substantially reduced by 
the elimination of summer temperature or rainfall With respect to 
ru, the situation is much the same as for rj. — These comparisons 
seem to suggest the conjecture that the winter temperature x, and 
the rainfall x, are the really important factors, while the influence 
of the summer temperature x, is mainly due to the fact that 2, is 
rather strongly correlated with æ, (rj, = 0.67028). 

The partial correlation coefficients with two secondary subscripts 
are calculated from (23.4.4). We find 


7124 = 0.8739, 113,24 = 0.0848, T1425 = 0.3650, 


and these values seem to support the above conjecture, though none 
of them is strictly significant. We have here y = n — 4 = 26 d. of fr., 
and the 5 % significance limit for 745.47 is 0.3740. 


Consider now the multiple correlation coefficients. By means of 
(23.5.3) we find 
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71 (23) = 0.5914, 71 (04) = 0.6575, Ti (94) = 0.5872, 


Tı (234) = 0.6606. 


The comparison between r, = 0.5911 and rigs) = 0.5914 confirms the 
results already obtained, since it shows that the knowledge of 2, 
adds practically nothing to our information with respect to the yield, 
£, when we already know z, Similarly, the multiple correlation 
coefficient ri is not appreciably smaller than ri (23). 

If the variables ,,..., a, are independent, the product nri... 
is by (29.13.9) for large n approximately distributed in a y*-distribu- 
tion with k— 1 d. of fr. In the actual case, we find »ri(sj = 10.344 
with 2 d. of fr, and n rigs = 13.092 with 3 d. of fr. Since rij and 
Ti) are both greater than rij, it is thus seen that all four mul- 
tiple correlation coefficients given above are significantly greater than 
zero. 

Finally, we find the partial regression coefficients 


Di), = 133.65, corresponding to t= 2.055, 
dis. = 44.87, > » = 0.484, 
bus = 1.9963, » » t= 1.999, 


where the tvalues are calculated from (29.12.1), under the hypothesis 
that the corresponding population values f,;.j; are zero. We have 


Kg 


Years 


ELI eret ee 


Best linear estimate vf: ---------. 


Fig. 32. Wheat yield z;: 
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26 d. of fr. for ¢, and thus by Table 4 none of the three values is 
significant, though b, and b,, are very near the D % limit. If we 
identify the observed b-values with the unknown population values, 
this would mean e.g. that an increase of one degree in the mean 
winter temperature would on the average produce an increase of 
about 134 kg in the yield per 10* m*, summer temperature and rain- 
fall being equal, whereas the corresponding figure for an increase of 
one degree in the summer temperature would only amount to 45 kg. 

The equation of the sample regression plane for x, gives the best 
linear estimate of the observed values of x, in terms of £, v, and a: 


at = 133.65 x, + 44.87 2, + 1.9963 x, + 130.9. 


The values of xf calculated from this expression are given in the 
last column of Table 31.3.8. The values of z, and æf are also shown 
in Fig. 32. 


It should be borne in mind that, in all tests treated above, we 
have throughout assumed that we are concerned with samples obtained 
by simple random sampling (cf 25.2). This implies, i. a., that the sample 
values are supposed to be mutually independent. In many applications, 
however, situations arise where this assumption cannot be legitimately 
introduced. Cases of this character occur, e.g., often in connection 
with the analysis of statistical time series. Unfortunately, considera- 
tions of space have prevented the realization of the original plan to 
include in the present work a chapter on this subject, based on the 
mathematieal theory of random processes. A discussion of the subject 
will be found in the dissertation of Wold (Ref. 246 a). 
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CHAPTERS 32-34. THEORY or ESTIMATION.!) 


CHAPTER 32. 
CLASSIFICATION OF ESTIMATES. 


32.1. The problem. — In the preceding chapters, we have repeatedly 
encountered the problem of estimating certain population parameters 
by means of a set of sample values. We now proceed to a more 
systematic investigation of this subject. 

The theory of estimation was founded by R. A. Fisher in a series 
of fundamental papers (Ref. 89, 96, 103, 104 and others). In Chs 
32—33, we shall give an account of some of the main ideas introduced 
by Fisher, completing his results on certain points. In the present 
chapter, we shall be concerned with the classification and properties 
of various kinds of estimates, We shall then in Ch. 33 turn to con- 
sider some general methods of estimation, particularly the important 
method of maximum likelihood due to R. A. Fisher. Finally, Ch. 34 
will be devoted to an investigation of the possibility of using the 
estimates for drawing valid inferences with respect to the parameter 
values. 

Suppose that we are given a sample from a population, the distri- 
bution of which has a known mathematical form, but involves a certain 
number of unknown parameters. There will then always be an infinite 
number of functions of the sample values that might be proposed as 
estimates of the parameters. The following question then arises: How 
should we best use the data to form estimates? This question immediately 
raises another: What do we mean by the »best» estimates? 

We might be tempted to answer that, evidently, the best estimate 
is the estimate falling nearest to the true value of the parameter to 
be estimated. However, it must be borne in mind that every estimate 
is a function of the sample values, and is thus to be regarded as an 
observed value of a certain random variable. Consequently we have 

1) A considerable part of the topics treated in these chapters are highly contro- 
versial, and the relative merits of the various concepts and methods discussed here 
are subject to divided opinions in the literature. 
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no means of predicting the individual value assumed by the estimate 
in a given particular case, so that the goodness of an estimate cannot 
be judged from individual values, but only from the distribution of the 
values which it will assume in the long run, i.e. from its sampling 
distribution. When the great bulk of the mass in this distribution is 
concentrated in some small neighbourhood of the true value, there is 
a great probability that the estimate will only differ from the true 
value by a small quantity. From this point of view, an estimate will 
be »better» in the same measure as its sampling distribution shows & 
greater concentration about the true value, and the above question may 
be expressed in the following more precise form: Hew should we use 
our data in order to obtain estimates of maximum concentration? — We 
shall take this question as the starting-point of our investigation. 

We have seen in Part II that the concentration (or the comple- 
mentary property: the dispersion) of a distribution may be measured 
in various ways, and that the choice between various measures is to 
a great extent arbitrary. The same arbitrariness will, of course, appear 
in the choice between various estimates, Any measure of dispersion 
corresponds to a definition of the »best» estimate, viz. the estimate 
that renders the dispersion as expressed by this particular measure 
as small as possible. 

In the sequel, we shall exclusively consider the measures of dis- 
persion and concentration associated with the variance and its multi- 
dimensional generalizations. This choice is in the first place based 
on the general arguments in favour of the least-squares principle ad- 
vanced in 15.6. Further, in the important case when the sampling 
distributions of our estimates are at least approximately normal, any 
reasonable measure of concentration will be determined by the second 
order moments, so that in this particular case the choice will be 
unique. — For a discussion of the theory from certain other points 
of view, the reader may be referred to papers by Pitman (Ref. 198, 
199) and Geary (Ref. 116 a). 

It will be convenient to consider first the case of samples from a 
population, the distribution of which contains a single unknown para- 
meter. This case will be treated in 32.2—32.5, while 32.6—32.7 will 
be devoted to questions involving several unknown parameters. An 
important generalization of the theory will be indicated in 32.8. 


32.2. Two lemmas. — We shall now prove two lemmas that will 
be required in the sequel. Each lemma is concerned with one of the 
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two simple types of distributions, and there is a general proposition 
of which both lemmas are particular cases. The general proposition 
will, however, not be given here. 

Lemma 1. Suppose that, for every a belonging to a non-degenerate 
interval A, the function g(x; a) is a fr. f. in x, having the first moment 
wa), and a finite second moment. Suppose further that, for almost 


all x, the partial derivative 24 exists for every a in A, and that 


ô 4 
M < Go(x), where Gy and x G, are integrable over (— œ, oe). — 
Then the derivative Md exists for every a in A, and we have 


(32.2.1) Jeers; ajaz: f (22289) oes ojis = (38) 


The sign of equality holds here, for a given value of a, when and only 
when there exists a quantity k, which is independent of x but may de- 
pend on a, such that 


(32.2.2) SEL — k(r — e) 


for almost all x satisfying g(x; a) > 0. 
By hypothesis we have for every « in A 


(82.2.8) Jole; a)dx=1, deos a) da: = y (a), 


and the conditions of 7.3 for differentiation under the integral sign 


d ^ NW 
are satisfied for both integrals, so that e exists and is given by 


the expression’) 


f — @log ay- 
= [e-2vs a, V pda. 
must also have oa =0, as 


. Ologgy-_ 1 99 
otherwise g would assume negative values. The expression 75^ Vg = Vz? =a should 


1) If g(æ;«)=0 for all z in a certain interval, we 


then be given the value zero. 
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The relation (32.2.1) then immediately follows by an application of 
the Schwarz inequality (9.5.1).!) 

In (9.5.1) the sign of equality holds when and only when there 
are two constants u and v, not both equal to zero, such that ug (x) + 
+ vh(c)— 0 for almost all (P) values of æ. Since (z — a) V g cannot 
vanish for almost all æ it follows that, for a given value of a, the 
sign of equality holds in (32.2.1) when and only when 


ô log g 
^) Vg —k(z—a)Vg 


for almost all x, where & is independent of æ. This completes the 
proof of the lemma. 


We give two examples of cases where the relation (32.2.2) is satisfied. Accord- 
ingly, it will be easily verified that in both these cases the sign of equality holds in 
(32.2.1). 


Ex. 1. The normal distribution with mean « and constant s.d. Taking 


1 Lr-a* 
ga; a= L—— e 329 
oV2n 
where g is independent of x and «, we have y(«)=« and VM re RES for all 
` & o 


x and «. 
Ex. 2. The 7*-distribution. By (18.1.6), the fr.f. k,(a) of the 7*-distribution 
has the first moment m. Thus the fr. f. g(x; «)= LX (*2), where « > 0, has the 
« a 


(TREES BS ES for all 


first moment y(«)=«, and we obtain from (18.1.3) a 2 
« e 


zx 0 and «0. 


Lemma 2. Suppose that, for every a belonging to a non-degenerate 
interval A, the finite or enumerable sequence of functions p, (a), p (c), . . - 
are the probabilities of a distribution of the discrete type, the corresponding 
mass points u, us, . . . being independent of a. Suppose further that the 
distribution has the first moment (a) and a finite second moment, and 
that the derivatives pi(a) exist for all i and for every a in A, and are 
such that the series Su:pi(a) converges absolutely and uniformly in A. 


— Then the derivative ay exists for every a in A, and we have 
: * d log pj? dw\* 
(32.2.4) a (ui dad (sen) pila) = (52) . 


1) I am indebted to professor L. Ahlfors for a remark leading to a simplification 
of my original proof of (32.2.1). 
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The sign of equality holds here, for a given value of a, when and only 
when there exists a quantity k, which is independent of i but may de- 
pend on a, such that 


(32.2.5) NP = plu — a), 


Jor all i satisfying pi(a) > 0. 
This is strictly analogous to Lemma 1, and is proved in the same 
way, by means of the following relations which correspond to (32.2.3): 


Zn) =1, D upile) = we). 


As in the previous case, we give two examples of cases where the relation (32.2.5) 
is satisfied; in both cases it will be easily verified that the sign of equality holds 
in (32.2.4). 


Ex. 3. For the binomial distribution with p= «/n, we have u,=i and 


Pi () (e/n) (1 — a/ny-i, where i = 0, 1,...,. Hence the mean is y (¢) = n p = « 


and we bave Merci uer z (wu; — a) 
Eu da & n—a &n—aq 5 ^ 
Ex. 4. When n— © while « remains fixed, the binomial distribution tends to 
i 
the Poisson distribution with w,- i and p; = m ecu. Here we have (a) =a and 


i 
dloggp, wuj—« 


de a 


32.3. Minimum variance of an estimate. Efficient estimates. — 
Suppose that, to every value of the parameter a belonging to a non- 
degenerate interval A, there corresponds a certain d.f. F(x; a). Let 
€, ..., 24 be a sample of n values from a population with the d. f. 
F(x; a), where « may have any value in A, and let it be required to 
estimate the unknown »true value» of c. We shall use the general 
notation a" =a" (£... 25) for any function of the sample values!) 
proposed as an estimate of a. 

In the paragraphs 32.3—32.4, the size n of the sample will be 
considered as a fired number Z1. In 32.5, we proceed to consider 


1) It is important to observe the different signification of the symbols «* and u. 
By definition, «* is a function of the sample values 2;,. . ., Ep which are conceived 
as random variables. Thus a* is itself a random variable, possessing a certain 
sampling distribution. On the other hand, œ is a variable in the ordinary analytic 
sense which, in the population corresponding to a given sample, may assume any 
constant, though possibly unknown, value in A, 
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questions related to the asymptotic behaviour of our estimates when 
n is large. 

According to the terminology introduced in 27.6, c* is called an 
unbiased estimate of a, if we have E(a*)— a. As shown by some 
simple examples in 27.6, it is often possible to remove the bias of an 
estimate by applying a simple correction, so that an unbiased estimate 
is obtained. In the general case, however, an estimate will have a 
certain bias b(c) depending on a, so that we have 


E (a*) =a + b(a). 


It can be shown that, subject to certain general conditions of regu- 
larity, the mean square deviation E(a* — a)? can never fall below a po- 
sitive limit depending only on the d.f. F(x; a), the size n of the sample, 
and the bias b(a). In the particular case when «* is unbiased whatever 
be the true value of a in A, the bias b(a) is identically zero, and it 
follows that the variance D?(a*) can never fall below a certain limit 
depending only on F and n. 

We shall restrict ourselves to proving this theorem for the case 
when the d.f. F(x; e) belongs to one of the two simple types. 


1. The continuous type. — Consider a distribution of the continuous 
type, with the fr.f. f(x; a), where a may have any value in A. The 
values z,,..., 2, obtained in n independent drawings from this distri- 
bution are independent random variables, all of which have the same 
fr. f. f(x; c). Each particular sample will be represented by a definite 
point x —(z,,..., 2n) in the sample space R, of the variables z, . . ., Zn, 
and the probability element of the joint distribution is 


L(t. s tn; @)da,... dz. — f(m; a)... f (va; a) dz, ... dan. 
The joint fr f. D=f(x,;a)...f(an; a) is known as the likelihood 
Junction of the sample (cf 33.2). 

Let now c*-a*(z,...,2,) be a unique function of £y... X» 
not depending on a, which is continuous and has continuous partial 

je Oa. " 
derivatives P in all points x, except possibly in certain points be- 


longing to a finite number of hypersurfaces. We propose to use c* 
as an estimate of a, and suppose that E(c*)— « + b(a), so that b(c) 
is the bias of c*. 

The equation a* = e will, for various values of €, define a family 
of hypersurfaces in R,, and a point in R, may be uniquely deter- 
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mined by the value of a* corresponding to the particular hypersur- 
face to which the point belongs, and by n— 1 »local» coordinates 


E... §:-1 which determine the position of the point on the hypersur- 
face. We may now consider the transformation by which the old vari- 
ables 2,,..., &n are replaced by the new variables a" and E, . . ., Ej. 


Choosing the »local» coordinates 5, such that the transformation 
satisfies the conditions A) and B) of 22.2, the joint fr.f. of the new 
variables will then be 


Flas). fes a)] J|; 


where J is the Jacobian of the transformation, and the æ; have to 
be replaced by their expressions in terms of the new variables. 

The random variable «* will have a certain distribution, in general 
dependent on the parameter c, and we denote the corresponding fr. f. 
by g(a*; a). Further, the joint conditional distribution of §,...,§:-1, 
corresponding to a given value of c", will have a fr.f. which we 
denote by h(E, ..., &:-1|@*; e). By (22.1.1) we then have 


(82.3.3) fæi e)... f(x; o)l J| 9 gle"; e) h (5 ..., Sn- la"; a), 


and the transformation of the probability element according to (22.2.3) 
may thus be written 


(82.8.9) f(a; a)... f (an; a)da,...dam= 
afar WAC ob m E,-1|a*; a)da* dE, . . . dEn-1 


Suppose now that, for almost all values of z, a* 50 S En Shy LBS. 


partial derivatives 2 2g and A exist for every « in A, and that 


$ 0 » Oh = dame 
|| esie. [og] e een. [o5] m 


where Fp, Go @*G, and H are integrable over the whole space of 
the variables x, a*, a* and &,,..., £a respectively. We shall then say 
that we are concerned with a regular estimation case of the continuous 
type, and a" will be called a regular estimate of a. — We now pro- 
ceed to prove the following main theorem. 

In any regular estimation case of the continuous type, the mean 
square deviation of the estimate a* from the true value « satisfies the 
tnequality 
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(32.3.3) E (a* — a)’ 


IV 


nf (Coed) f; a) D 


The sign of equality holds here, for every a in A, when and only when 
the following two conditions are satisfied whenever g(a"; a) 0: 
A) The fr. f. h(E, ..., Eji|a*; a) is independent of a. 
B) We have 20989 i (at — a), where k is independent of a* but 
may depend on a. 


In the particular case when a* is unbiased whatever be the value of 
« in A, we have b(a) — 0, and (32.3.3) reduces to 


(32.3.3 a) Diu) S E 


nf e FEL) faz 


— %0 


From our assumptions concerning the functions f and h, it follows 
according to 7.3 that the relations 


dfe ada — f fat. 2s É|ealet; a) dE... dE 11 


, may be differentiated with respect to « under the integrals. The re- 
sulting relations may be written 


(32.3.4) [ 8 pe; a)dz = 


i ( à lo h 
=f Ey SAU Eni |o; a)dE ... d£ 1 = 0. 


Taking the logarithmie derivatives with respect to « on both sides 
of (32.3.1) we obtain, the Jacobian J being independent of a, 


2 8 log fie; 
(32.3.5) > te flee) o ig olg, 


1 


We now square both members of this relation, multiply by (32.3.2), 
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and integrate over the whole space. According to (32.3.4) all terms 
involving products of two different derivatives vanish, and we obtain 


nf (CEN re nar = f e stes 4 


Dam 


IE jJ fear 2) mae dB. = (epee UET gla"; e) da’. 


The above proof of this inequality is due to Dugué (Ref. 76). The 


sign of equality holds here when and only when A in almost 


all points such that g > 0, i.e. when the condition A) is satisfied. 
Finally, the fr.f. g(a*; a) satisfies the conditions of Lemma 1 of 
the preceding paragraph, with w(«)=« + b(a), and an application of 
that lemma to the inequality (32.3.6) now immediately completes the 
proof of the theorem. 
The integral occurring in the denominators of the second members 
of (32.3.3) and (32.3.82) may be expressed in any of the equivalent 


forms st y, 2 Fe ef fax J rat (4 j dz. 


It will be readily seen that the above theorem remains true when 
we consider samples from a multidimensional population, specified by 
a fr. f. f(z.. £k; a) containing the unknown parameter a. 


Consider now the case when the estimate a* is regular and un- 
biased. The second member of (32.3.3 a) then represents the smallest 
possible value of the variance D*(a*), The ratio between this minimum 
value and the actual value of D*(a*) will be called the efficiency of 
a", and will be denoted by e(a*). We then always have 0 € e(a*) x 1. 
When the sign of equality holds in (32.3.3a), the variance D? (a*) 
attains its smallest possible value, and we have e(a*)=1. In this 
case we shall say that a* is an efficient estimate’). These concepts are 
due to R. A. Fisher (Ref. 89, 96). 


1) As a rule this term is used with reference to the behaviour of an estimate in 
large samples, i.e. for infinitely increasing values of m. However, we shall here find 
it convenient to distinguish between an efficient estimate, by which we mean an 
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It follows from the above theorem that a regular and unbiased 
estimate is efficient, when and only when the conditions A) and B) are 
satisfied. This becomes evident, if e(a*) is written in the form 


:- nie 1 
(32.3.) — e(a*) rd 8 log fV a 
nE (772) D*(c*) 
Oa 
ô log g\* 
E( Oa ) — i es 
ö log f\* p (218g 9) pea 
»E( = E( Py D’ (a*) 


Both factors in the last expression are <1, and the efficiency attains 
its maximum value 1 when and only when both factors are = 1. The 
first factor is = 1 when and only when the condition A) of the above 
theorem is satisfied, while the second factor has the same relation to 
condition B). — When an efficient estimate exists, it can always be 
found by the method of maximum likehood due to R. A. Fisher (cf 33.2). 

Let now «f be an efficient estimate, while o? is any regular un- 
biased estimate of efficiency e>0. We shall show that the correlation 
coefficient of af and a$ is e(a, a) = Ve. In fact, the regular unbiased 
estimate «* = (1 — k)af + ka} has the variance 


D*(«*)— (u pr PLTA, 4 D*() = 
Ve e 
a(i rapt e 4 ee 2eVe +1) prn, 
Ve e 


and if p Æ Ve, the coefficient of D*(a*) can always be rendered < 1 
by giving k a sufficiently small positive or negative value. Then it 
would follow that D*(a*) < D*(a*), and the efficiency of a* would be 
7 1, which is impossible. 

In particular for e — 1 we have o — 1. Thus two efficient esti- 
mates af and a? have the same mean a, the same variance, and the 
correlation coefficient o — 1. It then follows from 21.7 that the total 


estimate of minimum variance for a given finite size n of the sample, and an 
asymptotically efficient estimate (ct 32.5), which has the analogous property for samples 
of infinitely increasing size. An efficient estimate exists only under rather restrictive 
conditions (cf 32.4), whereas the existence of an asymptotically efficient estimate can 
be proved as soon as certain general regularity conditions are satisfied (cf 33.3). 
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mass in the joint distribution of o? and o? is situated on the line 
at =a}. Thus two efficient estimates of the same parameter are »almost 
always» equal. 


We show in this paragraph several examples of efficient estimates (Ex. 1—2 for 
the continuous case, Ex. 5—6 for the discrete case). It will be left to the reader 
to verify that, in each case, the conditions A) and B) for efficient estimates are 
satisfied. In order to do this — we talk here of the continuous case, but in the 
discrete case everything is analogous — he will first have to find the fr. f. gla"; a) 
of the estimate concerned, and then the examples given in 32.2 will directly provide 
the verification of condition B). Further, a convenient set of auxiliary variables 
$5...» n—ı Should be introduced, and the conditional fr. f. h should be calculated 
from (32.3.1); it then only remains to verify that h is independent of œ. — In all 
examplés, except in Ex. 4, we are dealing with regular estimates only. The reader 
Should verify this in detail at least in some cases. 

Ex. 1. The mean of a normal population. Writing 

(r-m* 


1 3o 


hd eee , 


where œ =m is the parameter to be estimated, while o is a known constant, we 
may choose for A any finite interval, and obtain 


(peg feere- 


Consequently the variance of any regular unbiased estimate m* satisfies the inequality 
D'(m*) = o?/n. For the particular estimate m* — z — Xz;n we have by 27.2 
E(z) =m and D*(Z) = o*/n, so that the mean is an efficient estimate of m. 

Accordingly we have seen above that certain other possible estimates of m, such 
as the sample median (ef 28.5), and the mean of the v:th values from the top and 
from the bottom of the sample (cf 28.6.17) have a larger variance than 2. 

It is instructive to consider various other functions of the sample values that 
might be used as unbiased estimates of m; it will be found that the variance is 
always at least equal to o!/n. We give here a simple example of this kind. Con- 
sider a sample of n = 3 values from the normal distribution specified above, and let 
the sample values be arranged in order of magnitude: z, 5 x, 5 Xy. It might then 
be thought that the weighted mean 

z=ca,+(1—2c)a,+ ea, 


would, for some conveniently chosen value of c, be a »better» estimate of m than 
the simple arithmetic mean, which corresponds to c = 4. We have, however, E(z) =m 
and 


S Sean 3Y3)(c — p, 


D’ (2) 
so that the variance of z attains its minimum precisely when c = }. — It will be 


left as an exercise for the reader to prove this formula, and to verify that the con- 
ditions for a regular estimate are satisfied in this case. 
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Ex. 2. The variance of a normal population. Writing 


ND 


where « — 6 is the parameter to be estimated, while m is a known constant, we 
may choose for A eny finite interval a < o* < b with a > 0, and obtain 


E (2328 (LT k 1 
ety -fí 26* a) fdacim 


Consequently the variance of any regular unbiased estimate of 6* is at least equal to 
23G*/n. Correcting the sample variance s* for bias (cf 27.6), we obtain the expression 
n 
n—1 
variance 2o‘/(n — 1). Obviously this is not an efficient estimate, but an estimate of 


— T}, which by (27.4.5) is an unbiased estimate of o* with the 


efficiency (n — 1)n « 1. On the other hand, consider the estimate sj = *y (a,— m}. 


This is legitimae since m is now a known constant. It is easily seen that s) has 
the mean g? and the variance 20*/n, and thus provides an efficient estimate of o. 


Ex. 3. The s.d. of a normal population. If, in the distribution of Ex. 2, we 
regard the s.d. g instead of the variance o* as the parameter to be estimated, we find 


z^ r (t) Í ia S iy pipe 


Consequently the variance of any regular unbiased estimate of g is at least equal to 
o2 n). Consider e.g. the expression 


-r e mek 
" 2 
Vie, 
r() 
where 8 is the s.d. of the sample. By (29.3.8) we have E(s’) = g, and 
mut 
rs) 
n—1 2 E 
D* (s^) 3 isto otes +0(4), 
rm £) 2n n 
2 
so that the efficiency e(s’) tends to las n— c. For small n the efficiency is, how- 
ever, considerably smaller than 1. Taking e.g. n = 2, we have e(s’) = iz 4880, 
t— 
while for n = 3 we ha (Fy ree 
ve e(s) $8 —z 0.6100. 


Similarly we find that the expression 
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; TG) 
s% = y 2 
eo Q7 PERU. 4 903 
2 r ( + 5) 
2 
where 8, is defined in Ex. 2, is an unbiased estimate of g, with variance 
rf) 
2 o 1 
D*(s,) = |" a 3 
(8) (23) Ifo = +0(3) 
2 
The efficiency e(s,) tends to 1 as n — ©. For n = 2 we have o(n)) = Aem = 0.9151, 
Hn 
P 4 
while for n=3 we have e(8,)= 382—8) = 0.9858, considerably above the corre- 


sponding figures for 8’. 
^ ays 1 
For the mean deviation s, = - D | z; — m], we find by easy calculations 


#(|/2s) =o, D (V=) =a- 22. 


so that Vz/2 8, is an unbiased estimate of ø, with the efficiency z3 = 0.8780. 

Ex. 4. A non-regular case. When the fr.f. has discontinuity points, the posi- 
tion of which depends on the parameter, the conditions for a regular case are usually 
not satisfied. In such cases, it is often possible to find unbiased estimates of »ab- 
normally high» precision, i.e. such that the variance is smaller than the lower limit 


given by (32.3.3 a) for regular estimates. 
Consider e.g. the fr.f. defined by f(a; «) = e2-? for æ = «, and f(x; «) — 0 for 


ô 1 Tm 
v» -«. In the point x= « the derivative of does not exist, so that this is a non- 


regular case. As we have seen in 7.3, the relation [far=1 cannot in this case 
ó 
be differentiated in the usual simple way; we have, in fact, fz- 1. When 


we pass from (32.3.5) to (32.3.6), all the n? terms in the first member will thus be 
equal to 1. Assuming that the functions g and h satisfy our conditions, we then 
obtain instead of D'(«*) = 1/n, which would follow from (32.3.3 a), only the weaker 
inequality D'(«*) = 1/n*. 

For the particular estimate «* = Min x; — 1/n. where Min x; denotes the smallest 
of the sample values, we find the fr.f. nf(na*;na — 1, so that E(a*)=a, 
D'(a*)— 1/n?. Thus «* is an unbiased estimate, the variance of which is for all 
^21 smaller than the limit given by (32.3.3 a). 

A further example of the same character is provided by the rectangular 
bution, when we use the mean or the difference of the extreme values of the sample 
as estimates of the mean or the range of the population. According to (28.6.8) and 
(28.6.9), the variance is in both cases of the order n~?, and thus certainly falls below 
the limit given by (32.3.8 a), when n is large. 
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2. The discrete type. — Consider a discrete distribution with the mass 
points w,, u,..., and the corresponding probabilities p; (e), ps(c), . . ., 
where a may have any value in A, and the w are independent of c. 
This case is largely analogous to the previous case, and will be treated 
somewhat briefly. As in the previous case, we consider an estimate 


a* = a*(z,, ..., £n) with the mean E(a*) = « + b (a). 
The probability that the sample point in Rna with the coordinates 
Li- Sn assumes the particular position M determined by z; = ti, 


. 4) Zn = ti, is equal to p; (a)... pi (c). The point M may, however, 
also be determined by another set of » coordinates, viz. by the value 
assumed by a* in M, say a}, and by n» —1 further coordinates 
9j. s Yn-1 Which determine the position of M on the hypersurface 
a* = o;. If q,(a) denotes the probability that c* takes the value aj, 
while 7,,...,«, ,1»(a) is the conditional probability of the set of values 


of %,...,%m-1 corresponding to M, for a given y, we have the fol- 
lowing relation which corresponds to (32.3.2): 
(32.3.8) Pile)... pa (e) = av(a)rs,. o, 19 (2). 


We now define a regular estimation case of the discrete type by the 
condition that, for every œ in A, all derivatives p;(«), q»(e) and 
Jws.s*a-il» (€) exist and are such that the series Dipi(e) ete., which 

i 


correspond to the analogous integrals considered in the continuous 


case, converge absolutely and uniformly in A. We shall then also call 
a" a regular estimate of a. 


In any regular estimation case of ihe discrete type, we have the 
inequality corresponding to (82.3.3): 


2 
(1+3?) 
(82.3.9) E(a* — a z UI 
og pi 
n 2 e do ) pila ) 
The sign of equality holds here, for every a in A, when and only when 
the following two conditions are satisfied whenever q,(a)> 0: 
A) The conditional probability Tr1...%,-1|¥(@) is independent of a. 
d log q 5 
B) We have EEU k(a} —a), where k is independent of v but 
may depend on a. 
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In the particular case when a* is unbiased whatever be the value of 
a in A, we have b (a) — 0, and (82.3.9) reduces to 


1 
32.3.9 2 (G8) E 
( a) D (S m PATER E 
a da Di 


The proof of this theorem follows the same lines as the corre- 
sponding proof in the continuous case. We take the logarithmic 
derivatives on both sides of (32.3.8), square, multiply by (32.3.8), and 
then sum over all possible sample points M. By means of Lemma 2 
of the preceding paragraph, the truth of the theorem then follows. 

As in the continuous case, an unbiased estimate will be called 
efficient, when the sign of equality holds in (32.3.9 a). The definition 
of the efficiency of an estimate, and the remarks concerning the cor- 
relation between various estimates, extend themselves with obvious 
modifications to the discrete case. 

The expressions (32.3.3 a) and (32.3.9 a) are particular cases of the general inequality 


D' («*) = 


which holds, under certain conditions, even for a d. f. F(x; «) not belonging to one 
of the two simple types. The integral appearing here is of a type known as Hell- 
inger's integral (ef e. g. Hobson, Ref. 17, I, p. 609). We shall not go into this matter 
here, but proceed to give some further examples of efficient estimates. 


N 
Ex. 5. For the binomial distribution we have p; = P ) vt q'-i, where «=p 


is the parameter to be estimated, while N is a known integer, and q = 1 — p. Then 
dlgp* Nii N—i N 
D ( d ) n=) E W ) DOE 
i ? ow q pq 
Thus the variance of any regular unbiased estimate p* from a sample of n values is 


; z 1 
at least equal to LN. For the partieular estimate P= TRNA T; we find 


E(p*) = p and D'(p*)= Lo so that this is an efficient estimate. 
n 
if 
Ex. 6. For the Poisson distribution with the parameter 2 we have p; = ii e~}, 


and 
d log zy 


x iG 


o jj 2 
a 1-7: 

Thus the variance of any regular unbiased estimate is at least equal to 2/n. For the 
particular estimate 4* = T = E zjn we have E(4*)— 1 and D'(A*) = 4/n, so that 
this is an efficient estimate. 
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32.4. Sufficient estimates. — In order that a regular unbiased 
estimate a* should be efficient, i. e. of minimum variance, it is necessary 
and sufficient that the conditions A) and B) of the preceding para- 
graph are both satisfied. If we only require that condition A) should 
be satisfied, we obtain a wider class of estimates. We now proceed 
to consider this class, restricting ourselves to distributions of the 
continuous type, the discrete case being perfectly analogous. 

For the continuous case, condition A) requires that the conditional] 
fr.f. h(E... Bci|e*;«) should be independent of «, whenever 
g(a"; a)- 0. This means that the distribution of mass in the infini- 
tesimal domain bounded by two adjacent hypersurfaces a* and a" + dc" 
is independent of «. In such a case, the estimate «* may be said to 
summarize all the relevant information contained in the sample with 
respect to the parameter c. In fact, when we know the value of a“ 
corresponding to our sample, say a*, the sample point M must lie on 
the hypersurface a* =a}, and the conditional distribution on this 
hypersurface is independent of «, so that the further specification of 
the position of M does not give any new information with respect 
to c. Using the terminology introduced by R. A. Fisher (Ref. 89, 96), 
we shall then call «* a sufficient estimate. Since in (32.3.1) the Ja- 
cobian J is independent of a, it follows that o* is sufficient if and 
only if 


(32.4.1) f(r; a)... f (en; a) = g(a*; a) Hrs, . . En), 


where H is independent of a. 

From the nature of the conditions A) and B), it is fairly evident 
that efficient or sufficient estimates can only be expected to exist for 
rather special classes of populations. There are important connections 
between these classes of estimates, when they exist, and the maximum 
likelihood method (ef 33.2). 

For further information concerning the conditions of existence 
and other properties of efficient and sufficient estimates, the reader 
is referred to papers by R. A. Fisher (Ref. 89, 96. 103, 104 eto.), 
Neyman (Ref. 162), Neyman and E. S. Pearson (Ref. 173), Koopman 
(Ref. 141), Darmois (Ref. 74), Dugué (Ref. 76) and others. 


In Ex. 1, 2, 5 and 6 of the preceding paragraph, we have considered various 
examples of efficient estimates. All these are, a fortiori, sufficient estimates. In 
each ease, this can be directly shown by studying the transformation which replaces 
the original sample variables by the estimate «* and n — 1 further conveniently 
chosen new variables, and verifying that condition A` is satisfied. The reader is 
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recommended to carry out these transformations in detail. (Cf also the analogous 
case in 32.6, Ex. 1.) 

The estimate s, defined in 32.3, Ex. 3, is an example of a regular unbiased 
estimate satisfying condition A) but not condition B), i.e. a sufficient estimate which 
is not efficient. A further example of the same kind will be given in 33.3, Ex. 3. 
Thus the class of sufficient estimates is effectively more general than the class of 
efficient estimates. 

The above definition of a sufficient estimate, which applies to the class of 
regular and unbiased estimates, may be directly extended to the class of all regular 
estimates, whether unbiased or not. After this extension, it follows immediately 
from the definition that the property of sufficiency is invariant under a change of 
variable in the parameter. Thus if «* is a sufficient estimate of the parameter u, 
and if we replace œ by a new parameter g(a), then q(«*) will be a sufficient esti- 
mate of (c). For efficient estimates, there is no corresponding proposition. 


32.5. Asymptotically efficient estimates. — In the preceding para- 
graphs, we have considered the size » of the sample as a fixed in- 
teger 21. Let us now suppose that the regular unbiased estimate 
a" = q" (X... En) is defined for all sufficiently large values of n, 
and let us consider the asymptotic behaviour of «* as » tends to 
infinity. 

If a" converges in probability to « as n tends to infinity, e* is a 
consistent estimate of a (cf 21.6). — In Chs 27—29, we have seen (cf 
e.g. 27.7 and 28.4) that in many important cases the s.d. of an esti- 
mate c" is of order n`? for large n, so that we have D (a*) coe n-3, 
where c is a constant. If «* is unbiased and has a s.d. of this form, 
it is obvious that a* is consistent (cf 20.4). Further, in such a case 
the efficiency e(a*) defined by (32.3.7) tends to a definite limit as v 
tends to infinity: 


(82.5.1) lim e(a") = e (a*) = (nus y 


> 00 2 
n 5 


Oa 


In the discrete case we obtain an analogous expression. This limit is 
called the asymptotic efficiency of a*. Obviously 0 5 eo (a*) <1. 
Consider further the important case of an estimate a*, whether 
regular and unbiased or not, which for large m is asymptotically nor- 
mal (a, c/Vn). We have seen in 28.4 that this situation may arise 
even in cases when E(a*) and D(a*) do not exist. However, when m 
is large, the distribution of a* will then for practical purposes be 
equivalent to a normal distribution with the mean a and the s.d. 
c/V'n, and accordingly we shall even in such cases denote the quantity 


489 


32.5—6 


e(a") defined by the last member of (32.5.1) as the asymptotic effi- 
ciency of a". 

When e(c*)=1, we shall call a* an asymptotically efficient esti- 
mate of a. Under fairly general conditions, an asymptotically efficient 
estimate can be found by the method of maximum likelihood (cf 33.3). 


Ex. 1. For the normal distribution, the sample median may be used as an 
estimate of m, and by 28.5 this estimate has the asymptotic efficiency 2/7 = 0.6866, 
‘hus if we estimate m by calculating the median from a sample of, say, n = 10 000 
observations, we obtain an estimate of the same precision as could be obtained by 
calculating the mean % from a sample of only 2n/x = 6366 observations. Never- 
theless, the median is sometimes preferable in practice, on account of the greater 
simplicity of its calculation. 

We may also use the arithmetic mean of the »:th values from the top and from 
the bottom of the sample as an estimate of m. By (28.6.17) this is an estimate of 
asymptotie efficiency zero. 

When, in the normal distribution, m is known, and it is required to estimate the 
variance g? or the s.d. c, we may use various estimates connected with the sample 
variance s*. In Ex. 2—3 of 32.9, we have already met with some examples of 
asymptotieally effieient estimates of this kind. — We may also use the difference 
between the v:th values from the top and from the bottom of the sample, multiplied 
by an appropriate constant, as an estimate of o. According to (28.6. 18), this is an 
estimate of asymptotic efficiency zero. The use of this estimate in large ‘samples 
would thus involve a »loss of information» even greater than in the case of the 
sample median mentioned above. Nevertheless, the estimates of ø as well as of m 
based on the »:th values may often be used in practice with great advantage, a8 
their calculation is very simple, and the loss of information is not considerable for 
small values of n (cf the papers quoted in this connection in 28.6). 


Ex. 2. For the Cauchy distribution with the fr. f. f(x; u) = x-1[1 + (x — uy] 


we have 
Ö log (æ — u? 
(5 e eee yj 17-7 


‘Thus the variance of any regular unbiased estimate of u is at least equal to 2/n. 
By 19.2, the sample mean z has the same fr. f. f(x; u), so that the mean is not a 
consistent estimate of u. Neither is the arithmetic mean of the »:th values from the 
top and from the bottom ot the sample (cf 28.6.11). On the other hand, the sample 
median is by 28.5 ae yaipee tically, normal (u, X x V m), and thus the median bas the 
2 
asymptotic efficiency z, 2. es = 2 — 0.8106. 
"4n gm 


32.6. The case of two unknown parameters. — We shall now 
briefly indicate how the concepts and propositions given in the pre- 
ceding paragraphs may be generalized to cases involving several un- 
known parameters. It will be sufficient to give the explicit statements 
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of the results for continuous distributions, as the corresponding results 
for the discrete case follow by analogy. In order to simplify the 
writing, we shall further restrict ourselves to the case of unbiased 
estimates. 

In the present paragraph we shall consider a distribution with two 
unknown parameters « and @, specified by a fr.f. f(a; a, 8. From a 
sample of n values 2,,..., 2» drawn from this distribution; we form 
two functions a* =a@*(a,,...,%) and f'-— fp" (£i, ..., a), which are 
assumed to be unbiased estimates of « and f respectively. We then 
consider a transformation in the sample space R,, replacing the old 
variables z,,...,«, by m new variables a*, 8* and &,..., Ej». For 
this transformation we have the following relations corresponding to 
(32.3.1) and (32.3.2): 


JT] Flees es B) glo", s a, B), alas s) 


i-i 


IL sles a, B) dx: = 
Ox gat, Pie), «o Erala", 8"; a f) da" d8" dE . disc 


Here g is the joint fr.f. of a* and f', while h is the conditional 
fr.f. of E... E. for given values of a* and 8". Finally J is a 
Jacobian independent of « and f. 

A regular estimation case is now defined as a case where the fr. f:s 
J, g and h satisfy the regularity conditions stated in 32.3 with re- 
spect to both parameters @ and f. 

Operating in the same way as in 32.3, though dealing with total 
differentials with respect to @ and f instead of partial derivatives 
with respect to a, we obtain (cf Dugué, Ref. 76) 


(32.6.1) nf (odas 2I ap franz 


a 
" Fi(dlo a. .Olgg y eaa 
a f peta s t 564 dB) gda* dp", 


=n —% 


where the sign of equality holds when and only when the conditional 
fr.f. h is independent of « and 8, whenever g > 0. In a case where 
this condition is satisfied, the estimates c" and f* may be said to 
summarize all relevant information contained in the sample with re- 
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spect to « and ĝ. In generalization of 32.4, we shall then say that 
a" and f* are joint sufficient estimates of a and £. 

Both members of (32.6.1) are quadratic forms in da and df. Owing 
to the homogeneity, the same inequality between the forms holds true 
even if da and df are replaced by any variables w and v, and thus 
(32.6.1) may be written 


2 ; E 
n [227 u? + e(l uv + 2 (2984 | = 
0a ôa 


ô ö 
(32.6.2) s d 8 : 
ô log g à log g ô log d ô log 2) 
zE( ES u42 COR g 9log 9) ya, 
zx( Ja E f E( Da 08 uvt+E 08 v 


Consider now the inequality (32.2.1), which expresses the main 
result of Lemma 1 in 32.2, and suppose that y (a) = e. The inequality 
(32.2.1) may then be written as an inequality between two quadratic 
forms in one variable: 


ten g)? eT ta 
E( da ii = E(a* — a)* 


where 9 — g(a*; a) is a fr.f. with the mean E(a*) — a, and the form 
in the second member is the reciprocal of the form E(a* — a) w°. 
When expressed in this way, the lemma may be generalized to fr. f:s 
involving several parameters (cf Cramér, Ref. 72; the detailed proof 
of this generalization will not be given here). In the case of two 
parameters, the generalized lemma asserts that the second member of 
(32.6.2) is at least equal to the reciprocal form of 


E(a* — a) u? + 2E[(a* — a) (8° — B] uv + E(g — p) = 
=ou? + 200 out + V, 


where o,, c, and ọ denote the s. d:s and the correlation coefficient 
of a* and 68", so that 


(oe o + om (pg a teo uv E Pon o)’ 9 2 
da ög 08 


irs (i-um m 
=j CRT om 


oci 0,0, 0i 


Now the concentration ellipse of the joint distribution of c* and Gi 
has the equation (cf 21.10.1) 
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rap 1 ((u—«a*  2e(u—a)(v—8) ea d 
(32.6.4) eem 3 E 22 ) 4. 


The inequalities (32.6.2) and (32.6.3) thus imply that the fixed ellipse 


(32.6.5) n [ey (u— a)? + 2E? Har Piu a)(v—8) 4 


enfe] 


lies wholly within the concentration ellipse of any pair of regular un- 
biased estimates a*, 8*. — This is the generalization to two parameters 
of the inequality (32.3.3 a). 

When the sign of equality holds in both relations (32.6.2) and 
(32.6.3), we shall say that a* and f* are joint efficient estimates of a 
and 8. In this case the two ellipses (32.6.4) and (32.6.5) coincide, and 
the joint distribution of «* and f" has a greater concentration (cf 21.10) 
than the distribution of any non-efficient pair of estimates. 

Consider now a pair of joint efficient estimates a} and f;. The 
variances of o? and f, and the correlation coefficient between these 
two estimates, are obtained by forming the reciprocal of the quadratic 
form in the first member of (32.6.5): 


pret = ee) y= 558 (7524): 


n4 V 0B 
e log f ô log f 
Oa ób 
"e T a 
o (o5, B) " a à log. a em 2 
Oa 0g 
where 
ô log à log a ( log f 0 log 
de E( 244) el ap) "Vos op 
Hence we obtain e.g. 
27% 1 S 1 5 
D’ (a) = 1 — eat, &) p UE 
Oa 


As soon as z( 5H? 5H» 750, the variance of a, is thus greater 
a 
than the variance of an efficient estimate in the case when « is the 
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only unknown parameter (cf 32.3.3 a). Now, in a case when there are 
two unknown parameters it often arrives that we are only interested 
in estimating one of the parameters, say v, and we may then ask if 
it would be possible to find some other pair of regular unbiased esti- 
mates c*, 8", yielding a variance D*(a*) < D’ (at), no matter how large 
the corresponding D° (8*) becomes. 

However, since the ellipse (32.6.5) lies wholly within the ellipse 
(32.6.4), the maximum value of the abscissa for all points of the 
former ellipse is at most equal to the corresponding maximum for 
the latter ellipse. Hence we obtain by some calculation the inequality 


1 ô log f\* 
(gt) —gzm SJS) — pn(s* 
D? (a*) tz BI 08 D’ (o7), 
which shows that zt is not possible to find a »better» estimate of a 


than e. 

The ratio between the two-dimensional variance (cf 22.7) of a pair 
of joint efficient estimates as, 63, and the corresponding quantity for 
any pair of regular unbiased estimates a*, B^, will be called the joint 
efficiency of a" and f', and denoted by e(a*, 8"). This is identical 
with the square of the ratio between the areas of the ellipses (32.6.5) 
and (32.6.4), which by (11.12.3) is 

* Qul 1 
PP n4oo—9g) 


The concepts of asymptotic efficiency and asymptotically efficient estimate 
(cf 32.5) directly extend themselves to the present case. 

As in 32.3, all the above results remain true in the case when we 
consider samples from a multidimensional population, specified by & 
fr. f. f(a,,..., 2k; a, B) containing two unknown parameters. 


Ex. 1. When both parameters œ = m and 8 — 6* of a normal distribution are 
unknown, we have (cf 32.3, Ex. 1—2) 


Ologf\? 1 ð log f ô lo B! * 1 
E(£ g og j a 
( om gi? z( Om 24 QUEE ze) 20°’ 


so that in this case the optimum ellipse (32.6.5) becomes 


(u—m*  (v—oy 4 


o 20* n 


Consequently this fixed ellipse lies within the concentration ellipse of the joint 
distribution of any pair of regular unbiased estimates of m and o*. For the particular 


pair of estimates «*=2 and @* = 2 i 
mE 
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s?, the relation (29.3.6) shows the trans- 


32.6—7 


formation which replaces the sample variables 2, ..., a, by the new variables 7, $ 
and Z,...,Z, $4. The last factor in the expression of the fr. f. of the new variables 
represents the conditional fr.f. of Z, . . ., 2p», and this is independent of the unknown 


parameters m and o (and, in fact, also of z and s, but this is of no importance for 
n 
^—1 


our present purpose) Hence it follows that z and 8* are joint sufficient esti- 


mates of m and o°. Further, we have 


E RH 2o* B 
D’ (z) =i A e A 


Thus the concentration ellipse of & and 2 1 8° has the equation 


n- 


(—m* »—1(-o 4 


o n 20 n 


The square of the ratio between the areas of the two ellipses gives the value — 
for the joint efficiency of the estimates, When n— o, the efficiency tends to unity, 
and thus % and RE 8* are asymptotically efficient estimates of m and o°, The 
same holds, of course, also for z and s*, though s* is not unbiased. 


Ex. 2. Consider a two-dimensional normal fr. f. (21.12.1) with known values of 
9, 6, and ọ, while «=m, and f = m, are the two unknown parameters. From a 
sample of n pairs of values (ESTEE URS (m, Yn)» We form the estimates «* = x and 
B* — y. It is then easily shown that in this case the concentration ellipse of the 
estimates % and j coincides with the fixed ellipse (82.6.5), each having the equation 


n (e —mj) 2ọ(u— m,)(v — m) uy (v um i 
1-—@ oi O, Os oi 4 

Thus % and j are joint efficient estimates (and a fortiori joint sufficient estimates) 
of m, and mg. 


32.7. Several unknown parameters. — The results of the preceding 
paragraphs may be generalized to distributions involving any number 
of unknown parameters. If aj,..., af are any regular unbiased esti- 
mates of the k unknown parameters a, . . ., €x it is shown in a similar 
way as in the case 4 — 2 that the fixed k-dimensional ellipsoid 


k 
atoom Shae A oe 
(8977 1T eao Ba) (ur — ei) (uj — ej) 
j= 
lies wholly within the concentration ellipsoid (ef 22.7) of the joint 
distribution of a*,..., ef. In the limiting case when the two ellipsoids 
coincide, we shall say that qj,..., at are joint efficient estimates of 
„ar. Thus the distribution of a set of joint efficient estimates 
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has a greater concentration (cf 22.7) than the distribution of any set 
of non-efficient estimates. The moment matrix of a set of joint effi- 
cient estimates is the reciprocal of the matrix of the quadratic form 
in the first member of (32.7.1), as shown in the preceding paragraph 
for the’ case of two parameters. — The concepts of sufficiency, 
efficiency, etc. are introduced in the same way as in the case k= 2. 


As an example, we consider a two-dimensional normal fr.f. with the five 
unknown parameters m, Ms, Mao, M; ANd fox. From a sample of n pairs of values 


(21, Yi) «+ (Ep Yn) We obtain the unbiased estimates a, Y, A Mo; s jn and 
Dl for the five parameters (cf 29.6). The moment matrix of the joint distri- 
bution of the five estimates can be caleulated e.g. by means of the expression (29.6.3) 
of the joint c.f. of the estimates. Further, the coefficients in the equation (32.7.1) 
of the optimum ellipsoid may be found by introducing the expression of the fr. f. 
into (32.7.1) and performing the integrations. By simple, though somewhat tedious 
calculations, it will be found that the joint efficiency of the five estimates is 


n—1\* 
(=) . When n— œ, this tends to unity, so that the estimates are asymptotically 


efficient, 


32.8. Generalization. — Throughout the present chapter, we have 
been concerned with the problem of estimating certain parameters 
from a set of values, obtained by independent drawings from a fixed 
distribution. However, our methods are applicable under more general 
conditions. Consider e.g. the following problem: 

The variables x,,..., 2% have a joint distribution in R,, with the 
fr. f. f(x, ..., 25; a) of known mathematical form, containing the un- 
known parameter c. An observed point x = (zr, ..., 25) is known, and 
it is required to find the »best possible» estimate «* = «*(r,,. Sa) 
of « by means of the observed coordinates ay. 

In the particular case when the joint fr.f. is of the form 
f, ; a) . . . f (zs; a), this reduces to the problem treated in 32.3, where 
the a; are independent variables having the same distribution. The 
general set-up covers e.g. also the cases when the 2; are correlated, or 
when they consist of several independent samples from different dis- 
tributions. Even in the general case, we talk of the point x = (£, . . ., Xn) 
as a sample point, which is represented in the sample space Rn. 

We now consider the same transformation of variables in the 
sample space as in (32.3.1) and (32.3.2). In the present case, however, 
we have to introduce the general form of the joint fr.f. into the 
formulae expressing the transformation, so that e.g. (32.3.2) becomes 
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Joss ani a)dz, das 
— g(a*; a)h(&, . . m Ga ila; a)da* fies ie 


The whole argument of 32.3—32.5 (continuous case) now applies almost 
without modification, and in this way the concepts of unbiased, effi- 
cient and sufficient estimates etc. are extended to the present general 
case. Thus e.g. the generalized form of the inequality (32.3.3 2) for 
the variance of an unbiased estimate is 


ôl Ni ah 
va [f- ME ee fies eL fca pae. day... das] s 
u | E (n ) n 
Oa 

and when the sign of equality holds here, we call a* an efficient 

estimate. When the conditional fr.f. h is independent of c, we call 
«* a sufficient estimate, etc. 

The same generalization may evidently be applied to cases of 


discrete distributions, and to distributions containing several unknown 
parameters. 


CHAPTER 33. 
Meruops or ESTIMATION. 


33.1. The method of moments. — We now proceed to discuss 
some general methods of forming estimates of the parameters of a 
distribution by means of a set of sample values. 

The oldest general method proposed for this purpose is the method 
of moments introduced by K. Pearson (Ref. 180, 182, 184 and other 
works), and extensively used by him and his school. This method 
consists in equating a convenient number of the sample moments to 
the corresponding moments of the distribution, which are functions 
of the unknown parameters. By considering as many moments as 
there are parameters to be estimated, and solving the resulting equa- 
tions with respect to the parameters, estimates of the latter are ob- 
tained. This method often leads to comparatively simple calculations 
in practice. 

The estimates obtained in this way from a set of » sample values 
are functions of the sample moments, and certain properties of their 
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sampling distributions may be inferred from Chs 27—28. Thus we 
have seen (cf in particular 27.7 and 28.4) that, under fairly general 
conditions, the distribution of an estimate of this kind will be asymp- 
totically normal for large n, and that the mean of the estimate will 
differ from the true value of the parameter by a quantity of order 
n-1, while the s.d. will be asymptotically of the form c/V n. By a 
simple correction, we may often remove the bias of such an estimate, 
and thus obtain an unbiased estimate (cf 27.6). 

Under general conditions, the method of moments will thus yield 
estimates such that the asymptotic efficiency defined in 32.5 (or the 
corresponding quantity in the case of several parameters) exists. As 
pointed out by R. A. Fisher (Ref. 89), this quantity is, however, often 
considerably less than 1, which implies that the estimates given by the 
method of moments are not the »best» possible from the efficiency 
point of view, i.e. they do not have the smallest possible variance 
in large samples. Nevertheless, on account of its practical expediency 
the method will often render good service. Sometimes the estimates 
given by the method of moments may be used as first approximations, 
from which further estimates of higher efficiency may be determined 
by means of other methods. 

In the particular case of the normal distribution, the method of moments gives 


the estimates © and s* for the unknown parameters m and o*. Correcting for bias, 
we obtain the unbiased and asymptotically efficient (cf 32.6, Ex. 1) estimates © and 


n 
= i* It was shown by Fisher (Ref. 89) that, in this respect, the normal distribu- 


tion is exceptional among the distributions belonging to the Pearson system (cf 19.4), 
the asymptotic efficiency in other cases being as a rule less than 1. Some examples 
will be given in 33.3. 


33.2. The method of maximum likelihood. — From a theoretical 
point of view, the most important general method of estimation so 
far known is the method of maximum likelihood. In particular cases, 
this method was already used by Gauss (Ref. 16); as a general method 
of estimation it was first introduced by R. A. Fisher in a short paper 
(Ref. 87) of 1912, and has afterwards been further developed in & 
series of works (Ref. 89, 96, 103, 104 etc.) by the same author. Im- 
portant contributions have also been made by others, and we refer in 
this connection particularly to Dugué (Ref. 76). 

Using the notations of 32.3, we define the likelihood function L of 
a sample of » values from a population of the continuous type by the 
relation 
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33.2 
(33.2.1 a) Le, ..., 98; a) = f(a; a)... f (en a), 
while in the discrete case we write 
(33.2.1 b) L(z,... Zn; a) = pa (a) . . . pi, (a). 


When the sample values are given, the likelihood function L becomes 
a function of the single variable œ. The method of maximum likeli- 
hood now consists in choosing, as an estimate of the unknown popula- 
tion value of e, the particular value that renders L as great as poss- 
ible. Since log L attains its maximum for the same value of a as L, 
we thus have to solve the likelihood equation 


mS ð log L 

(33.2.2) sam 0 

with respect to «œ. Let us agree to disregard any root of the form 
«a = const., thus counting as a solution only a root which effectively 
depends on the sample values z,, ..., 2n. Any solution of the likelihood 
equation will then be called a maximum likelihood estimate of a. 

In the present paragraph, we shall consider some properties of the 
maximum likelihood method for samples of a fixed size », while in the 
next paragraph the asymptotic behaviour of maximum likelihood esti- 
mates for large values of n will be investigated. — The importance 
of the method is clearly shown by the two following propositions: 

If an efficient estimate a* of a exists, the likelihood equation will 
have a unique solution equal to a". 

If a sufficient estimate a* of a exists, any solution of the likelihood 
equation will be a function of a*. 

It will be sufficient to prove these propositions for the continuous 
case, the modifications required for the discrete case being obvious. 
When an efficient estimate «* exists, the conditions A) and B) stated 
in connection with (32.3.3 a) are satisfied, and thus by (32.3.5) we have 


Alog L _ « A log f(x; a) A log g tle" — a), 
ôa T Oa Oa 


where & is independent of the sample values, but may depend on a. 
According to our convention with respect to the solutions of the 
likelihood equation (33.2.2), this equation will thus have the unique 
solution « = a". 
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Further, when a sufficient estimate «* exists, condition A) of 32.3 
is satisfied, and by (32.3.5) the likelihood equation then reduces to 


Alog L _ô log g(a*; a) 
0a Oa 


=0. 


The function g depends only on the two arguments a* and «, and 
thus any solution will be a function of a*. 

The above definitions and propositions may be directly generalized 
to the case of several unknown parameters, and to samples from 
multidimensional distributions. Thus e.g. for a continuous distribu- 
tion with two unknown parameters œ and f the likelihood function is 


Lx... tn; a, 8) = [[/(25 œp), and the maximum likelihood esti- 

mates of « and 8 will be given by the solutions of the simultaneous 
ôl 

equations o 2log d = 0, with respect to « and f. When 


Oa US 
a pair of joint efficient estimates «* and f" exists, the likelihood 
equations will have the unique solution « = «*, B=". 

The maximum likelihood method may even be applied in the general 
situation considered in 32.8. In this case, the method consists in 
choosing as our estimate the value of « that renders the joint fr.f. 
f(x... @n; @) as large as possible for given values of the zi. 

Some examples will be given in the next paragraph. 


33.3. Asymptotic properties of maximum likelihood estimates. — 
We now proceed to investigate the asymptotic behaviour of maximum 
likelihood estimates for large values of ». We first consider the case 
of a single unknown parameter a. 

It will be shown that, under certain general conditions, the likelihood 
equation (33.2.2) has a solution which converges in probability to the true 
value of a, as n> co. This solution is an asymptotically normal and 
asymptotically efficient estimate of a. 

As before, it will be sufficient to give the proof for the case of 
a continuous distribution, specified by the fr. f. f(x; a). We shall use 
a method of proof indicated by Dugué (Ref. 76). — Suppose that the 
following conditions are satisfied: 

0 log f 
Ja and — FP 
exist for every @ belonging to a non-degenerate interval A. 
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1) For almost all z, the derivatives g log.f, et 


33.3 


orf 
ða? 
< H(x), the functions F, and F, being integrable over 


co 


(— œ, œ), while ICE a)dz < M, where M is independent of a. 


2) For every « in A, we have < F,(x) and 


[or f| 


a 


32 y (as, 


ET 


F : r [à log f\* i 
3) For every a in A, the integral SM fdz is finite and 


positive. 


We now denote by a the unknown true value of the parameter 
« in the distribution from which we are sampling, and we suppose that 
a, is an inner point of A. We shall then first show that the likelihood 
equation (33.2.2) has a solution which converges in probability to a. 
— For every « in A we have, indicating by the subscript 0 that « 
should be put equal to a, 


â log f  [0log/f i ? log f i 
24 REP] +e «( 24 + 40l a) H (2) 


where |0| — 1. Thus the likelihood equation (33.2.2) may, after multi- 
plication by 1/n, be written in the form 


(33.3.1) ioo = By + B, («— e) + 40 B, (a — a)? = 0, 


where, writing f; in the place of f (xi; a), 


n - 1s (P4). n- ina. 


n4 da Jo ĝa? 
(83.3.2) 


The B, are functions of the random variables 2, . . 2m and we now 


have to show that, with a probability tending to 1 as n > co, the 
equation (33.3.1) has a root « between the limits a + 6, however 
small the positive quantity ð is chosen. 

Let us consider the behaviour of the B, for large values of m. 
From the conditions 1) and 2) it follows (cf 32.3.4) that 
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dh 72 
[SLae= fadus o 


for every « in A, and hence we obtain 


z(te£ — Je A ) fei adz =0 


pss s (EEA [YS Gad ne e 


A Ht E(^ 5t fy WEN 
D 


Oa 


where by condition 3) we have &>0. Thus by (33.3.2) B, is the 
arithmetic mean of » independent random variables, all having the 
same distribution with the mean value zero. By Khintchine's theorem 
20.5, it follows that B, converges in probability to zero. In the same 
way we find that B, converges in probability to — ķ*, while D, con- 
verges in probability to the non-negative value E H (x) < M. 

Let now ô and e be given arbitrarily small positive numbers, and 
let P(S) denote the joint pr. f. of the random variables z,, ... 2». For 
all sufficiently large n, say for all n > n, = n,(0, e), we then have 


P, = P(|By| 2 8") < }e, 
P, = P(B, = —3#) <}e, 
P, = P(|B,|=2M) < $e. 


Let further S denote the set of all points x =(z,,..., 2») such that 
all three inequalities 


|Bl<@, 2B,-—342, |B,)<2M, 


are satisfied. The complementary set S* consists of all points x such 
that at least one of these three inequalities is not satisfied, and thus 
we have by (6.2.2) 


P(S*) S P, + P;+ Py<e, and hence P(S)>1—«. 


Thus the probability that the point x belongs to the set S, which is 
identical with the P-measure of S, is > 1— e, as soon as n > no (ð, £). 
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For «=a, +4, the second member of (33.3.1) assumes the values 
B, + Bô + 10 B,0*. In every point x belonging to S, the sum of 
the first and third terms of this expression is smaller in absolute 
value than (M + 1)ó*, while we have B,d <— 4 à. If ô < 3 &/(M 4-1), 
the sign of the whole expression will thus for « = « + ô be determined 


by the second term, so that we have blegt > 0 for « — «, — ô, and 


ô log L 
em for «=a +46. Further, by condition 1) the function 
ð 7 

log L is for almost all «=(z,,..., £n) a continuous function of « 


in A. Thus for arbitrarily small ô and e the likelihood equation will, 
with a probability exceeding 1— e, have a root between the limits 
«at ô as soon as n > n (d,e), and consequently the first part of the 


proof is completed. 
Next, let a" =a" (£p... £n) be the solution of the likelihood 


equation, the existence of which has just been established. From 


(33.3.1) and (33.3.2) we obtain 
1 [log 4 
kVn 2 ( da Jo 


(33.3.4) k Vn(a* —«) —— BJg— 108, (@ — ej) 


It follows from the above that the denominator of the fraction in 
the second member converges in probability to 1. Further, by (33.3.8) 


( s) is a variable with the mean zero and the s. d. k. By the 
0 


Oa 

Olog fi\ . 
Lindeberg-Lévy theorem (cf 17.4), the sum xS is then 
1 


n 


asymptotically normal (0, k V n), and consequently the numerator in the 


second member of (33.3.4) is asymptotically normal (0, 1). 
Finally, i& now follows from the convergence theorem of 20.6 that 


kV n(a* — ap) is asymptotically normal (0, 1), so that a* is asymptotic- 
ô log f|? 
ally normal (a, c/V n), where 1/c* = k* = r(A); By (32.5.1) the 
asymptotic efficiency of a* is then 
1 
e) -TNT 
CEIST 
Qa Jo 
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and thus our theorem is proved. The corresponding theorem for a 
discrete distribution is proved in the same way. 

In the case of several unknown parameters, we have to introduce 
conditions which form a straightforward generalization of the condi- 
tions 1)—3). It is then proved in the same way as above, using the 
multi-dimensional form of the Lindeberg-Lévy theorem (cf 21.11 and 
24.7), that the likelihood equations have a system of solutions which 
are asymptotically normal and joint asymptotically efficient estimates 
of the parameters. 


Ex. 1. For a sample of » values from a normal distribution with the unknown 
parameters m and 6*, the logarithm of the likelihood function is 


log L =— 3. Y (e — m? — pn log o° — fn log 22, 


and the maximum likelihood method gives the equations 


Henee we obtain the maximum likelihood estimates 
" 


1 = 1 ^ 
ái m* = = Xa-x (e- ^5 > (a; -- 2) = 8, 
which coincide with the estimates given by the method of moments. We have already 


seen (cf 28.4 and 32.6, Ex. 1) that these estimates are asymptotically normal and 
asymptotically efficient. 


Ex. 2. Consider the type III distribution (ef 19.4) 


fe; y= pte (r20,22 0) 


with the unknown parameter 2. For any finite interval a < 2 < b with a>0 we 
may apply (32.3.8 a), and thus find that the lower limit of the variance of a regular 
unbiased estimate of 4 from a sample of n values is (ef 12.3) 


1 A, 1 1 
à log fj dig IA F ) 
E d gI log DP) 
n re) n E (iog z dA ) n— dài 


In order to estimate 4 by the method of moments, we equate the sample mean 7 to 
the first moment 4 of the distribution, and thus obtain the estimate 2* — x. We 
then easily find E(A*)— à, D'(4*)— J/m. Hence it follows by (32.3.7) and (12.5.4) 
that the efficiency of 4* is independent of n and has the value 
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7 1 1 
* 
a) 7 toe FG) ; c age 
di? Tp 9 ZETA). 
zm 21 +22 cr l 
0 
This is always less than 1, and tends to zero as 4 — 0. — On the other hand, the 


method of maximum likelihood leads to the equation 


and the maximum likelihood estimate is the unique positive root 4 = 2** of this 
equation. According to the general theorem proved above, 4** is asymptotically 


3 
normal ^ (e? log 121] and the asymptotic efficiency of 4** is equal to 1. This 


d3’ 
can also without difficulty be seen directly, since the variable log x has the mean 
: if 
Hen PO and the variance PET and thus (cf 17.4) by the Lindeberg-Lévy 


le 5 dlog I'd) (1d* log 72] 
theorem m Yi log x; is asymptotically normal [Bere V BRCSEEEFSE * 


Ex. 3. In the type III distribution 


2 
PACHOR een eax, (r >0, a >0) 


we now consider 4 as a given positive constant, while « is the unknown parameter. 
We then have 5 1 A ^ un 
log L 
OFS) = E(-— 27) =—- 
a ( ð =) k ) a 


In this case, the method of moments and the method of maximum likelihood give 
the same estimate A/T for œ. Correcting for bias, we obtain the unbiased estimate 


anal 


a* ———, which has the fr. f. 
nia 
ee ike 
gal Enn —a (n à )a*, 
gar; v) Taa, VW : 


as is found without difficulty, e. g. by means of the c. f. (12.8.4). Supposing n A > 2, 
we then obtain E(«*)— «, D*(a*) = a*/(n2 — 2), and 


a 
A log g\?_ (nA sii. e(t ni) = 
x( Ou J-s(5 a "euer 


is 1 2 i 1 
Thus we have in this case »E $44 = z( res) , so that the sign of equality 


holds in (32.3.0, which implies that condition A) of theorem (32.3.3) is satisfied. 


Hence it follows that «* is a sufficient estimate of a, and this may also be directly 
verified by means of (32.4.1), On the other hand, condition B) is not satisfied, since 


9dong is not of the form k(«* — œ). Accordingly the efficiency of «* is 


On 
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4 
ela) 1 n LAT 


AB men " 2 


so that «* is not efficient for any finite n (cf 32.8). Allowing n to tend to infinity 
we see, though, that «* is asymptotically efficient. 


33.4, The y? minimum method. — The j^ minimum method dis- 
cussed in 30.3 is only available in the case of a grouped continuous 
distribution, or a discrete distribution. For large n, the estimates 
obtained by this method are asymptotically equivalent to those given 
by the simpler modified y* minimum method expressed by the equations 
(30.3.3) or (30.3.3 a), and we have already remarked in 30.3 that the 
latter method is, for the cases concerned, identical with the maximum 
likelihood method. 

The main theorem on the limiting distribution of yè when certain 
parameters are estimated from the sample has been proved in 30.3 
under the hypothesis that the method of estimation is the modified 
y? minimum method. However, we have stated in 30.3 that there is 
a whole class of methods of estimation leading to the same limiting 
distribution of 7*. We shall now prove this statement. 

Asymptotic expressions of the estimates obtained by the modified 
4* minimum method have been given in an explicit form in (30.3.17), 
for the general case of s unknown parameters c,,..., c, Let us sup- 
pose that the conditions 1)—3) of the preceding paragraph — or the 
analogous conditions for a discrete distribution — are satisfied. It 
then follows from the preceding paragraph that the estimates (30.3.17) 
are asymptotically normal (this has, in fact, already been shown in 
30.3) and asymptotically efficient. 

Now in all sets of asymptotically normal and asymptotically efficient 
estimates of the parameters, the terms of order »-À must agree, and 
thus will be the same as in (30.3.17). An inspection of the deduction 
of the limiting distribution of y? given in 30.3 shows, however, that 
this limiting distribution is entirely determined by the terms of order 


n-3 in (30.8.17). In fact, by (30.3.1) and (30.3.4) we have r=) yis 
1 


and (30.3.18) shows that the limiting distribution of y = (y; . . . Yr) 
is determined by the terms in question. 

Tt thus follows that the theorem of 30.3 on the limiting distribution 
of % holds for any set of asymptotically normal and asymptotically effi- 
cient estimates of the parameters. 
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CHAPTER 34. 
$ 
CONFIDENCE REGIONS. 


34.1. Introductory remarks. — Suppose that we are using a set 
of sample values to form estimates of a certain number of unknown 
parameters in a distribution of known mathematical form. Suppose 
further that the sampling distributions of our estimates are known, 
so that the respective means, variances etc. can be calculated. 

Are we, in such a situation, entitled to make some kind of prob- 
ability statements with respect to the unknown true values of the 
parameters? Will it, e. g., be possible to assign two limits to a certain 
parameter, and to assert that, with some specified probability, the 
true value of the parameter will be situated between these limits? 

In the older literature of the subject, probability statements of 
this type were freely deduced by means of the famous theorem of Bayes, 
one of the typical problems treated in this way being the classical 
problem of inverse probability (cf 34.2, Ex. 2). However, these applica- 
tions of Bayes’ theorem have often been severely criticized, and there 
has appeared a growing tendency to avoid this kind of argument, and 
to reconsider the question from entirely new points of view. The at- 
tempts so far made in this direction have grouped themselves along 
two main lines of development, connected with the theory of fiducial 
probabilities due to R. A. Fisher (cf e.g. Ref. 14, 100, 102, 105—109) 
and the theory of confidence intervals due to J. Neyman (cf e.g. Ref. 
30, 161, 163, 165—167). We shall here in the main have to restrict 
ourselves to a brief account of the latter theory. 

In the next paragraph, we shall consider the case of a single 
unknown parameter, comparing the older treatment by means of Bayes' 


4heorem with the modern theory. In 34.3, we then proceed to more 
scuss in 34.4 some examples. 


general cases, and finally we di 


34.2. A single unknown parameter. — Consider a sample of n 
.., Zn from a distribution involving & single unknown para- 
meter «. We shall first suppose that the distribution is of the con- 
tinuous type, and has the fr.f. f(z; a). For simplicity we suppose 
that f(x; a) is defined for all values of «. Let at =a" (zs... 2n) be 
an estimate of «, with the fr. f. 9 (a^; a). 

Having calculated the value of «* from an actual sample, we now 
ask if it is possible to make some reasonable probability statement 
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with respect to the unknown value of « in the distribution from which 
the sample is drawn. The question will be considered from two funda- 
mentally different points of view. 


1. The classical method. In some cases, it may be legitimate to 
assume that the actual value of the parameter œ in the sampled 
population has been determined by a random experiment. Cases of this 
character occur e.g. in the statistics of mass production, when « de- 
notes some unknown characteristic of a large batch of manufactured 
articles, which it is required to estimate from a small sample. The 
particular bateh under consideration will then have to be regarded as 
an individual drawn from a population of similar batches, where the 
values of « are submitted to random fluctuations due to variations in 
the produetion process and the quality of raw materials. The drawing 
of one individual from this population of batches is the random ex- 
periment which determines the actual value of «. — Similar cases 
occur e.g. in certain genetical problems. 

In such cases, « is itself a random variable, having a certain a 
priori distribution. Let us assume that this distribution is defined by 
a known fr.f. c(c). In the joint distribution of « and a@*, the func- 
tion w («) is then the marginal fr.f. of c, while g(a*; @) is the condi- 
tional fr.f. of a* for a given value of «. Conversely, the conditional 
fr. f. of «, for a given value of a*, is by (21.4.10) 


co 


See ae; a)da 


h (a |a") = 


This relation expresses Bayes’ theorem as applied to the present case. 
The quantity 


ko 
(84.2.1) P(k, < a < ky |a*) = fh(cla*)da 
h 


then represents the conditional probability of the event k, < « < ks, 
relative to a given value of c*. This probability is commonly known 
as the a posteriori probability of the event k,<a< k, as distinct 
from the a priori probability of the same event, which is equal to 


folda. 


By 14.3 and 21.4, the a posteriori probability (34.2.1) admits a 
frequency interpretation which runs as follows. Consider a sequence 
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of a large number of independent trials, where each trial consists in 
drawing a batch from the population of batches, and then drawing 
a sample of » values from the bateh (we use a terminology adapted 
to the example considered above, but the argument is evidently general). 
From the sample, we caleulate the estimate a*; we further assume 
that it is possible to examine all the articles in the total batch, so 
that the corresponding value of « may be directly determined. The 
result of each trial will thus be a pair of observed values of the vari- 
ables « and «*. From the sequence of all trials, we now select the 
sub-sequence formed by those cases where the observed value of a" 
belongs to some small neighbourhood of a value c, given in advance. 
The frequency ratio of the event kı < a < k, in this sub-sequence will 
then, within the limits of random fluctuations, be given by the value 
of the a posteriori probability (84.2.1) for a* =a}. 


The above is the direct frequency interpretation of the a posteriori probability. 
By a slight modifieation of the argument, we may obtain a result which shows a 
greater formal resemblance to the theory of confidence intervals as given below. Let 
& be given such that 0<e<1. To every given &* we can then determine the 
limits k, = k,(«*, €) and ky = k, (a*, €) in (34.2.1) such that the probability 
P(k, <«<ky|a@*) takes the value 1— &. (The reader may here consult Fig. 33, p. 
511, replacing c, and c, by k, and ka) Consider now once more the above sequence 
of all trials, and let us caleulate the limits k, = k, («*, €) and k, = k, («*, €) from 
the sample obtained in each trial. The interval (k;, ka) will then depend on «", so 
that in general the successive trials will yield different intervals. Let us in each 
trial count the occurrence of the event k, < œ < k, as a »success», and the occurrence 
of the opposite event as a »failure». The probability of a success is then constantly 
equal to 1— €, and accordingly (cf 16.6) the frequency ratio of successes in a long 


als should, within the limits of random fluctuations, be equal to 1 — £. 


series of tri 
1t, in a ease where the method may be legitim- 


The practical implications of this resu 
ately applied, are similar to those discussed below. 


2. The method of confidence intervals. In a case where there are 


definite reasons to regard @ as & random variable, with a known 
probability distribution, the application of the preceding method is 
perfectly legitimate, and leads to explicit probability statements about 
the value of « corresponding to a given sample. However, in the 
majority of cases occurring in practice, these conditions will not be 
satisfied. As a rule a is simply an unknown constant, and there is 
no evidence that the actual value of this constant has been determined 
by some procedure resembling a random experiment. Often there will 

in cases where the 


even be evidence in the opposite direction, as e.g. 


a-values of various populations are subject to systematic variation in 
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time or space. Moreover, even when a may be legitimately regarded 
as a random variable, we usually lack sufficient information about its 
a priori distribution. 

It would thus be highly desirable to be able to approach the ques- 
tion without making any hypothesis about the random or non-random 
nature of the parameter c. Certain methods designed to meet this 
desideratum have been developed by the authors quoted in the pre- 
ceding paragraph, and we now proceed to show how the problem may 
be treated by the method of confidence intervals due to Neyman (l.c., 
cf also Wilks, Ref. 42, 234). In the present paragraph, we shall con- 
sider the question under certain simplifying assumptions, while more 
general cases will be dealt with in the next paragraph. 

We shall now consider « as a variable in the ordinary analytic 
sense, which assumes a constant, though unknown value in the popula- 
tion from which an actual sample has been drawn. The results thus 
obtained will hold true whether the value of a has been determined 
by a random experiment or not, so that this method is actually of 
more general applicability than the preceding one. 

As before, we consider a sample of n values from a distribution 
with the fr.f. f(x; c), and we denote by g(a*; a) the fr.f. of the 
estimate a* =a" (x,,...,@n). Denote further by P(S; a) the joint pr. f. 
of the sample variables a,,..., zp, and let e be given such that 0 — e — 1. 

For every fixed a, the fr.f. g(a*; a) defines the probability distri- 
bution of a*, which may be interpreted as a distribution of a unit of 
mass on the vertical through the point («,0) in the (a, a*)-plane 
(cf Fig. 38) Suppose now that, for every value of a, two quan- 
tities y,=7,(a, s) and y,— y,(a, £) have been determined such that 
the quantity of mass belonging to the interval yı <a" < y, of the 
corresponding vertical — i.e. the probability of the event y, < a* < y, 
for the value « of the parameter — becomes 


(34.2.2) P (y, <0%< n; a) —- [ gle"; a) du* —1— 2. 
nh 
Obviously this can always be done, and there are even an infinity of 


possible ways of choosing y, and 7» since these quantities may be 
determined from the relations 


fos and [oreas 
pet Š 


where c, and e, are any positive numbers such that & + & =£. 
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a 


Fig. 38. Confidence intervals for a single unknown parameter. 


If we draw a sample of » values from a distribution corresponding 
vent yı <a" € y, will thus always have a 
probability equal to 1— s. The quantities 7, and ys depend on @, and 
when « varies, the points (a, y,) and (a, y) will describe two curves 
in the plane of («, a*), as indicated in Fig. 33. We shall assume that 
each curve is cut in one single point by a parallell to the axis of a. 
Let the abscissae of the two points where the curves are eut by the 
horizontal through the point (0, a*) be = 4% (a*, e) and ey = 6s (a", £), 
and let D(s) denote the domain situated between the curves. — Con- 
sider the three relations 


(a, 2)<a*< ys (e, e) ei (s e) < a « oy (a*, e). 
vat 


to any value of @, the e 


(34.2.3) (a, a*) < D (e), 
For any fixed value of «, each of these relations is satisfied by a 
certain set of points SE es Zn) in the sample space. However, 
the three relations are perfectly equivalent, since all three express 
the fact that the point (c, a*) belongs to the domain D (e). Thus the 
three sets in the sample space are identical, and consequently we obtain 
from (34.2.2) for every value of a 


(84.2.4) P(e, <a € es aj. 
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Both relations (34.2.2) and (34.2.4) give the value of the set function 
P(S; a) for a certain set S in the sample space, which is defined in 
two different but equivalent ways, viz. by the two last relations (34.2.3). 
The first of these asserts that the random variable «* takes a value 
between the constant limits y, and y, The last relation (34.2.3), on 
the other hand, asserts that the random variable c, (a*, s) takes a value 
smaller than a, while the random variable c,(a*, e) takes a value 
greater than « or, in other words, that the variable interval (c,, cs) 
covers the fixed point «œ. According to (34.2.4), the probability of this 
event is equal to 1 — e, whatever the value of a. 

Consider now a sequence of independent trials, where each trial 
consists in drawing a sample of » values from a population with the 
fr.f. f(x; a), the values of œ corresponding to the successive trials 
being at liberty kept constant or allowed to vary in a perfectly ar- 
bitrary way, random or non-random. From each set of sample values, 
we calculate the quantities c, = c, (a*, e) and c, = c,(a*, e), using the 
value of e given in advance. In general, c, and e, will have different 
values in different trials. Each trial will be counted as a »success», 
if the corresponding interval (c, cj) covers the corresponding point a, 
and otherwise as a »failure». By (34.2.4), the probability of a success 
is then constantly equal to 1 — s, and accordingly (cf 16.6) the fre- 
quency ratio of successes in a long sequence of trials will, within the 
limits of random fluctuations, be equal to 1 — e. 

Suppose mow that we apply constantly the following rule of behaviour. 
We first choose once for all some small value of s, say e = pl100. When- 
ever a sample has been drawn, and the corresponding limits c, and Cy 
have been calculated, we further state that the unknown value of a in 
the corresponding population is situated between c, and €. — According to 
the above, we shall then always have the probability e = p[100 of giving 
a wrong statement. In the long run, our statements will thus be wrong 
in about p % of all cases, and otherwise correct. 

The interval (c,, c) will be called a confidence interval for the para- 
meter «, corresponding to the confidence coefficient 1— e, or the con- 
fidence level s — p/100. The quantities c, and c, are the corresponding 
confidence limits. 

Comparing this mode of treatment with the one based on Bayes' 
theorem, it will be seen that the method of confidence intervals is 
entirely free from any hypothesis with respect to the random or non- 
random nature of a. On the other hand, it follows from this very 
generality that the method does mot lead to probability statements of 
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the type: »The probability that œ is situated between such and such 
fixed limits is equal to 1 — c». In fact, such a statement has no sense 
except when « is a random variable. The statements provided by the 
method of confidence intervals are of the type of the relation (34.2.4), 
which expressed in words becomes: »The probability that such and 
such limits (which may vary from sample to sample) include between 
them the parameter value «œ corresponding to the actual sample, is 
equal to 1 — e». As shown above, we may deduce from this statement 
a rule of behaviour associated with a constant risk of error e, where & 
may be arbitrarily fixed. 

It must be observed that the system of confidence intervals corres- 
ponding to a given e is not unique. Just as we may consider various 
different estimates of the same parameter c, we may also have various 
systems of confidence intervals, leading to different rules of behaviour, 
all associated with the same risk of error e. This is by no means 
contradictory. As we have seen above, the confidence intervals obtained 
by applying a given rule will vary from sample to sample, and it is 
perfectly natural that, for a given sample, different rules may yield 
different intervals (cf Ex. 1 below). 

Obviously it will be in our interest to find rules which, under given 
circumstances, yield as short confidence intervals as possible. Suppose 
e.g. that we are dealing with estimates a* which are unbiased and 
approximately normally distributed. The strip D(e) in Fig. 33 will 
then be made as narrow as possible by choosing for o* an estimate 
of minimum variance. Thus the classes of efficient and asymptotically 
efficient estimates studied in Ch. 32 will, under fairly general condi- 
tions, lead to the shortest or asymptotically shortest confidence inter- 
vals. We cannot go further into this subject here, but the reader is 
referred to papers by Neyman (Ref. 165) and Wilks (Ref. 233). 

We finally observe that the above definitions and arguments apply 
even in the case of a discrete distribution involving a single unknown 
parameter a. However, there is one important modification to be made 
in this case. When the distribution on the vertical through the point 
(v, 0) in Fig. 33 has discrete mass points, the limits y, and y, cannot 
always be determined such that P(y, < a° < yx; a) = 1 — e as required 
by (34.2.2). We shall have to be satisfied with choosing 7, and y, 
such that P(y,<a* <¥,;a)=1—s, which is evidently always pos- 
sible. The strip D(s and the confidence interval (c, «,) are then 
determined as in the continuous case. The risk of committing an 
error when stating that « belongs to (c, cj) is in this case not exactly 
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equal to e, but at most equal to e. With this exception, everything is 
perfectly similar to the continuous case. 


Ex. 1. Let it be required to estimate the mean m of a normal population with 
a known s.d. c. Replacing in Fig. 33 « and «* by m and m*, we first consider the 
efficient estimate m* —z — > x;/n, which is normal (m, c/V m). For the confidence 
level £= p/100, the limits y, and y, in Fig. 33 may be put equal to m + Ael Vin, 
where A, is the p% value of a normal deviate. The curves forming the boundary 
of the domain D (e) will then be the straight lines z = m + 4, c/V n. The relations 


m—À, e|Vncz-mc À, olV n, 
z—àÀ,olY n < m «z + AolV n, 


are evidently equivalent, so that the limits c, and c, are equal to x + A, c/V n. The 
rule which consists in asserting, whenever a sample has been drawn, tbat the un- 
known mean m is situated between the limits 2 + 4, a/n is thus associated with a 
constant risk of error equal to p %. 

We have, in fact, already encountered this interval in 31.3, Ex. 2. We have 
seen there that, working on a p ? level of significance, the hypothesis that the mean 
of the distribution has a value c given in advance will be regarded as consistent 
with the data when c is situated between the confidence limits x + 4, a/y n, while 
otherwise it will be rejected. 

Suppose, on the other hand, that we consider the non-efficient estimate m* = z, 
where z is the sample median. By 28.5, z is asymptotically normal (m, kolV n), where 


k =V x2 = 1.2588. Let us, for the sake of the argument, assume that the error of 
approximation can be neglected, so that the distribution is exactly normal. Each of 
the equivalent relations 


m —kà,olV n «2 «m kA,olVn and z— khpon < m « z+ kAyolVn 
then has a probability of p %, and consequently we obtain in this case the p % con- 
fidence limits z+ kA, o/Vn. From a given sample, we thus obtain different con- 
fidence intervals for m, according as we apply the rule founded on i or on z. Never- 


theless the risk of error is the same in both cases, if we are using the same value 
of &. Obviously the former rule will always give a shorter interval than the latter. 


Ex. 2. Suppose that we have made n repetitions of a random experiment, and 
that a certain event Æ has occurred v times. It is required to estimate the unknown 
probability p of E. This is the classical problem of inverse probability, which is 
treated in the majority of text-books by means of Bayes’ theorem. 

We shall here apply the theory of confidence intervals to the problem, and con- 
sider the efficient estimate (cf 32.3, Ex. 6) p* = v/n, which is asymptotically normal 
(p, V pqin), where q — 1 — p. Taking the limits y, and y, equal to p + 4 V pq/n and 
assuming, as in the preceding example, that the distribution is exactly normal, Fig. 
38 will take the form indicated in Fig. 34. The domain D (e) is here bounded by 
the curves p* = p + AV pa/n, which form the two halves of an ellipse, 4 being the 
100775 value of a normal deviate. The fact that a point (p, p*) is situated inside 
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Fig. 34. Confidence intervals for an unknown probability. n = 100, € = 0.05. 


the ellipse may be expressed by saying that p* lies between the limits p + AV pq/n 
or by the equivalent statement that p lies between the limits 


2 
(34.2.6) ES (r ræsa y 


The latter limits determine a 100 £% confidence interval for p. 

This result is, of course, only approximate, since in reality p* has a discrete 
distribution which is only approximately normal. E. S. Pearson and Clopper (Ref. 
195) have given graphs based on the exact distribution and permitting a determina- 
tion of confidence intervals for the 5% and 1% levels. As Pearson and Clopper 
point out, their graphs may be used i.a. to determine the value of n which is ne- 
cessary to provide a desired degree of accuracy in the estimation of p. Suppose, 
e.g., that p is about 50 %, and that we want a confidence interval of length at most 
equal to J, From the approximate solution (34.2.5) we obtain, taking p* = 4, 

2 
TLE ð or napin, 
Vn D 


Taking e.g. ð = ¢ = 0.01, this gives n > 66340. 


Ex. 3. Suppose that we have a population consisting of a finite number V of 
individuals, Np of which possess a certain attribute A, while the remaining 
Nq=N— Np do not possess A. It is now required to estimate the unknown pro- 
portion p by the representative method (cf 25.7). Let us draw a random sample of 
^ individuals without replacement, and observe the number v of individuals in the 
sample possessing the attribute A. In current text-books on probability, it is shown 
that we have (cf e.g. Cramér, Ref. 10, p. 38) 
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v" ?) —N=* pg, 
e(?) P, »( N—1 n 
Further, the variable p* = y/n is approximately normally distributed, when n and 
AN — n are large. Taking p* as an estimate of p, we now assume as above that the 
error of approximation involved in the normal distribution can be neglected. The 
N-n pq . 

probability that p* lies between the limits p + yas is then equal to e, 
where 4 has the same significance as in the preceding example. Thus we obtain 
confidence limits for the unknown proportion p simply by substituting in (34.2.5) 
N=1 
Wn for n. 

-n 


N 


34.3. The general case. — The theory of confidence intervals 
developed in the preceding paragraph is easily extended to more 
general cases. Consider a distribution of the continuous type con- 
taining k unknown parameters q,,...,@,, and suppose that we draw 
a sample of n values from this distribution. 

The sample variables will as usual be regarded as the coordinates 
of a point x — (a,,...,%n) in the n-dimensional sample space Rn, and 
similarly the set of parameters of an actual distribution will be re- 
presented by the point a = (a,, . . . ax) in a k-dimensional parametric 
space P,. For simplicity we suppose that the distribution is defined 
for all points æ of P}, and we denote the joint pr.f. of the variables 


23,..., Ln by P(S; a), where S is a set in the sample space R;. 
For the following developments, it is not necessary to suppose that 
the variables 2,,..., x, are independent variables all having the same 


distribution. With a similar generalization as in 32.8 we may, in 
fact, allow P(S; a) to denote any n-dimensional pr. f. of the continuous 
type, which is defined for all parametric points a = (æ, . . ., a). 

To every parametric point « in P}, we may determine a set S(a) 
of points x in R, such that 


(34.3.1) P[x < S(a); «] =1—«, 


where e is given in advance. — The set S(a) corresponds to the in- 
terval y, < a" < y, in Fig. 33,") and the relation (34.3.1) corresponds 
to (34.2.2) Further, the set D of all points (a,x) in the product 
space P,-R, such that the relation x < S(a) is satisfied, corresponds 
to the domain D(z) in Fig. 33. For every point x in R,, we now 
consider the set X(x) of all points a in P, such that (a, x) < D. 


1) We may here regard Fig. 33 as concerned with a sample of one single observed 
value «* from a distribution with the fr. f. g(«*; a). 
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Then X(x) corresponds to the interval c, <a<c, of Fig. 33, and the 
three relations 
(a,x)<D, x<S(ae), ac2Z(x) 


are equivalent, for the same reasons as the corresponding relations 
(34.2.3). Hence we obtain the analogue of (34.2.4): 


(84.3.2) Pla <3(x); a] 21— e. 


The further development is exactly similar to the preceding particular 
case. If we draw repeatedly samples of » from distributions of the 
given type, the corresponding parametric points « being at liberty 
kept constant or allowed to vary in a perfectly arbitrary way, and if 
for every sample we state that the actual parametric point « belongs 
to the set (x) corresponding to the sample, we shall in each case 
have the probability e — p/100 of being wrong. Consequently in the 
long run our statements will be wrong in about p % of all cases. 

The set X(x) will be called a confidence region for the parametric 
point æ, corresponding to the confidence coefficient 1 — e, or the con- 
fidence level = p/100. If, in particular, the set X(x) is an interval 
in P, defined by one single relation of the form 


(84.3.3) €, (x, 8) < ar < es (x, €), 


where r is one of the subscripts 1,....%, while c, and c, are inde- 
pendent of a,,...,a%, we shall call X(x) a confidence interval for the 
parameter a,. The last definition evidently includes the corresponding 
definition of the preceding paragraph as a particular case. More 
generally, if the set X(x) is a cylinder set (cf 3.5), the base of which 
is a set in the subspace of the parameters qj, .. ., Gr, where r < k, we 
shall say that X(x) is a confidence region for the parameters a; . , a. 

With respect to the generalization to distributions containing dis- 
crete mass points, the remarks of the preceding paragraph apply even 
in the present general case. Finally, the generalization to samples 
from multi-dimensional distributions is immediate. 


34.4. Examples. — In 31.5, Ex. 6, we have already encountered 
some confidence intervals for coefficients of regression and correlation 
in the case of samples from a two-dimensional normal distribution. 
We shall now discuss some further examples, which will give rise to 
comments on certain points of general interest. 
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Ex. 1. The mean of a normal distribution. When 2,,..., x, are a 
set of sampie values from a normal distribution with unknown para- 
meters m and g, the ratio (cf 29.4) 

EN pt reu 
8 
has Student's distribution with n — 1 d. of fr., the corresponding fr. f. 
being sn—ı(t). For any interval (7, t"), the relation 


(34.4.1) cV ERE g 


v 


has thus the probability f Sn-1(t)dt, which is independent of the 
Fi 


parameters m and c, and by an appropriate choice of // and /" this 
can be made to assume any given value 1— e. 

Suppose that ? and /" are fixed. For every parametric point (m, c), 
the relation (34.4.1) then defines a set of points x in the sample space 
which corresponds to the set S(a) of the preceding paragraph. How- 
ever, (34.4.1) may also be written in the equivalent form 


(34.4.2 CRI etc Ne er TUE UM 
Yn—1 Va-1 
For any fixed point x = (x;, . . ., an) in the sample space, this relation 


defines an interval in the parametric space, which is independent of o, 
and is thus of the form (34.3.3), where a, has been replaced by m. 
According to the definition of the preceding paragraph, (34.4.2) thus 
provides a confidence interval for the mean m, and we have the following 
relation corresponding to (34.3.2): 

e" 


(84.4.3) pec rmm eite) [tat 


B 
Thus if we draw repeatedly samples of » from normal populations, 

the values of m and c corresponding to the successive samples being 
at liberty kept constant or allowed to vary in an arbitrary way, and 

if for every sample we calculate the confidence limits Z — t" sl[Vn —1 

and z — t' s/V n — 1, the frequency of those cases where m is included 1 
between the limits will in the long run be approximately equal to 

n 
f 5a (tdt. 


t 
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Every choice of ¢ and t” yields, according to (34.4.3), a rule for 
calculating confidence intervals for m, the corresponding confidence 
"U 


coefficient being f 5.3 dt. Taking e.g. t —— t, and t= tj, where 
2 


tp is the p % value of t for n — 1 d. of fr., we obtain the confidence 


limits 
E 
El, — —5 
umm 


corresponding to the confidence coefficient 1 — p/100, or the confidence 
level p %. 

Consider the sample of n — 10 values from a supposedly normal population con- 
tained in the last column of Table 31.8.7. The mean and the s.d. of the sample 
are respectively 1.58 and 1.167. Hence we obtain according to the last rule the con 
fidence limits 1.58 + 0.89 tp for the unknown population mean » For the confidence 
level p —6 %, this gives the confidence interval 0.70 < m < 2.46, while for p = 1 % 
the interval becomes 0.32 < m < 2.84. 


Choosing ¢’ and t” differently, we obtain other rules for calculating 
confidence intervals for m. Suppose, e.g., that an interval (a, b) is 
given in advance. We now draw a sample of » values from a normal 
population, and denote the observed sample point by xo, the sample 
mean by ñ, and the s.d. by s. From these particular values Tọ and 
So, we further determine /' and /" such that 


So i , So 
——— = qd, Dieci — =), 
Vn—1 , Y»—1 


A ” 
Toa 


Like any other values of /' and t”, the values determined in this way 
correspond to a rule for calculating confidence intervals for m, and 
in the particular case of the sample x, this rule leads precisely to 2i 
given interval (a, b) Solving the above equations for ¢’ and t", 

find that the corresponding confidence coefficient is 


(84.4.4) il sn- (D d t. 


Yn (90/5, 


When the sample x, is known, this quantity can be numerically cal- 
culated for any interval (a, b). Thus we may say that, with respect to 
the estimation of m by means of the sample characteristics 3 and s, the 


519 


34.4 


observed sample x, assigns to any given interval (a, b) a confidence coef- 
ficient given by (34.4.4).?) 

However, it is necessary to note carefully the concrete meaning of 
the last proposition. We are not saying that there is a probability 
given by (34.4.4) that m falls between the given limits a and b. As 
already pointed out in 34.2, such a statement would have no sense 
except when m is a random variable. We do, in fact, only assert that 
there exists a rule for calculating confidence intervals Sor m, which in the 
particular case of the sample x, would lead to the given interval (a, b) 
as confidence interval, and that this rule is associated with the confidence 
coefficient (34.4.4). 

In. the case of the sample of n = 10 values from Table 31.3.7 considered above, 
we thus find by means of Table 4 that the interval 0.5 < m < 2.5 has the confidence 

+2.78 
coefficient jh 8, (f dt = 0.97. 
2.37 

As in 34.2, it should be observed that the above system of con- 
fidence intervals and confidence coefficients for the estimation of m 
is not unique. If, e.g., we replace 7 and s by the median and the 
mean deviation of the sample, we shall obtain a different system of 
rules. 


Ex. 2. The difference between the means of two normal distributions. 
Let iy oii m and. yr, - . ., Yn, be two independent samples with the 
means Z and j, and the s.d:s s, and Sə. Suppose that these are drawn 
from normal populations with the means m, and m, and the s. d:s o, 
and o, respectively. We suppose that all four parameters are unknown, 
and that it is required to estimate the difference m, — mg between 
the population means. This problem las been much discussed in the 
literature (cf e. g. Bartlett, Ref. 55, 56; Behrens, Ref. 60; Fisher, Ref. 
105—109; Neyman, Ref. 167; Welch, Ref. 229). 

In 31.2, we have considered the question whether m, — m, differs 
significantly from zero, under the simplifying assumption that o; and 
7, are equal. If, in the variable u defined by (31.2.1), we replace 
&—y by $—4--(m,—mj, and if we assume that 0; = 0s, the re- 
sulting variable will have Student's distribution with n; + na —2 d. 
of fr. Hence we obtain, in the same way as in the preceding example, 
the confidence limits 


7) At this point, we possibly exceed the conceptual limits of the theory as given 
by Neyman (cf Ref. 167) The same remark applies to the corresponding part of 
Ex, 2: 
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(34.4.5) E— g tt |/ mt ndns + n s) 
nin (n, + ny — 2) 


for the unknown difference m, — m, Here we have to take fj with 
ni +m,—2 d. of fr. — We now proceed to make some remarks on 
the general case when c, and c, may have any values. 

To any parametric point (m,, Ms, o,, 0) corresponds a joint distri- 
bution of the n, + n, variables z; and yj, which are represented in a 
space R of n, + n, dimensions. Let now four constants A, ks, c, and 
c, be given, subject to the only condition that k, < kə. For any para- 
metric point, the relation 


Mı 


TE 


ke Em B. ky 

5$ 2 
defines a set S of points (x, y) = (xj, . . ., n, Yı +++) Yn) in the space 
R. Since the random variables 


nest and pane. 


$, Sa 


are independent and distributed in Student's distribution with n, and 
ny d. of fr. respectively, the probability that a sample point (x, y) be- 
longs to the set S is 


(84.4.6) T= ff sm-1 (Ë) Sm- (u) dtd, 


where the integral is extended over the domain defined by the relation 


<k, 


py int 


The quantity J is independent of the parameters, and the set S cor- 
responds to the set S(a) of 34.3. The relation which defines the set 
S may be written in the equivalent form 

E GE p, < Gm V em AF | Col T 
" t $ s 5, S 5 s: 1 


(84.4.1) 


For any fixed point (x, y), this relation defines a cylinder set X(x,y) 
in the four-dimensional (m,, ms, c, 0,)space, the base of which is a 
strip bounded by two parallell lines in the (m, m,)-subspace. Thus ac- 
cording to 34.3 the set X(x,y) is a confidence region for m, and mz, 
with the confidence coefficient J given by (34.4.6). 
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Every choice of the constants 4; b, c, and c, yields, according to 
(34.4.7), a confidence region for m, and m,, the corresponding con- 
fidence coefficient being given by (34.4.6). By an appropriate choice 
of the constants, we may render the confidence coefficient equal to 
any given value 1 —e. 

As in the preceding example, we now suppose that an interval 
(a, b) is given in advance, and that two samples x, and yo have been 
drawn. From the particular values Žo, J, s? and s? observed in these 
samples, we determine kų, ks, c, and c, such that 


ei = 6, 


a= k= — jb, key = d, — Hy — a. 

Like any other values of the constants, the values obtained in thia 
way correspond to a rule for determining confidence regions for m, 
and m, Inserting these values of the constants in (34.4.7), we find 
that in the particular case of the samples Xx, and y, this rule leads 
to the region 

a <m — m <b, 


while the domain of integration in the expression (34.4.6) of the con- 
fidence coefficient becomes 


UEN it su 
(445) 2, S grep RR A 
0— Jo Fir END %9— Yo— a 


Thus there exists a rule for determining confidence regions for m, 
and ms, which in the particular case of the samples x, and y, would lead 
to the region a < m, — m, < b, and this rule is associated with the con- 
Jidence coefficient J given by (84.4.6), where the integral is extended over 
the domain (84.4.8). — In the sense explained by this statement, we may 
say that the samples x, and y, assign the confidence coefficient J to the 
region a < my — m, < b. 

Hence we may deduce a test of Significance due to Behrens and 
Fisher (l.c). Let two samples with the means 4 and j, and the s. d:s 
5, and s, be given, and let @ be an angle such that 


51 " 8, 
y= = =rsind, —2— 
Veet n 6, yx r eos 6, 


where 


34.4 
Consider the integral J in (34.4.6), extended over the domain 


t sin 0 — u cos 6 > d, 


and determine d such that J — à, where ð is a given number such 
that O<d<1. For fixed ð, the quantity d will be a function of 
nı, ^, and 0, which may be numerically calculated when these quan- 
tities are known. Now if z — j —dr, the region m, € m, will according 
to the above have a confidence coefficient smaller than d. Similarly, 
if z— 9 «— dr, the region m, =m, will have a confidence coefficient 
smaller than ð. If ð is sufficiently small, the means z and j are 
accordingly regarded as significantly different, as soon as |z— y | > dr. 
Tables for the application of this test are available (cf Sukhatme, 
Ref. 223; Fisher-Yates, Ref. 262). 


Ex. 3. The mean of a finite population (ct 34.2, Ex. 8), Suppose that we have 
a population consisting of a large, but finite number WN of individuals, among which 
a certain character x is distributed. For the mean, the variance, and other char- 
acteristics of z in the total population, we use the ordinary notations: m, o°, u; etc. 
It is required to estimate the unknown mean m of the population by means of the 
representative method (ct 25.7). Let us draw a random sample of n individuals 
without replacement, and denote by z = Y m/n and s = X (x, — Z)/n the mean and 
the variance of the n observed sample values of x. We then have (cf e.g. Neyman, 
Ref. 160; Hingstroem, Ref. 121 a) 
N—n o! 
N-i n’ 

N(N-—n) .(n— Det 

(N — 1)*(W — 2)(N — 8) n! 


UN CINCTUS 
N-1 n 3 


E(z)=™m, D')- E(s)— 


D'(s- [2n Nt —6(n + 1)(N—1)+ 


+(nN—N—n—1)(N—1)y) 


where y, = u,/0* — 8 is the coefficient of excess (cf 15.8) of the population. When 
^ and N—n are both large, x is approximately normal, so that the variable 


A G — m) is approximately normal (0,0) The formulae for the mean 
—^ 


and the variance of s? may be written 
5-52 E+ ota] 
z(£) - TERIS 1+0 xL 
q|  2N(—D n—1 G) 

w (4) = N-n ih 2n hoy 4 
where q? = Nns*/((N—n). If we assume that the excess y, of the population may 
"be neglected, it now follows by means of (18.1.6) that for large N the variable q°*/o* 
has approximately the same mean and the same variance as a 7*-distribution with 


N(n— D/N — n) d. of fr. Although in this case the exact distribution of 8° or q* 
is not known, we may as a first approximation assume that the variable 
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(N —1)n 

o> N—n *G--n) N=- ye = = 1). z—m 

t ETE 8 
Nn—1) zn 


has Student's distribution (18.2.4), with n replaced by N(n — 1(N — n). For the 
unknown population mean m, we then obtain as in Ex. 1 the p % confidence limits. 


Tit TV aA Da-i) 


ADDITIONAL REMARK. The following important papers bearing on the subjects treated 
in Chs 32-34 (particularly 32.3-4 and 33.3) have unfortunately been omitted from the 
List of References: 


Doob, J. L., Probability and Statistics, Trans. Amer. Math. Soc., 36 (1934), p. 759. 
Doob, J. L., Statistical estimation, Trans. Amer. Math. Soc., 39 (1936), p. 410. 


Fréchet, M., Sur l'extension de certaines évaluations statistiques au cas de petits 
échantillons, Rev. Inst. Intern. de Statistique, 1943, p. 182. 


CHAPTERS 35—37. TESTS or SIGNIFICANCE, II. 


CHAPTER 35. 


GENERAL THEORY oF TESTING STATISTICAL HyPoTHESES.’) 


35.1. The choice of a test of significance. — In the preliminary 
survey of problems of statistical inference given in Ch. 26, the intro- 
duction of a test of significance for a statistical hypothesis has been 
described (cf 26.2 and 26.4) in the following general terms: When it 
is required to test whether a set of sample values agree with a given 
hypothesis H, we consider the distribution of the sample, and calculate 
some convenient measure D = 0 of the deviation of this distribution 
from the hypothetical distribution. By means of the sampling distribu- 
tion of D, we then determine a critical value D, such that, if the 
hypothesis H is true, we have P(D > D,)=e, where e is our level of 
significance chosen in advance. When, in an actual case, we find a 
deviation D > D, the hypothesis H is rejected, whereas the appearance 
of a value D- D, is regarded as consistent with the hypothesis, 
which is then accepted. 

By adopting this rule of behaviour, we have a probability equal to 
e of committing the error of rejecting H in a case when, in fact, it 
is true. Since e may be arbitrarily chosen, this probability may be re- 
duced to any desired amount. 

The general principle thus described, which lies behind all the par- 
ticular tests discussed in Chs 30—31, has certainly a strong appeal 
to intuition. On the given hypothesis, the occurrence of a very large 
deviation D has a very small probability. If, in an actual case, such 
a deviation presents itself, we feel naturally inclined to consider the 
hypothesis as disproved by experience. The appearance of some devi- 
ation D of moderate size, on the other hand, seems to be exactly the 
kind of event that ought to be expected, if the hypothesis is true. 

However, let us examine the principle a little more closely. Assume, 
e. g., that D has a continuous distribution, with a frequency curve of 


1) Cf footnote p. 473. 
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a type similar to the 7°-distribution for n>2 (cf Fig. 19, p. 235). 
It is true that, on the hypothesis H, the probability of a large devia- 
tion, say D> D, is small In fact, this probability is equal to the 
area of the tail of the frequency curve situated to the right of an 
ordinate through the point D,, and we can always determine D, such 
that this becomes equal to any given e — 0. But it is equally true 
that the appearance of a very small deviation, say D < D,, also has a 
small probability, since we can determine D, such that the area of the 
tail to the left of an ordinate through D, is equal to s. If we agree 
to reject H whenever D < D,, and otherwise accept, we shall thus 
still have the same probability « of rejecting H in a case when it is 
true. — More generally, we may in infinitely many ways choose a set 
of points S such that, if H is true, the probability that D takes a 
value in S is P(D < S) — s. Consider, for any such S, the test which 
consists in rejecting H whenever D takes a value in S, and otherwise 
accepting. The probability of unjustly rejecting H in a case when it 
is true will then always be equal to e, so that from this point of view 
the tests based on various possible sets S will all be equivalent. It is 
likely that our intuitive feeling will be in favour of the D, test, where 
the set S is the interval of large deviations D > D,, and definitely 
opposed to the D, test, where we reject the hypothesis precisely in 
those cases where the deviations are small. However, can we advance 
any rational arguments in support of the view that some particular 
form of the set S should be preferred to other possible forms? 


As an SxAmpler we may consider the 7* test. In Ch. 30, we have denoted an 
observed value of y* as significant, when it exceeds the p = 100 £ % value Zp This 
evidently corresponds to the Dy test mentioned above, and the set S is Xe the 


interval 2*7 Xp- When the number n of d. of fr. is large, Vo7 may be regarded 
as normal (V2n—1, 1), and the same set S is then approximately represented by the 
interval V27?>V2n—1 + Ap or 2 > V2n—1+ ap, where Ay is the 2p% 
value of a normal deviate, thus making the area of the right tail of the approximating 


normal curve equal to p/100 = e. — However, in the latter case it would also seem 
reasonable to take account of both tails of the normal curve, thus counting 7? as 


significant, when |V277—V2n—1|>4 In this ease, the set S would be composed 


of the two intervals x° < $ (V2n—1— 4p? and z » 1(Y2n—14- Ap)*. In both cases, 
the probability of an unjust rejection of the hypothesis tested will be £. 


Further, the deviation measure D is by no means uniquely determined. 
We may, e. g., measure the goodness of fit of a hypothetical distribu- 
tion to a sample by x°, by w°, ete. Similarly the deviation of a nor- 
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mal sample from the hypothesis that the population mean is equal to 
m may be measured e.g. by |Z— m| or by |z — m|, where z and z 
are the mean and the median of the sample, etc. For any alternative 
deviation measure 4, we may in infinitely many ways find a set of 
points "= such that, if H is true, we have P(4<%3)=«. The test 
which consists in rejecting H whenever 4 takes a value belonging to 
X, and otherwise accepting, will still correspond to the given prob- 
ability e of rejecting H when it is true. 

Obviously it will be an important problem to find some rational 
method of discriminating between the various possible tests for a given 
hypothesis. Will it be possible to assign a reasonable meaning to the 
statement that, of two tests corresponding to the same value of e, 
one is »better» or »more efficient» than the other? 

During recent years, much work has been devoted to this problem 
by J. Neyman, E. S. Pearson and their followers. The reader is referred 
to a series of fundamental papers (Ref. 170—173) by Neyman and 
Pearson, and to a general exposition of the theory by Neyman (Ref. 
168), where numerous references to the literature will be found. 

The basic idea of the Neyman-Pearson theory may be briefly de- 
scribed in the following way. When a test of significance is applied 
in practice, there are in each case two possible alternatives: we may 
decide to reject or to accept the proposed hypothesis H, and then act 
according to our decision’). In either case our decision may be wrong, 
since we may reject H in a case when, in fact, it is true, and accept 
it in a case when it is false.) It now seems a perfectly reasonable 
principle that, in choosing a test, we should try to reduce the chances 
of committing both these kinds of errors as much as possible. 

In order that a test of the hypothesis H should be judged to be »good», 
we should accordingly require that the test has a small probability of 
rejecting H when this hypothesis is true, but a large probability of 
rejecting H when it is false. Of two tests corresponding to the same 


1) There is, of course, also the third alternative that we may decide to remain in 
doubt and postpone action until further data have been collected. However, we con- 
sider here the case when such data are already available, and the course of action 
must be decided, 

2) This double possibility of error distinguishes the present situation from the 
one arising in the theory of estimation When we assert, e.g., that the unknown 
value of a certain parameter belongs to such and such confidence interval, our state- 
ment may be right or wrong, but there is only one way of committing an error, viz. 
by indicating an interval which, in fact, does not contain the parameter. 
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probability & of rejecting H when it is true, we should thus prefer the 
one that gives the largest probability of rejecting H when it is false. 

We now proceed to show some applications of the general principle. 
It will be necessary to restrict ourselves to a very brief account of 
some of the most elementary features of this important theory, which 
is still in full development. 


35.2. Simple and composite hypotheses. — Consider » random 
variables 2,, ..., 5», with a joint distribution in R, of the continuous 
type, defined by a pr. f. P(S; a) — P(S; a,, ..., «;) of known mathema- 
tical form, containing k unknown parameters a,,..., a, or by the 
corresponding fr. f. f(x; a) — f(z,, ..., Ln; Gy, .. ., ei). 

When, in particular, the æ; are independent variables all having 
the same distribution, we have the ordinary case of a sample of n 
values from this distribution. However, as pointed out in the analogous 
case considered in 32.8 (cf also 34.3), the above definitions cover also 
more general cases, such as e.g. the case when the x; consist of 
several independent samples from possibly unequal distributions. Even 
in the general ease, we shall refer to the point x = (zx,, ..., £n) and 
the space R, as the sample point and the sample space respectively. 
— The parameters «a; will be represented by the parametric point 
a@=(a,,..., a) in the parametric space Py. 

Suppose now that a sample point x has been determined by a 
single performance of the random experiment corresponding to the 
combined variable (x,,..., £n). The hypothesis that, in the distribution 
of this variable, the unknown parametric point « belongs to a given 
set of points w in the parametric space P,, will be briefly denoted as 
the hypothesis H. When w consists of one single point a, we shall 
say that the hypothesis is simple, and otherwise that it is composite. 
Evidently a simple hypothesis specifies the distribution completely, 
while a composite hypothesis leaves it more or less undetermined. 

Every parametric point « that is regarded as a priori possible will 
be called an admissible point, corresponding to an admissible hypothesis. 
The set 2 of all admissible points may coincide with the whole para- 
metric space Px, but may also form only a part of Px. 


If the x; are a sample of independent values from a non-singular normal distri- 
bution, where no a priori information concerning the parameters m and c is available, 
the set £2 of admissible hypotheses consists of the half-plane g > 0. The hypothesis 
that m — 0 and g= 1 is a simple hypothesis, while the hypothesis that m = 0, without 
specifying the value of o, is a composite hypothesis. 
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35.3. Tests,of simple hypotheses. Most powerful tests. — Suppose 
that it is required to test the simple hypothesis H, that the unknown 
parametric point'« coincides with the given point e$. A test of this 
hypothesis will consist of a rule to reject H, whenever the observed 
point x belongs to a certain set S in Rn, and otherwise to accept H,. 
The set S will be called the critical set of the test, and the test based 
on the critical set S will often be briefly called the test S. 

When the critical set S has been fixed, the probability of rejecting 
H, is identical with the probability P(S; æ) that the sample point 
belongs to the set S. This is a function of the & variables a,...., a, 
which will be called the power function of the test. According to the 
general desideratum expressed in 35.1, we should endeavour to arrange 
the test so as to render the power function small when H, is true 
(i.e. when « coincides with a), and large when H, is false (i. e. when 
a is any admissible point other than a). 

Since the x distribution is continuous, there are always an infinity 
of different sets S such that P(S;«)-—, where e is our level of 
significance given in advance. If any of these sets is chosen as the 
critical set of a test, the probability of rejecting Ho when it is true 
will be equal to e, and we shall then briefly say that we are concerned 
with a test of level s. It is now required to find, from among all 
tests of level s, one that renders the probability of rejecting H, when 
it is false as large as possible, i. e. one that renders the power func- 
tion P(S; a) as large as possible for any admissible « > «. 

Let «e, be a fixed admissible point # a. Since the values of a 
fr. f. may be arbitrarily changed over a set of measure zero, we may 
always suppose that f(x; ao) and f(x; æ) are finite and determined 
for every x. For any c=0, ihe set X of all points x such that 


(35.3.1) F(x; a) 2 ef (x; a) 


is then well determined. When c increases from 0 to ©, the function 
w(c) = P (X; a) is never increasing. Further, y (0) = 1, and we easily 
find 0< y(e) S 1/c, so that w(c)-* 0 as e c». In order to avoid 
trivial complications, we shall assume!) that there exists a value c such 
that w(c)— s. For the corresponding set X we then have 

1) There always exists a value c such that y(c—0) Ze, y(c+0) S e. The excep- 
tional case when V'(c) does not actually assume the value € is included in the argu- 
ment by means of a slight modification of the definition of the set X. In fact, 
V(c—0) — y (e + 0) is the integral of (x; dy) over the set Z of all points « such that 
the sign of equality holds in (35.3.1). By excluding from the set X a conveniently 
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(35.3.2) P(X; a) = ales. x; to) dx =e. 


Let now S be the critical set of any test of level e, so that 


(35.3.3) P(S; &) = Sts ey) dx =e. 


We shall then show that 
(35.3.4) P(X; a) = P(S; a) 


Thus, among all tests of level e, the test X gives the largest possible value 
to. the probability of rejecting Hy when the alternative hypothesis H, that 
aaa, is true. Accordingly the test X will be called the most powerful 
test of Hy with respect to H,, among all tests of level e. 

From (85.3.2) and (35.8.3) we obtain 


(35.3.5) P(X — SX; a) =e— P(S X; a) = P(S— SN; a). 


From the definition (35.3.1) of the set X, it follows that for any x 
not belonging to X, we have cf (x; t) > f(x; a). Hence 


(35.3.6) P(X—SX;e)EcP(X—SX;a)— 
—cP(S—SX;a)z P(S—SX; a,). 


Adding P(S X; æ) to the last inequality, we obtain (35.3.4). 

It may occur that we obtain the same set X for all admissible 
points «@, Aa). In such a case we shall say that, among all tests of 
level e, the test X is the uniformly most powerful test of H, with 
respect to the whole set 2 of admissible hypotheses. — When a uni- 
formly most powerful test exists, it seems fairly clear that it should 
be regarded as superior to any alternative test of the same level e. 
Unfortunately, this situation occurs but very rarely. 


Consider the case when the zr; are n sample values from a distribution involving 
a single unknown parameter c, and suppose that there exists a sufficient estimate 
«* of «. By 32.4, the joint fr. f. f(r,,...,2,; œ) can then be written in the form 
g(a"; e) H (xy, ..., v) where H is indopendent of «. When H> 0, (35.3.1) then 
takes the form g(«*;«,)=cg(«*; a. If certain general regularity conditions are 
satisfied, the set X will thus be a domain bounded by the hypersurface g(«*; œ) = 


chosen subset of Z, we may always obtain a set satisfying (35.3.2). In all points of 
this modified set X, (35.3.1) is satisfied, while in all points of the complementary set 
we have f(x;a,)X5 cf(x; a. This is obviously sufficient to permit the conclusion 
(85.3.0). 
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cg(«*; @), and this equation is equivalent to a certain number of equations of the 
form «* — const. If, for different alternative hypotheses c4, we always obtain the 
same individuals of the family «* = const. as bounding hypersurfaces of the set X, 
it thus follows that a uniformly most powerful test exists. However, it can be shown 
by examples (cf Neyman and Pearson, Ref. 173) that this property does not always 
hold. Thus even in this simple ease we cannot, without imposing further conditions, 
assert the existence of a uniformly most powerful test. Cf further Neyman, Ref. 165, 
where the question is brought into connection with the problem of the shortest 
confidence intervals mentioned in 34.2. 

A still simpler case, where the above developments provide a complete solution 
of the problem, is the ease when only two alternative hypotheses exist. The joint 
fr. f. of the x; may then be written in the form (1—«) f, (x) + « fı (x), where fy and 
f, are given fr. f:s, and the admissible values of « are 0 and 1. The hypothesis H, 
to be tested is the hypothesis that œ — 0, i.e. the hypothesis that the observed 
sample values are drawn from a distribution with the fr. f. fọ, the only admissible 
alternative being fj. We then have to find the set X of all points x such that 


Si. = cf, where c is determined by the condition TI (x)dx =e. The test which 
E 


consists in rejecting H, whenever the observed sample point belongs to the set X, 
and otherwise accepting, is the most powerful test of level £. — This test may be 
applied e.g. to problems of the following type (ef Quensel and Essen-Móller, Ref. 
208): Suppose that we have measured certain characters x, in two human individuals 
A and B, and that it is required to test the hypothesis that A is the father of B. 
If we know the distributions of the x; among the children of persons having the 
characters shown by A, and among the general population, say with fr. f:s fo and fi 
respectively, the hypothesis implies that the sample values shown by B have been 
drawn from a distribution with the fr. f. fọ, the alternative being fı. This hypothesis 
vau be tested as shown above. 
A further example will be given in the following paragraph. 


35.4. Unbiased tests. — We now restrict ourselves to the case of 
a single unknown parameter c. Let the admissible values of « form 
an interval A, and suppose that, for almost all x = (æ, . . ., an), the 
fr. f. f(x;«) has for all inner points @ of A a partial derivative 


of — f(x; a) such that |f (x; «)|< F(x), where F(x) is integrable 
over R,. Then by 7.3 the derivative 


OPIS A fA dda 


(35.4.1) 


exists for every set S in R, and for every « in A. 

Suppose that we are concerned with the simple hypothesis H, that 
«-— «y, where «, is an inner point of A, and let S denote the critical 
set of a test of level «. The power function P(S; e) is then a func- 
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tion of e, such that P(S;«)=<«. If, for some admissible a,7^ «o, we 
have P(S; «,) < e, this means that we are less likely to reject Ho when 
the alternative hypothesis H, that a = a, is true, than when Hy itself is 
true. Obviously this must be regarded as an unfavourable property 
of the test, which is then called a biased test. 

When, on the other hand, P(S;a)=e for all admissible a, the 
test and the critical set S will be said to be unbiased. Since P (S; ao) = €, 
and the derivative (35.4.1) exists for all « in A, it follows that we have 


(35.4.2) (E9) - 0. 


In generalization of (35.3.1), we now consider the set X of all 
points x such that 


(85.4.3) f(x; a) 2 ef (x; a) + efi (%; ao), 


where a, # œ is a point of A, and where the constants c= 0 and c, 
are determined so as to satisfy the conditions!) 


P(X; a) = [feni ao) du =e, 


ô 
(Z=) -= [5e eso 


For the critical set S of any unbiased test of level e, we then have 
the relation (35.3.5), and from (35.4.9) and (35.4.4) obtain the ana- 
logous relation 


(° P(X = 2j RA ( rs 2) = ( P(S ome 2). 


(35.4.4) 


In a similar way as in 35.3 we then obtain 
P(X; a) = P(S; aj). 


lt may occur that we obtain the same set X for all admissible 
points c, 7 «,. In such a case it follows that the test X is unbiased 


1) By a similar argument as in the case of (35.3.2), we can show that this is 
always possible, except in certain exceptional cases, where we have to modify the defini- 
tion of the set X in the same way as indicated in the footnote p. 529, i. e. by excluding 
from X a certain subset of the set Z of all points x such that the sign of equality 
holds in (35.4.8). 
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and gives, among all unbiased tests, the largest possible value to the 
probability of rejecting H, when any alternative hypothesis « = c, is 
true’). The test X will then be called the most powerful unbiased test 
of Ho. 


Consider the case of a sample of n values Ty, ..., 2, from a normal distribution 
with a known s.d. c, and an unknown mean m, and let it be required to test the 
hypothesis H, that m — m,. We shall first try to find the conditions for the exist- 
ence of a uniformly most powerful test, corresponding to a given level e. For any 
m, # mo the relation (35.3.1) takes the form 

1 
(85.4.5) fem) |, 30 
f(x; Mo) 


Xe; myt-(2;—m9*] 


where M = Vn (m, — m,)/o, 4= Vn (x— m,)/c. Suppose first that m, > Mo. We then 
have M > 0, and if we take 
PT eU B 


where p = 100 € and Aap is the 2p % value of a normal deviate, the inequality (36.4.5) 
will be satisfied in the set X of all points x = (£, ..., an) such that À = Aap, or 
gp = mo + Ap o/Vn. Evidently this set is independent of mi, and the probability 
that x belongs to the set X, on the hypothesis Hy, is equal to p/100 = e, so that the 
condition (36.8.2) is satisfied. Thus the test based on the critical set X, which con- 
sists in rejecting Ho whenever x = my + Aap 0| Vn, is a uniformly most powerful test 
of H, with respect to the set of all alternative hypotheses such that m, > mo. 

For all m, < mo, we obtain in the same way the uniformly most powerful test 
based on the critical set X defined by z £ mo — op a/Vn. However, as soon as the 
set of admissible alternatives includes values of m both to the right and to the left 
of the point m, we no longer obtain the same set X for all admissible m,. Tt 
follows that in this case no uniformly most powerful lest. exists. 

Consider the power function of the test based on the critical set iv = mo + 
Aap a/ Yn. The power function is equal to the probability that the sample point be- 
longs to this set, when the true mean is m, which is 1— (2), where z= Aap + 
Vu(m,—m)/o. This probability steadily increases with m, and for m = m, takes 
the value £. For m >m the power function is thus > £, so that we have a prob- 
ability > of rejecting H, as soon as the true mean exceeds my. When m < mo, on 
the other hand, the power function is < €, which means that the test is biased. 
The corresponding properties hold, of course, for the test based on the set x 5 m,— 
Lo c [Y n. 

We now proceed to consider the best unbiased test, using the same level £= 5/100 
as before. The condition (35.4.3) takes here the form 

Git Se ed 

1) This is a slight modification of a proposition due to Neyman and Pearson 

(Ref. 172). 
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where c, = c, Valo. We may always choose c and c, such that the sign of equality 
holds here when A= + Ap, and the set X will then consist of all points x such that 
|4| = åp, or | z— mo | = Ap o/Vn. This set evidently satisfies both conditions (35.4.4). 
Thus the ordinary test which consists in rejecting H, whenever the absolute deviation 
| & — m, | exceeds Apa/Vn is the most powerful unbiased test of Hy. 

The power function of this test is equal to ®(2’)+1—@(z"), where z’ = 
— Ap 4- Vn. (m, —m)/a, z" — Ap -- Vn (m,—m)/9, while m is the true mean. It 
is easily seen that this function attains its minimum for m = mọ, when it is equal 
to e. For m # Mo, the power function always exceeds £, and tends to 1 as m— + co. 
According to the above, the graph of this power function lies entirely above the 
corresponding grap of any other unbia sed test. The power function of the preceding 
test based on T = m, + Aapa/V n is greater than the present power function for m> mp, 
but falls below it for m < mọ, and even tends to zero as m — — oo. 

In the ordinary tests based on the use of standard errors (cf 31.1), we assume 
that the variable z under investigation may, with a practically sufficient approxima- 
tion, be regarded as normally distributed with a known s.d. d(z) If, on the basis 
of one observed value of z, we are testing the hypothesis that the mean E(z) has 
Some specified value z;, and if the circumstances of the problem permit us to restrict 
the set & of admissible alternatives e. g. to the domain E (z) = z,, the above shows 
that we should certainly use the test which consists in rejecting the hypothesis (on 
the 1005 — p 5 level) when z= Z, + Asp d(z). This situation will sometimes occur 
in practice, e.g. when we are concerned with data relative to the effect of some 
method that will be very unlikely to impair, but may possibly improve, the quality 
of the thing produced. If, on the other hand, we are not prepared to introduce a 
priori a restrietion of this »one-sided» type, we should use the ordinary test based 
on the absolute deviation | z — z, |. 


35.5. Tests of composite hypotheses. — As we proceed from simple 
to composite hypotheses, the theory becomes considerably more compli- 
cated, and we shall have to restrict ourselves to some brief remarks, 
referring for further information to the original papers quoted in 
35.1. 

Using the general notations introduced in 35.2, we consider the 
hypothesis H that the unknown parametrie point « belongs to a given 
set w which is a subset of the set Q of all admissible points. As in 
the case of a simple hypothesis, a test of H will consist of a rule to 
reject H whenever the observed sample point x belongs to a certain 
critical set S, and otherwise to accept H. According to the general 
desideratum of 35.1, we should try to find S so as to render the 
power function P(S; a) small when « belongs to w, and large when 
a belongs to the set 2—w of admissible alternatives. 

In some cases it is possible to find a set S — and even a family 
of sets — such that P(S; a) is constantly equal to any given level & 
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for all a in w. We shall then say that S is similar to the sample 
space!) with respect to the set w. The test S, i.e. the test based on 
the critical set S, then always gives the probability « for committing 
the error of rejecting H in a case when it is true, whatever be the 
value of « in w, and we accordingly say that the test is of level e. 

Suppose now that it is possible to find a test X of level « such 
that, for any « belonging to 2—w and for any test S of level e, we 
have P(X; a) = P(S; a) In analogy with 35.3 we shall then say that, 
among all tests of level e, the test X is the uniformly most powerful 
test of H with respect to the set 2—w of alternative hypotheses. 

Similarly, if, for a test S of level e, we have P(S; a) = e.for all 
admissible a, the test will be called unbiased. A most powerful un- 
biased test is a test X of level s, such that P(X; a) = P(S; a) for 
any « belonging to 2—w and for any unbiased test S of level e. 

The general conditions under which these classes of tests exist, 
and the methods by which they may be found, are still very incom- 
pletely known. We shall only give some simple examples without 
proofs. 


Consider n sample values 74, ..., Tn from a normal distribution with unknown 
parameters m and o. Let it be required to test the hypothesis that m = mo, without 
specifying the value of c. In the (m, c)plane, the set 2 of all admissible hy- 
potheses is (cf 36.2) the half-plane € > 0, while the set w consists of that part of 
the line m = m, that belongs to € > 0. 

Let T' denote any set of real numbers such that f[-04t = e, where sn—1 (t) 

ri 


is the fr. f. of Student's ratio t = Vn—1 (x — m,)/8, and let S denote the set of all 
points x in Rn such that the corresponding ratio i belongs to the set 7. Then for 
any € we have P(S; mo, 9)— P(tc T) - e, and it follows that the set S is similar 
to the sample space with respect to the given set ®. 

If the set Q— w of admissible alternatives is restricted to cases with m > mp, and 
if we choose for S the set of all x such that t> təp, where p = 100€, it can be 
shown (cf the papers quoted in 35.1) that the test S is uniformly most powerful. 
Similarly, with respect to any alternatives m < mo, the test based on the set t< —f2p 
is uniformly most powerful. If the admissible alternatives include values of m both 
to the right and to the left of the point m, no uniformly most powerful test exists, 
but the test which consists iu rejecting H whenever |t| > tp is the most powerful 
unbiased test of level €. All this is analogous to the results proved in 36.4 for the 
case when € is known. 

The case of the difference between the means of two normal distributions has 
been investigated from the power function standpoint by Welch and Hsu (Ref. 229, 127). 

1) The introduction of this expression is due to the fact that the set S — Rn 
satisfies the condition with & — 1. 
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It appears from their works that the test |u| > #, used in 31.2 and 31.3, Ex. 4, is 


only a satisfactory test of the hypothesis m, = mg on the condition that it is known 
that 0, = 0. If the admissible hypotheses include cases with 0, # 0, the test may 
be seriously biased. 


CHAPTER 36. 
ANALYSIS OF VARIANCE. 


36.1. Variability of mean values. — The analysis of variance is a 
statistical technique introduced by R. A. Fisher (Ref. 13, 14) in con- 
nection with certain experimental designs applied in various branches 
of biological research work, especially in agriculture. The domain of 
applicability of this technique is, however, much wider, and it has 
already been successfully applied in many branches of experimental 
work, 

Suppose that an experiment has furnished the observed values 
Li... 2n Of certain variables, and that these can be regarded as 
independently drawn from normal distributions with a constant, though 
unknown s.d. v. The means m; of the distributions, on the other hand, 
may vary with certain factors entering into the experiment, such as 
different methods of treatment, different varieties of plants or animals, 
soil heterogeneity, etc. It is the purpose of the experiment to in- 
vestigate this variability of the means, and it may thus be required to 
test various hypotheses bearing on these quantities, such as the null 
hypothesis (cf 26.4) that differences in treatment or variety have no in- 
fluence on the means, etc. It may, of course, also be required to find 
estimates of certain means or functions of the means. 

On the general null hypothesis that all the x; have the same mean, 
we know that the sum X(r;—z)* of squared deviations from the 
sample mean, divided by the appropriate number of degrees of freedom 
(viz. n — 1), provides an unbiased estimate of the unknown variance c*. 
The basic idea of the analysis of variance consists in dividing up this 
sum of squares into several components, each corresponding to a real 
or suspected source of variation in the means. These components are 
arranged so as to provide tests for various hypotheses concerning the 
behaviour of the méans, and estimates of various functions of the 
means in which we may be interested. 

In the next paragraph, we shall make a detailed study of the 
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method in a simple particular case, and then proceed to more general 
cases, 


36.2. Simple grouping of variables. — Consider the simple case 
when the observed variables are arranged in r groups, the 7:th group 
containing n; variables, all of which are assumed to be normal (m;, o), 
where c isindependent of 7. It is required to investigate the properties 
of the m; and in the first place to test the null hypothesis that all 
the m; are equal, i. e. that there are no differences between the distribu- 
tions of the groups. — In the particular case r — 2, this problem 
reduces to the problem of the difference between two mean values 
already discussed in 31.2 and 34.4. 

Let a; denote the j:th variable in the dth group, while 


a= a xij is the arithmetic mean of the variables in the 7:th 


ny 


group, and z — D 5 Zij = ES nii; is the arithmetic mean of all 


f=1 fel i=1 


n= >) n; variables. We then have the identity 
1 


Xu, — 4)? = 3s — He)? + (9. — 2), 


r 


where the sum is in each case extended over all n => ni variables. 
1 


Thus the total sum of squared deviations from the general mean 7 
is the sum of two components, viz. 1) the sum of squared deviations 
of each variable from the corresponding group mean (»sum of squares 
within groups»), and 2) the sum of squared deviations of group means 
from the general mean (»sum of squares between groups») This 
identity bears an evident resemblance to the identity (21.9.1) used for 
the definition of the correlation ratio. 

Rewriting the same identity in a more explicit notation, and at 
the same time changing the order of the terms in the second member, 


we obtain 
d 
(36.2.1) MS Dd Gua = D naa M "rmi — d) 
i=1 j—1 i=1 i 


or briefly 020,40 
ESSET 2° 


Then Q, Q, and Q, are quadratic forms in the z;; and we know (cf 
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11.11 and 29.3) that Q may be orthogonally transformed into the form 
n=l 


J yi, and consequently has the rank n— 1. Further, Q, is the sum 

1 —. 

of the squares of r linear forms L;=V(a:.— @ satisfying the 
r 

identity D Vn:Li=0, so that by 11.6 the rank of Q, is € r— 1. 
1 


Similarly Q, is the sum of the squares of n linear forms ;;—2:; — 4i. 
t 


satisfying the 7 independent relations 2 Lij-0, 6(— 1... r), so 


j=l 
that the rank of Q, is Sx—r. Now by 11.6 the rank of Q is at 
most equal to the sum of the ranks of Q, and Q,, and it thus follows 
that the latter are exactly r— 1 and » — r respectively, so that we 
have the following rank relation corresponding to (36.2.1): 


n=l=r—1 + ^"—r. 


Hence we conclude by 11.11 that there exists an orthogonal trans- 
formation replacing the n variables z;; by new variables yi, . .  J» 
such that the three terms of (36.2.1) are transformed into the cor- 
responding terms of the relation 


n=l "=F n—1 
EELONPXL 
1 1 Tr 


By hypothesis, the 2;; are independent and normally distributed with 
a common s.d. c, and consequently by 24.4 (cf also Ex. 16, p. 319) 
the same holds true for the yi. Thus Q, and Q, are independent. 

Let us now first assume that the null hypothesis is true, i. e. that 
mi=m for alli. Writing zi; — m + Ej, the Ej; are independent and 
normal (0, o). Introducing this transformation into Q, Qı and Q, and 
denoting by &, and Ẹ the arithmetic means corresponding to i. and 
4, the three forms are transformed into the identical expressions with 
the letter x throughout replaced by E. The above orthogonal trans- 
formation replaces the E; by new variables n, .. ., m, Which are in- 
dependent and normal (0,c). Q, Qı and Q, are hereby transformed 


n—1 r-1 n=1 


into >) ni, Dyni and > gi respectively. By 18.1 we then find that 
1 1 P 


Ql”, Qı/o” and Q,/o are distributed in y*distributions with n— 1, 
r— 1 and n—r d. of fr. respectively. Writing 
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we thus have 


"The variance ratio e?* = sj[s may be written 


Tite 
1 S 7? 
ane Un ceed 


2 n-1 
E 1 1 
UA 
Qs ' vi 
n=) erdum ni 
n 


Since the 7; are independent and normal (0, c), the variable z has the 
distribution due to R. A. Fisher, defined by the fr. f. (18.3.5), where 
m and n have to be replaced by r — 1 and »—r respectively. In 
particular the mean and the s.d. of &* are given by (18.3.4). Tables 
of significance limits for &?* and z, for various values of the signi- 
ficance level = p/100, are available (Fisher, Ref. 13; Fisher-Yates, 
Ref. 262; Snedecor, Ref. 35; Bonnier-Tedin, Ref. 8). The »z test» 
introduced by Fisher consists in rejecting the null hypothesis, on the 
p% level, whenever |2| 7 2p, where zp is determined so as to render 
P(|2z| > zp) =e = p/100. 

The null hypothesis is evidently a composite hypothesis (cf 35.2) 
concerning the parameters mj, . . ., Mr and o, viz. the hypothesis that 
the m; are all equal to an unspecified value m. Whatever the values 
of m and a, the probability of rejecting the null hypothesis when it 
is true is P(|z|>4p)=«. Thus the critical set corresponding to 
the z test is similar to the sample space, and the test is of level e, 
according to the definition of 35.5. 

It is customary to arrange the numerical values in a table of the 
following type: 
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T 
cre | Degrees of | 
Variation eedan Sum of squares | Mean square 
| 
2 - - 
Between groups. . r-1 | Q= nna, EF | = Qr—1 
i=1 
r % 
Within groups . . Hcr e- 3 64 7) si = Qn — 1 
i=1j= 
r ni 
a e free n—1 Q=] XQq-23 8* = Q/(n — 1) 
i=1j=1 


Each of the three items under »Mean square» gives, on the null hypo- 
thesis, an unbiased estimate of the population variance o°, and the zZ 
test may be regarded as a test of the compatibility of the independent 
estimates given by sj and s;. 

We next proceed to consider the case when the null hypothesis is. 
not true, i.e. when the group means m; are not all equal. Writing 
Xij =m: + ij, the 5j; are independent and normal (0, o), and we have 

(zy, — 2)? = (E, — E)? 2 (m; — m) (E — E) + (mi — m), 
(aig — Z)? = (Eis — Ei), 
where 5; and & are defined as above, while m = LY nimi. Introducing 
1 


these expressions into Q, and Q, we find in the first place that Qs 
has the same distribution as in the case when the null hypothesis is 
true. We further obtain (cf Irwin, Ref. 133) 


1 RASS 
E@)=E( 5a) <0 +5 3 nm np. 


or 


The second member may be regarded as a measure of the variation 
among the unknown group means m;. The quantity (r— 1)(si — &)/n; 
which may be calculated from our data, thus gives an unbiased estimate 
of this measure. 
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Finally, for any given 74 j the variable 7; — i; is normal 


a [m; — mj, o V (ni + njf(ninj)]. 
riting 


Zi. — Sf es nos) 


and observing that the above orthogonal substitution replacing the 
ai; by the y; changes every 4; — z into a linear combination of 
Yi, ++ Yn we further see that i2; —— i, is independent of Q. It 
follows that the variable 


V nim; dj — Tj. — (m; — my) 
ni + Nj Sy 


has Student's distribution with »—r d. of fr. Working on a p % 
level, we thus obtain (cf 34.4) the confidence limits 


, 9 x E ni Tn 

(36.2.2) õi — dy, + tps, porn 
for the difference m; — m; between the two unknown group means. In 
the particular case when there are only two groups (r = 2), these limits 
are identical with the confidence limits given by (34.4.5). (Note the 
difference in notation with respect to s,!) When r- 2 we may, of 
course, also apply (84.4.5) to obtain confidence limits for m; — mj based 
only on the observations belonging to the groups 7 and j. However, 
tp will then only have m; 4 n; —2 d. of fr., so that (36.2.2) with its 
n —r d. of fr. will generally yield a smaller value of tp, i.e. a 
shorter confidence interval, for the same value of p. 

When the null hypothesis is true, the power funotion (cf 35.3 and 
35.5) of the z test assumes the value e. The behaviour of the power 
function when the null hypothesis is not true has been investigated 
by Tang (Ref, 224), who has published tables for the numerical cal- 
culation of the function. These tables apply also to the more general 
cases considered in the following paragraphs. 


The 2; jaren random variables, the joint distribution of which involves the r + 1 
unknown parameters m,,...,m, and o*. The joint fr. f. cf the n variables is 


ae oe 
— M Mum 
1 1o jl 


T= qaot 
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The problem of estimating the parameters by means of a sample consisting of one 
observed value of each s; ; is a case of the generalized estimation problem considered 


in 32.8. The relations E(x,) = m; and E (sł) = o? show that the quantities 2; ,..., 0. 
and sj are unbiased estimates of the parameters. By means of the relation (32.4.1), 
duly generalized in the sense of 32.6—32.8, we find that these quantities are also 
joint sufficient estimates. Further, by some caleulation it will be found that the 


p—s 


joint efficiency of these estimates is 


36.3. Generalization.) — The preceding developments may be genera- 
lized to cases when the observed variables are arranged in a more 
complicated system of groups and subgroups of various orders. Gener- 
ally the variables will then be affected with two or even a greater 
number of subscripts, but for our present purpose it will be sufficient 
to retain the simple notation %3, ..., æn of 36.1 for the variables. 
As before we suppose that the x; are independent, and that v; is nor- 
mal (m; c), where ø does not depend on 7. 

For any grouping system used in a particular problem, we may 
then consider sums of squared deviations more or less analogous to 
the sums Q, and Q, of the preceding paragraph, and it will often be 
possible to obtain in this way a relation of the same type as (36.2.1): 


(36.3.1) Dea = + Qt + On 


where the Q, are sums of squares of certain linear forms in the i, 
such that we have the corresponding rank relation 


n—dq —yy trs ever 


ry being the rank of the quadratic form Q,. As in the preceding 
paragraph it then follows from 11.11 that there exists an orthogonal 
transformation changing Q;,..., Qx into sums of respectively 74, .. ., 7% 
squares yi, such that no two Q, contain a common variable yi. The 
yi being independent, it follows that Qu -.., Qx are independent. 
Suppose now that it is required to test the hypothesis H that the 
unknown means m; satisfy certain linear equations. It will then often 
be possible to arrange the decomposition (36.3.1) of the total sum of 
squares in such a way that, if the hypothesis H is true, then two of 


1) I have here made use of an unpublished manuscript kindly placed at my dis- 
posal by fil. kand. H. Andersson. For a discussion of the theory from similar, but 
more general points of view, cf Kolodziejezyk, Ref. 140 a, and Tang, Ref. 224. 
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the forms Q,, say Qı and Q,, will reduce to zero when all v; are re- 
placed by the corresponding m;. Thus in the case considered in the 
preceding paragraph, the hypothesis tested is m, = m, =: `: = mr, where 
the m; are the group means, and if this hypothesis is true, it is readily 
seen that Q; and Q, as defined by (36.2.1) both reduce to zero when 
the variables are replaced by their mean values. 

Assuming that H is true, and that the decomposition has been 
arranged according to the above, we substitute x; = m; + E; into Qi 
and Q, When a non-negative quadratic form g(a, ..., £n) is equal 
to zero in a point (mj... Mn), it.is easily seen that all derivatives 
E must also vanish in the same point. Thus we obtain identically 
Qu (aq, 22) = Qr (En - + En) for » — 1 and 2. The above orthogonal 


n 


transformation will then change Q, into a sum of 7, squares D Nis 
1 


where the zy; are independent and normal (0, c), and similarly for Qs. 
Thus on the hypothesis H the variables Q, and Q, are independent 
and distributed in z*distributions of r, and "y d. of fr. respectively. 
Introducing the mean squares 


si = Qin. 8 = Qylrs, 


and the variance ratio 
e? = si/s2, 


it then follows that E (s?) = E (si) = o°, while z has Fisher's distribu- 
tion given in 18.3. Thus the 2 test may be used to test the hypo- 
thesis H. 

When the hypothesis H is not true, we may deduce similar results 


as in the preceding paragraph. 


36.4. Randomized blocks. — We now proceed to show the applica- 
tion of the above theory to some cases of great practical importance. 
We shall use a terminology referring to the agricultural applications, 
but the same experimental designs may be used in many branches of 
research work, in biology and elsewhere. 

Consider an agricultural experiment where we want to compare 
the effects of r different fertilizing treatments on the crop yield of 
some cereal. We then lay out s blocks of equal size on a piece of 
land. Each block is divided into r equal plots, among which the r 
different treatments are randomly distributed. "Thus each block con- 
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tains one plot of each treatment, and for each particular treatment 
we have s different plots. 

Let z;; denote the weight of the crop from the plot receiving the 
ith treatment and belonging to the j:th block. We assume that the 
xij are independent and normal (m;; c), and write , 

8 T r 
a mi any a=1 3) as, z=15 Tij. 


j=l i=1 i21 j=1 


Thus 4; and z; are the sample means for the 2:th treatment and the 


j:th block respectively, while 4 is the general sample mean. — The 
identity 
T LJ r 
à D (eu — 3) =s D (2.— 2) + 
i=1 j=1 i=l 


8 r LJ 
+r 3 (yat » (n 232—243 
JT i=l j=1 


=Q, + Q + Qs; 


and the corresponding rank relation 


(36.4.1) 


r$—l-—r—l + s—1 + (r—1)(s—1) 


are then easily verified. Hence we infer by the preceding paragraph 
that Q;, Q, and Q, are independent. 

Q, and Q, are known as the sums of squares due to variation 
»between treatments» and »between blocks» respectively, while for 
reasons that will appear below Q, is usually denoted as the »sum of 
squares due to error». The numerical values may be arranged in 
tabular form in the same way as shown in 36.2. 

The variation in the mean values m;; will be due to soil hetero- 
geneity and to differences in treatment. Owing to the random ar- 
rangement of the treatments in each block, we may assume that the 
effects of soil heterogeneity within each block are included in the 
random part of the z;; Any difference between two mij belonging 
to the same block is then due to treatment, and we assume that 
mj = fi + bj, where f; only depends on the fertilizing treatment, while 
6; only depends on the block. We shall briefly call f; the »treatment 
effect», and b; the »block effect». — Under these assumptions, it will 
be seen that Q, reduces to zero when the aj; are replaced by their 
means, so that Qy/o* has a Z*-distribution with (r — 1)(s — 1) d. of fr. 
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Consequently the mean square sj— Q,/(r — 1)(s — 1) gives an unbiased 
estimate of o°, which explains the above terminology. 

We now want to test the hypothesis H that there are no differ- 
ences between the fertilizing treatments. If H is true, we may take 
Jf: =0 for all 7, so that m;; = b; will only depend on the block number 
j. In this case, both Q, and Q, reduce to zero when the z;; are re- 
placed by their means. Introducing the mean square sj = Q,/(r — 1), 
we may thus according to the preceding paragraph test H by applying 
the z test to the variance ratio &?* = si/sj. 

When the hypothesis .H is not true, it is shown as in 36.2 that 


Lig —s;) gives an unbiased estimate of the variance 


z £ 
the quantity nS 
i p (f; — f)! among the unknown treatment effects. Further, for any 
5 

1 
given ¿j we obtain the confidence limits 


us g 
dy — d$, tp 8 y? 


for the unknown difference f; — fy between the effects of the 7:th and 
jth treatments. Here tp is to be taken with (r— 1)(s — 1) d. of fr. 

In a case where we have had to reject the hypothesis H, we may 
be interested in testing the further hypothesis H, that the inequality 
between the treatments is wholly due to one particular treatment, say 
the one corresponding to ¿= 1, while there are no differences bet- 
ween the others. If H, is true, we may take f, =: = f; = 0, while fi 
is possibly different from zero. 

Let £(...,; denote the pooled sample mean for the treatments 


29. Mx 


The sum of squares »between treatments» Q, appearing in (36.4.1) 
may then be further decomposed according to the identity 


T 
a x Se 2 
q= Et, ne lt HAD hal 
—-Q*Q, 
which gives the rank relation 
CEDE] TRA eee 
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Qi and Qi may be regarded as the sums of squares »between group 
1 and the pooled groups 2,...,7», and »between groups 2,...,7» 
respectively. Introducing this expression into (36.4.1) we find that, if 
the hypothesis H, is true, both Qf and Q, reduce to zero when the 
aij; are replaced by their means. Introducing the mean square 
32 = Qi/(r —2), we may thus test H, by applying the z test to the 
variance ratio &?*— s,2/s. For the unknown treatment effect fj, we 
obtain the confidence limits 


T 
azant ta / c 


where as before tp has (r — 1)(s — 1) d. of fr. 

Further hypotheses of a similar kind concerning the properties of 
the treatment effects may be tested by analogous methods. The re- 
quisite identities will as a rule be easily found. 


36.5. Latin squares. — By the method of randomized blocks, we 
try to eliminate the effects of soil heterogeneity, so as to realize an 
unbiased comparison between the treatments (or varieties etc., as the 
case may be) dealt with in the experiment. An even more complete 
elimination is usually obtained by the method of Latin squares. 

Consider r° plots arranged in a square, and let r different fertili- 
zing treatments be applied to these plots in such a way that each 
treatment occurs once in each row, and also once in each column. 
Among the numerous possible arrangements satisfying these conditions, 
which are known as Latin squares’), we suppose that one has been 
chosen at random for the experiment. Denote by z;; the weight of 
the crop from the plot in the z:th row and the j:th column, and let 
d; and Zj be the row and column means, while Z, is the mean for 
the plots receiving the h:th treatment, and Z is the general mean. In 
this case we have the identity 


2| Dd) (45 — 2)? =r 3j — 8)?  r DG. — 2)? + rX (i + 
tf n 7 : 
+ > Deu irin — iy + 20)? 
= Q, + Qa + Q + Qu Nd 


where all sums are extended from 1 to r, while in each term of Q, 


1) Tables of such arrangements are given in Fisher-Yates, Ref. 262. 
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the subscript A should correspond to the treatment applied to the 
plot (¢, j). The rank relation is here 


rP—1=r—-1l + r—l + r—1 + (r—1)(r—9) 


We now assume that the mean value E(z;j) = m;; consists of one 
treatment effect» f; and another part due to soil heterogeneity, the 
latter being composed of a »row effect» 1; and a »column effect» cj. 
We then have m;; = fh + ri- G, and as before we find that Q, has a 
y°-distribution with (r— 1)(r— 2) d. of fr., so that the mean square 
si = Q,/(r —1)(r— 2) gives an unbiased estimate of the common va- 
riance o° of the z;j. The tabular arrangement of the data here takes 
the following form: 


Variation Degree ct | bci | Mean square 
Between treatments .... FE | Qi si = Qir — 1) 
Between rows . s es oe a r—1 Qe 83 = Qs(r — 1) 
Between columns . .... r—1 Qs 8$ = Q3/(r — 1) 
| Error iiot VECES E ER oe | (r — 1)(r — 2) Qi 8} = Or — 1)(r — 2) 
| Total. 1. Se PR EE DOS | r—1 | Q | 


The hypothesis that there is no difference between the fertilizing 
treatments may be tested by applying the z test to the variance ratio 
e?* = ss. In a case where this hypothesis has been rejected, we may 
estimate the variance among the treatment effects, and the difference 
between any two treatment effects, by the same methods as in the 
preceding paragraph. Further hypotheses concerning the properties of 
the f, may also be tested in the same way. 


We have here only been concerned with the simplest cases of the 
analysis of variance. For further information on the theory of ex- 
perimental designs, and for the generalization to the simultaneous 
analysis of several variables (»analysis of covariance»), we refer to 
books by R. A. Fisher (Ref. 13, 14), Snedecor (Ref. 35) and Bonnier- 
Tedin (Ref. 8). 


37.1 


CHAPTER 37. 
Some REGRESSION PROBLEMS. 


37.1. Problems involving non-random variables. — In practical 
applications, we very often encounter problems where we are concerned 
with a random variable y, which depends on a certain number of 
non-random variables z,,...,z». In economic and social statistics, the 
values of the æ; will then as a rule simply occur as given non-random 
quantities in our statistical data. In experimental work, on the other 
hand, the values of the x; may often be arbitrarily chosen by the ex- 
perimenter. In both cases, the a; will play the rôle of variable para- 
meters entering into the distribution of y, and our statistical data 
will consist of a set of observed values of y, each corresponding to 
known values of the æ; Besides the known parameters a, the y distri- 
bution may, of course, also contain certain unknown parameters. 

Suppose, e.g., that we are investigating the relations between the 
quantity y of a commodity A consumed in a given market, and the 
prices 2,, . . ., Ln of A itself and a certain number of other commodities. 
It may possibly seem legitimate to regard y as a random variable 
with a distribution determined by the prices 2,,..., v» while the 
procedure by which the latter are generated will perhaps not seem 
to resemble a random experiment. The z; will then simply have to 
be taken as given quantities appearing in our data. 

Suppose, on the other hand, that we are concerned with the in- 
fluence upon the output y in a certain factory exerted by the quality 
of raw materials and the technical process employed, as characterized 
by the variables x,,..., 2». We may then deliberately choose various 
systems of values of the z;, and observe the corresponding values of y. 
As before, y will here be regarded as a random variable, the distri- 
bution of which contains the x; as parameters. 

The theory of mean square regression developed in Chs 21 and 23 
holds, with due modifieations, even in the present case. Further, in 
the case when the dependent variable y is normally distributed with 
a mean value which is a linear function of the variables z; it has 
been shown by Fisher (Ref. 92, 97) and Bartlett (Ref. 54) that certain 
regression coefficients have sampling distributions analogous to those 
deduced in 29.8 and 29.12, which may form the basis of tests of 
significance in a similar way as shown in 31.3, Ex. 6—7. — Some 
of the results due to these authors will be discussed in 37.2—37.3. 
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37.2. Simple regression. — A sample consisting of n observed 
pairs of values (z, yj), . . -, (£n, Yn) is given. For the sample moments, 
we use the ordinary notations Z, 7, M etc. introduced by (27.1.6) and 
(27.1.7). However, we suppose now that x is a non-random variable 
while, for every fixed a, the random variable y is normally distributed, 
with the mean «--f(x— z7) and the s.d. o, where a, B and c are 
unknown parameters not involving z. Thus the sample moments 
only involving the æ: such as 2, "so = si, etc., are not to be considered 
as random variables, but simply as given constants. On the other 
hand, all quantities depending on the y;, such as jj, my = 83, m3 — 1 8,83; 
etc., are random variables. The y; are supposed to be independent. 

The maximum likelihood estimates (cf 33.2) of «, & and c are found 
by minimizing the joint fr. f. of the y; which is 
1 -a lyi-a- Bie; 2) 
f aepo 


=M? 


Tt will be found that the estimates of a and f are the values of these 
parameters that render the sum of squares occurring in the exponent 
as small as possible. Hence we obtain the estimates 


JU . X(n—2)n—3 mai. 
aie 8 Xn a si 


while the maximum likelihood estimate of c is given by 


ot =} So (aah = al — 9) 


As linear functions of the y; the variables a* and f* are both nor- 
mally distributed, and we obtain 

E(c)—«,  D*(«*)— em, 

E(f)—8, D*(6*) = o°/(sin). 


We further have the identity 


(37.2.1) x [yi — a° — p° (i — a) = 


m. [y — a — 8(xi — e) — n («* — a)? — sin (8* — By. 
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The variables n, ..., Nn, where 
m= yi a — Blas — 4), 


are independent and normal (0, o), and the two linear forms 


t, — V n(a* — a) is 
-y.AÀ" 


n 


H 


LIED Yn(g —8— 


obviously satisfy the orthogonality conditions (11.9.1). Writing the 
identity (37.2.1) in the form 
not— > mii 
1 
we may thus apply Fisher's lemma (cf 29.2), and find that @*, 8* and 
o* are independent, and that no**/o* is distributed like 5? with n — 2 
d. of fr. Consequently by 18.2 the variables 


um rr Vtt oe ro 
Vn—2° and anVa-2b cd 
o o 


have Student's distribution with n — 2 d. of fr. With respect to the 
regression coefficient 8*, this result is formally identical with the result 
already obtained (cf 29.8.4) for the case when both variables are 
random, and the joint distribution is normal. 

Since s, a*, 8* and o* are all known, we may use this result to 
test any hypothetical values of e and f, and to deduce confidence 
limits for these parameters, in the same way as shown for the mean 
of an ordinary normal distribution in 31.2 and 34.4. In particular 
we find that the regression coefficient 9 differs significantly from zero 
tpo* 


on the p % level of significance, if |8*| > — =” 
3, Vn—2 


with »— 2 d. of fr. 
We may finally be interested in estimating the unknown ordinate 


, where tp is taken 


Y—a-g(X— a) 


of the regression line in any given point X. It will be found that 
the variable 
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Vn—2 Net: 6X 2) d 
REUS * 
Viera e 
5$ 
has Student's distribution with n — 2 d. of fr., so that the p % con- 
fidence limits for Y are 


(91233) a + g'(X ass" pi E 


37.3. Multiple regression. — We now proceed to the case of a 
random variable y, the mean of which is a linear function of k non- 
random variables 2,,..., 2. Suppose that a sample of n independently 
observed points (y,, 21», . .., Tk») is given, where » —1,2,..., n. For 
the sample moments, we use the notations introduced in 27.1 and 
29.9, writing e.g. in accordance with (29.9.2) 


TEL 


Ses " L T ; 
luces 2 (iv — Ti) (aj» — ài), (imer 
and further, regarding y as a variable 2, 


idi n t. L 
hy. D Ye — 9) 6n — z): 


L2! 
By L and Lij we denote the determinant 


ly dis 


and its cofactors. We shall assume that L # 0. 
Suppose now that, for any fixed values of z,.. . ti the random 
variable y is normally distributed, with the mean 


(37.3.1) E(y) S a + Bi, — 2) +--+ Be (we — Ti), 

and the s.d. c. The maximum likelihood estimates a* and fi 
(i= 1,..., k) are found to be the values of « and the f; that render 
the sum 


Sina- 8) 7 belee — a 
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as small as possible. Hence we obtain the estimates 

E es : 
(31.3.2) ane Boc L2 loj Lij, (@=1,..., E), 
while the maximum likelihood estimate of o is given by 


(87.88) of =! 5) y. — a° — ft (ee) —— B eee E dna 


where 50.1)... is the sample value of the residual variance (cf 23.3 
and 29.12) of y with respect to 2,,..., £: We shall suppose that 
this is positive, which means that the observed values of y cannot be 
exactly represented by a linear function of the zi. 

As linear functions of the y,, the variables a* and 8? are normally 
distributed. By some calculation, we find the following mean values 
and second order central moments: 


E(c)-—e, E(6?)=8, 


(8.34)  E(e*—a)? = a E [(a* — a) (8t — &)] — 0, 


EUe — 6) — a - Du, 


where /,j — 1,..., k. Hence we obtain in particular by (23.3.4) 


Ê L o 
D? = at BV Wo lla 
(8i) = E(t — 8) — 77. "YU 
and analogous expressions for D° (8),  — 2, . . ., k. 
Further, it can be shown that the variable o* is independent of 
the variables a* and $f, and that no**/o* has a distribution with 
n^ —k—1 d. of fr. In the particular case when the matrix 


la hk 
r-l : tes i | is a diagonal matrix, this can be proved by straight- 
ki ss gk 
forward generalization of the method used in the preceding paragraph. 
In fact, the expressions Vn(o* — c) and si V n(8f — 8) are linear 
forms in the variables y, = y, — æ — £, (x, — 4) —:— Be (Eey — ds), 
and when L is a diagonal matrix, these forms satisfy the orthogonality 
conditions for ¿= 1,..., k, so that Fisher's lemma can be applied in 
the same way as before. — In the general case, we must first replace 
the variables z; by new variables æ; by means of an orthogonal trans- 
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formation such that the moment matrix of the new variables is a 
diagonal matrix (cf 22.6). Applying the contragredient transforma- 
tion (ef 11.7) to the ĝ:; the proof is then completed as in the parti- 
cular case. 

It now follows that the variables 


r * * 
Vrek iE ae AE ERR 
o $9.12... k 
. 
$1.25... iV spo Vee oisi se 
o $9.12...k 


and the analogous variables with 3, ..., Bf, all have Student's distri- 
bution with n— k— 1 d. of fr. With respect to the Bf, this result 
directly corresponds to (29.12.1) As before, we may now deduce 
tests of significance and confidence limits for the unknown parameters 
a and ĝi. 

We can also obtain a joint test for a set of hypothetical values 
of the regression coefficients 8,,..., fk. From the expressions (81.3.4) 
of the moments of the normally distributed variables 87, it follows 
(cf Ex. 15, p. 319) that the variable 


k 
Z D lut — 8) — 8) 


i,j=l 


has a z*distribution with k d. of fr. Consequently the variable 


k 
ee EE Nui ayer — A) 
i,j=1 

is distributed like a variance ratio (cf 18.3 and 36.2) with & d. of fr. 
in the numerator, and » — & — 1 d. of fr. in the denominator. When 
a set of hypothetical values f, ..., Bi are given, the quantity e°% can 
be calculated from our data, and we may thus use the tables of the 
z-distribution to test the proposed values of the fj. 

Suppose, in particular, that it is required to test the hypothesis 
that all regression coefficients are zero: B, 860. From (81.8.2) 
and (37.3.3) we obtain after some calculation, using (23.5.2), and (23.5.3), 


k 

>) t8 BF = ly roq2... 5» 

i, j=1 

o*t = sas. k=l (1 — ronz... n) 
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where ro(...3 is the multiple correlation coefficient between the 
sample values of y and (£n... æ). It then follows from 18.3 
and 18.4 that ro»... has a Beta-distribution with the fr. f. 
p(z; 5, =). In this particular case, the above test is thus 
formally identical with the test based on the distribution (29.13.8) of 
the hypothesis that a multiple correlation coefficient differs signifi- 


cantly from zero. 3 


For the ordinate a+ >) bi (Xi — 2) of the regression line in any 
1 
given point (X,,..., Xj), we obtain in direct generalization of (37.2.2) 
the p % confidence limits 


k 
(81.8.5  a*— ps g(xi— 2) * 


where fp is to be taken with » — & — 1 d. of fr. — We finally add 
three remarks which are important in many applications: 


1. Let us drop the assumption that y is normally distributed, and only suppose 
that, for any fixed values of the Tu the mean value of y is given by the linear ex- 
pression (37.3.1), while the s.d. is always equal to ø. Under these more general 
assumptions it can be shown that the estimates (87.8.2) of the parameters @ and Bi 
are the best (i.e. those having the smallest variances) among all unbiased estimates 
that are linear functions of the observed y,. The variances and covariances of these 
estimates are still given by (37.3.4), while n g*!/(n — k — 1) gives an unbiased estimate 
of a. Further, the best linear unbiased estimate of the ordinate of the regression 


k 
line in any given point (Xi, .. ., Xy) is «* + Y gt (X,— ij, and the standard error of 
1 


this estimate is equal to the coefficient of t5 in (37.3.5). — This is equivalent to a 
classical theorem on least squares due to Markoff and others. For a proof, we refer 
e.g. to Neyman and David (Ref. 169). 


2. The variables x; considered in the present paragraph may be any variables, 
dependent or independent, subject to the sole condition that L 7 0, which implies 
that the n points (a,,,..., z,,) do not all lie on the same hyperplane in the k-dimen- 
sional space of the z;. In particular all the x; may be functions of a single independent 
variable x. Suppose e.g. that x; is a polynomial P(x) of degree i in x. The above 
problem is then a problem in parabolic regression (cf 21.6). If the p, (x) satisfy the 
orthogonality conditions, which in this case take the form indicated in 12.6, Ex. 
3, the matrix L considered above reduces to a diagonal matrix, and all calculations 
are considerably simplified, as we have seen in the analogous ease considered in 21.6. 
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3. When the condition L #0 is not satisfied, the variances and covariances 
of the 57 become infinite or undetermined, as shown by (37.3.4). When L is very 
small without being actually equal to zero, the points (rj, . .., 2,,) lie »almost» on 


the same hyperplane. In this case, very large coefficients, or coefficients which are 
the ratios between very small numbers, will appear in our formulae for confidence 
intervals ete. Small errors in the data or in the calculations, small deviations from 
normality ete. will then have a great influence, and particular caution must be re- 
commended. This phenomenon will easily present itself when the x, are strongly 
connected, as is often the case e.g. in economic data. The methods to be used for 
regression analysis with data of this kind have been much discussed, especially in 
connection with problems of the type considered in the next paragraph. We refer 
e.g. to the comprehensive work of Schultz (Ref. 34), and to papers by Frisch (Ref. 
113, 114) and Wold (Ref. 247, 248). 


37.4. Further regression problems. — In certain applications of 
the theory of regression, e.g. in psychology and economies, we are 
concerned with a set of random variables £}, ..., Zm, which may be 
represented in the form 


Uy = Ay Uy o + Ginn + UY, 
(37.4.1) i Me hep eo olla 
Em = Ami Uy ++ + nan Um, 


where m > n, while uj, ..., Un vj; .  , Um are m+n uncorrelated random 


variables, and A = Ann = {aj} is a matrix of rank ». 

In the psychological factor analysis of human ability, the variables 
Xi, . > 2m represent the measurements of m given different abilities 
of a person, while w,...,w, are more or less »general» factors of 
intelligence, and v, . . ., Um are »specific» factors, each associated with 
a particular ability. In these cases, the main problems are usually 
concerned with the possibility of representing a given set of variables 
a; in the form (37.4.1), and with the existence and number of the 
»general» factors tj. 

In some economie problems, on the other band, there are theore- 
tical reasons to expect the variables concerned to satisfy certain linear 
(or approximately linear) relations. Often, however, these variables 
cannot be directly observed, owing to the appearance of »errors» or 
»disturbances». Instead of the »systematic parte» of the above vari- 
ables zi: 

qi ai Uy Toc inum 
between which there exist m — n linear relations, we can then only 
observe the variables æ: themselves as given by (37.4.1) where, now, 
the v; represent the disturbances». Here, the main problems are con- 
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nected with the estimation of the coefficients in the linear relations 
between the systematic parts of the 2;. 

Problems of this kind are too intimately connected with particular 
fields of application to be fully discussed here. The psychological 
applications belonging to this order of ideas were first treated by 
Spearman. We refer in this connection e.g. to the surveys of the 
theory given by Spearman (Ref. 35 a) and by Thomson (Ref. 37 a). — 
The economie problems indicated above bave given rise to the intro- 
duction of the confluence analysis of Frisch (Ref. 114), which has been 
further developed and brought into contact with sampling and estima- 
tion theory by Koopmans (Ref. 142), Reiersol (Ref. 207) and others. 

We shall here only deduce a simple property of the moment matrix 
A of a set of variables 2,,...,%m that may be represented in the 
form (37.4.1). Without restricting the generality, we may suppose 
that all variables x; uj and v; are measured from their means, and 
that E(uj)=1 for all j. We further write E(vj) =o}, and denote by 
E the diagonal matrix formed with o, . . ., Om as its diagonal elements. 
We then have by 22.6 

A4=AA' +>? 


If all the c; are positive, the moment matrix A is of rank m, so that 
the distribution of the variables z,,. .., x, is non-singular (cf 22.5). 
On the other hand, the matrix AA’ is!) only of rank n. Jt follows 
that any minor of order =n+1 of the moment matriz A, which does 
not contain any element of the main diagonal*), is equal to zero. It is 
immediately seen that the same property holds for the correlation matrix 
P= {03} of the variables a, ..., 2m. — This theorem is due to Thur- 
stone. 

Consider e.g. the particular case »=1. (In the psychological 
applications, this is the case when there is only one »general» factor.) 
The correlation coefficients o corresponding to any four different sub- 
scripts h, 4, j, k then satisfy the tetrad relation 


Ohj QAk 
Qij Otk 


= Ohj Qik — Qnk Qij = Q. 


1) By 11.6, the rank is at most n, and it is easily seen that there is at least one 
non-zero minor of order n. 


2) It will be noted that minors satisfying these conditions only exist when 
2n4-2 € m. 


TABLE 1. 
Tue Norma Distripurion (cf Ch. 17). 


r a e 
gc [^ done MES 
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«0 (x) = C71 Hy (x) p”), where Hy (x) is the Hermite polynomial of degree ? (ef 
12.0. For negative values of rz, the functions are calculated from the relations 
z)-1—49(», e(—2)- p(x); gl) (—2) = (—1) p”) (a). 


ra| ex) | eG) | e") | e*"G) | eG) | e9) | 9% @ 


| 0.50000 | 0.89894 |— 0.00000 |— 0.89894 |--0.00000 |4-1.19088 |— 0.00000 |— 5.98418 
0.1 | 0.53988 | 0.89695 | 0.08970 0.89298 0.11869 1.16708 0.59146 5.77625 
| 0.57926 | 0.99104 | 0.07821 0.37540 0.28150 1.07090 1.14197 5.17112 
0.8 | 0.61791 | 0.38189 | 0.11442 0.34706 0.38295 0.94180 1.61420 4.22226 
0.4 | 0.65542 | 0.86827 | 0.14781 0.30985 0.41885 0.76070 1.97770 3.01241 


0.5 | 0.69146 | 0.85207 | 0.17608 0.26405 0.48409 0.55010 2.21141 1.64481 
0.72575 | 0.83822 | 0.19998 0.21326 0.52788 0.82309 2.80817 |— 0.28287 
0.7 | 0.75804 | 0.81225 | 0.21858 0.15925 0.54868 |4- 0.09871 2.26012 |+1.11854 
0.8 | 0.78814 | 0.28969 | 0.28175 0.10429 0.54694 | — 0.12468 2.08800 2.29882 
0.9 | 0.81594 | 0.26609 | 0.28948 |— 0.05056 0.52445 0.82084 1.80951 3.28026 


1.0 | 0.84184 | 0.24197 | 0.24197 0.00000 0.48394 0 48894 1.45182 3.87158 
1.1 | 0.86433 | 0.21785 | 0.28964 |--0.04576 | 0.42895 | 0.60909 1.04580 | 4.19586 
1.2 | 0.88498 | 0.19419 | 0.28802 0.08544 0.86352 0.69255 0.62801 4.21084 
1.8 | 0.90320 | 0.17187 | 0.22278 0.11824 0.29184 0.78418 .|— 0.21800 3.94768 
1.4 | 0.91924 | 0.14978 | 0.20962 0.14874 0.21800 0.78642 |+ 0.15897 3.45958 


1.5 | 0.03319 | 0.12952 | 0.19428 0.16190 0.14571 0.70425 0.47855 2.81094 
0.94520 | 0.11092 | 0.17747 0.17304 0.07809 0.64405 0.71818 2.07125 
1.7 | 0.95548 | 0.09405 | 0.15988 0.17775 .|-- 0.01759 0.56816 0.88702 1.80785 
1.8 | 0.96407 | 0.07895 | 0.14211 0.17685 | — 0.08411 0.46915 0.98090 |+0.58014 
1.9 | 0.97128 | 0.06562 | 0.12467 0.17126 0.07605 0.86928 1.00588 |—0,06467 


0.26996 0.97184 0.59890 


mÁ 


2.0 | 0.97725 | 0.05399 | 0.10798 0.16197 0.10798 
2.1 | 0.98214 | 0.04898 | 0.09287 0.14998 0.18024 0.17646 0.89150 0.98987 
2.2 | 0.98610 | 0.08547 | 0.07804 0.18622 0.14860 0.09274 0.77844 1.24886 
2.8 | 0.98028 | 0.02888 | 0.06515 0.12152 0.14920 | — 0.02141 0.64604 1.87883 
2.4 | 0.99180 | 0.02289 | 0.05875 0.10660 0.14884 | + 0.03028 0.50642 1.89654 


.5 | 0.99379 | 0.01758 | 0.04882 0.09202 0.14242 0.07997 0.86974 1.82421 
2.6 | 0.99534 | 0.01858 | 0.08532 0.07824 0.18279 0.11058 0.24876 1.18646 
2.7 | 0.99553 | 0.01042 | 0.02814 0.06555 0.12071 0.12926 0.18881 1.00761 
2.8 | 0.99744 | 0.00792 | 0.02216 0.05414 0.10727 0.18793 | + 0.01287 0.80970 
2.9 | 0.99818 | 0.00595 | 0.01726 0.04411 0.09839 0.18850 |— 0.02810 0.61102 


3.0 | 0.99865 | 0.00448 | 0.01880 0.03545 0.07977 0.18296 0.07977 0.42546 
3.1 | 0.99908 | 0.00827 | 0.01013 0.02813 0.06694 0.12818 0.11895 0.26242 
3.2 | 0.99981 | 0.00288 | 0.00768 0.02208 0.05528 0.11066 0.18319 0.12712 
3.3 | 0.99952 | 0.00172 | 0.00568 | O.o1704 | 0.04485 0.09690 | 0.14086 |-— 0.02180 | 
3.4 | 0.99966 | 0.00128 | 0.00419 0.01801 0.08586 0.08290 0.18840 |+ 0.05607 


0.13000 0.10784 
3.5 | 0.99977 | 0.00087 | 0.00805 | 0.00982 | 0.02825 0.06948 
3.6 | 0.99984 | 0.00061 | 0.00220 0.00782 0.02194 0.05708 0.11755 0.18802 


.00539 0.01680 0.04599 0.10297 0.15102 
MESE SS S d 0.01269 0.08646 0.08777 0.15124 


00892 
3.8 | 0.09008 | 0.00020 | Ooni | 6 0.00946 | 0.02842 | 0.07802 | 0.14264 


3.9 | 0.99995 | 0.00020 | 0.00077 | 0.00282 
4.0 | 0.99997 | 0.00018 |—0.00064 |+ 0.00201 — 0.00696 | +0.02181 |—0.05942 +0.12861 


TABLE 2. 
Tue Norma Distrisvution (cf 17.2). 


The probability that an observed value of a normally distributed variable & differs 
from the mean m in either direction by more than Å times the standard deviation c is 


MS 
P= P(|§-m|>10)=2[1— (4) = me ? dt. 
H 
The value A = dp corresponding to P= Z5 is called the p percent value of a normal 
deviate. 

Àp as à function of p p as a function of Ap 
p=100P Àp Ap p=100P 
100 0.0000 0.0 100.000 
95 0.0627 0.2 84.148 
90 0.1267 0.4 68.916 
85 0.1891 0.6 54.851 
80 0.2538 0.8 42.871 
75 0.8186 1.0 31.781 
70 0.8858 13 23.014 
65 0.4588 l4 16.151 
60 0.5244 16 10.960 
65 0.5978 18 7.186 
50 0.6745 2.0 4.550 
45 ` 0.7554 2.2 2.781 
40 0.8416 24 1.640 
35 0.9846 2.6 0.982 
30 1.0864 2.8 0.511 
25 1.1508 3.0 0.270 
20 1.2816 3.2 0.187 
16 1.4895 34 0.067 
10 1.6449 3.6 0.082 

5 1.9600 8.8 0.014 
1 2.5758 4.0 0.006 
01 3.2905 
0.01 3.8906 
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TABLE 3. 


Tue 7?-Distripution (cf 18.1). 
The fr. f. kn(z) of the z*-distribution with n degrees of freedom is defined by (18.1.3). 
The p percent value Xp of 7* for n d. of fr. is a value such that the probability that 


an observed value of 7* exceeds p is 


pedh-PQg = f iada. 
% 


By the kind permission of Prof. R. A. Fisher and Messrs Oliver and Boyd, the table 
is reprinted from R. A. Fisher, Ref. 13. 


eee 


Reeser Zp as a function of n and p = 100P 
freedom| ] 
| n |p-99| 98 95 90 80 70 60 30 20 10 5 2 1 0.1 


fo LLLÉBALÉLÉLÁÉÉÉ—————————— 


0.000| 0.001 0.004} 0.016] 0.064} 0.148] 0.455] 1.074] 1.642| 2.706| 3.841] 5.412| 6.685/10.827 
0.020] 0.040| 0.108| 0.211] 0.446] 0.718] 1.886) 2.408] 3.219] 4.605 | 6.901] 7.824) 9.210|13,815 
0.115 0185| 0.952| 0.684] 1.005| 1.424] 2.866) 3.665] 4.692] 6.251 | 7.815) 9.887/11.841|16,268 
0.207! 0.429] 0.711! 1.064| 1.649| 2.195] 8.857) 4.878| 5.989] 7.779 | 9.48811.608| 13.277 18.46 
0.554 0.752} 1.145| 1.610| 2.848| 8.000] 4.861] 6.064] 7.289) 9.286 |11.070/13.888/16.086)20.517 


1.685 | 2.204] 3.070| 3.828| 5.848| 7.281 8.558 | 10.645 |12.592 10.083 10.812 22.467 
E 4 s 3.822| 4.671| 6.846 | 8.889 | 9.808 | 12.017 |14.067 10.622 18.476 24.822 
1.046 | 2.082| 2.788| 3.490| 4.504 | 6.527 | 7.844| 9.524 11.080 | 18.062 16.807 18.168 |20.090 26.125 
2088| 2.582| 3.825| 4.168| 5.880| 6.893| 8.848 |10.656 | 12.242 | 14.684 |16.919 19.679 |21.666|2'7.877 
2558| 3.059| 3.940| 4.865| 6.179| 7.267| 9.842 |11.781 | 13.442 | 16.987 18.807 |21.161 |23.209|29.588 


m 
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3.609| 4.575| 5.578 | 6.980 | 8.148 | 10.841 | 12.899 | 14.681 17.275 |19.675 |22.618 24.726 91.204 
7.807| 9.084 | 11.840 | 14.011 | 15.812 | 18.649 |21.026 |24.054|26.217/32.909 
s ^ Š A .926 | 12.840 | 16.119 | 16.985 | 19.812 |22.862|25.472 |27 .688 34.628 
14 4.660| 5.968| 6.571| 7.790 | 9.467 | 10.821.| 18.889 | 16.222 18.151 | 21.064 |28.686 20.878 |29.141/36.128 
16 5.229 | 6.985 | 7.261| 8.547 | 10.807 | 11.721 | 14.889 | 17.822 | 19.811 | 22.807 24.996 28.259 30.5789 7.697 


6.614| 7.962] 9.512 | 11.152 | 12.624 | 15.888 | 18.418 | 20.465 | 23.542.26.296 29.088 $2.000/39.252 
12.002 | 13.581 | 16.888 | 19.511 | 21.615 | 24.769 |27.587 30.995 33.409 40.790 
17.888 | 20.601 | 22.760 | 26.989 |28.869 32.846 |34.805 42.812 
23.900 | 27.204 |30.144 83.687 |36.191 43.820 
28.412 |31.410|85.020 37.660 45.815 


9.915 | 11.591 | 1.240 | 15.446 | 17.182 | 20.887 | 29.858. 26.171 | 29.615 |32.671 (36.848 38.082 46.797 
14.041 | 16.814 | 18.101 | 21.887 | 24.999 | 27.801 30.818 |38.924 87.659 |40.289 48.268 
19.01 | 22.887 | 26.018 | 28.429 | 32.007 |35.172 38.908 41.638 49.728 
27.096 | 29.658 | 33.196 |36.415 40.270 42.980 51.179 
30.675 | 34.882 |37.652|41.566 44.814 52.620 


26 |12.195|13.409 | 15.879 | 17.292 | 19.820 | 21.792 | 26.886 | 29.246 31.795 | 36.568 |38.885 |42.856 46.042 64.052 
18.114 | 20.708 | 22.719 | 26.886 | 30.819 | 32.912 36.741 |40.118 |44.140 |46.968|55.476 
23.647 | 27.86 | $1.91 | 34.027 | 37.916 |41.887 46.419 48.278 66.898 
32.461 | 35.139 | 39.087 |42.557 |46.698 |49.588|58.802 
36.250 | 40.256 |48.773 |47.962 |50.892|69.708 


TABLE 4. | 
Tue t-DISTRIBUTION (cf 18.2). | 


The fr. f. s, (x) of the f-distribution with n degrees of freedom is defined by (18.2.4). 
The p percent value fp of ¢ for n d. of fr. is a value such that the probability P 
that an observed value of ¢ differs from zero in either direction by more than fp is 


P= t= P(ltl>t)=2f mdz. 


t 
p 
By the kind permission of Prof. R. A. Fisher and Messrs Oliver and Boyd, the table 
is reprinted from R. A. Fisher, Ref. 13. 


Deurees tp as a function of n and p = 100 P 
medom eo so | 70 | eo | 50 | 40 | 0 | 20 | 0| 5 | 2 | 1 | os 
| 
1 | 0.158 | 0.826 | 0.510 | 0.727 | 1.000 | 1.876 | 1.968 | 3.078 | 6.814 | 12.706 | 31.821 | 63.657 |686.619 
2 0.142 | 0.289 | 0.445 | 0.617 | 0.816 | 1.061 | 1.886 | 1.886 | 2.920 | 4.808 | 6.965 | 9.925 | 81.598 
9 | 0.187 |0.277 | 0.424 | 0.584 | 0.765 | 0.978 | 1.250 | 1.688 | 2.858 | 3.182 | 4.541 | 5.841| 12.941 
4 | 0.184 | 0.271 | 0.414 | 0.569 | 0.741 | 0.941 | 1.190 | 1.538 | 2.182 | 2.776 | 3.747 | 4.604'| 8.610 
5 10.192 | 0.267 | 0.408 | 0.559 | 0.727 | 0.920 | 1.156 | 1.476 | 2.015 | 2.571 | 3.865 | 4.082| 6.859 
6 0.181 | 0.265 | 0.404 | 0.558 | 0.718 | 0.906 | 1.184 | 1.440 | 1.048 | 2.447 | 3.148 | 3.707 | 6.959 
7 | 0.180 | 0.268 | 0.402 | 0.549 | 0.711 | 0.896 | 1.119 | 1.415 | 1.895 | 2.365 | 2.998 | 3.499 | 5.405 
8 | 0.180 | 0.262 | 0:899 | 0.546 | 0.706 | 0.889 | 1.108 | 1.897 | 1.860 | 2.806 | 2.806 | 3.955| 5.041 
9 | 0.129 | 0.261 | 0.898 | 0.548 | 0.708 | 0.888 | 1.100 | 1.888 | 1.888 | 2.262 | 2.821 | 3.250| 4.781 
10 0.129 | 0.260 | 0.897 | 0.542 | 0.700 | 0.879 | 1.098 | 1.872 | 1.812 | 2.228 | 2.764 | 3.109| 4.587 
11 0.129 | 0.260 | 0.896 | 0.540 | 0.697 | 0.876 | 1.088 | 1.868 | 1.796 | 2.201 | 2.7318 | 3.106| 4.487 
12 0.128 | 0.259 | 0.895 | 0.589 | 0.695 | 0.873 | 1.088 | 1.856 | 1.782 | 2.179 | 2.681| 3.055| 4.818 
18 | 0.128 | 0.269 | 0.894 | 0.588 | 0.694 | 0.870 | 1.079 | 1.850 | 1.771 | 2.100 | 2.650| 3.02| 4.221 
14 0.128 | 0.258 | 0.893 | 0.587 | 0.692 | 0.868 | 1.076 | 1.846 | 1.761 | 2.145 | 2.624| 2.977| 4.140 
16 0.128 | 0.258 | 0.893 | 0.586 | 0.691 | 0.866 | 1.074 | 1.341 | 1.758 | 2.181 | 2.602| 2.947| 4.078 
16  |0.128 | 0.258 | 0.892 | 0.535 | 0.690 | 0.865 | 1.071 | 1.887 | 1.746 | 2.120 | 2.588 | 2.921) 4.015 
17 [0.128 | 0.257 | 0.892 | 0.684 | 0.689 | 0.868 | 1.069 | 1.883 | 1.740 | 2.110 | 2.567 | 2.898| 3.965 
18 | 0.127 | 0.257 | 0.892 | 0.584 | 0.688 | 0.862 | 1.067 | 1.880 | 1.784 | 2.101 | 2.552 | 2.878| 3.922 
19 | 0.127 | 0.257 | 0.891 | 0.588 | 0.688 | 0.861 | 1.066 | 1.828 | 1.729 | 2.098 | 2.589 | 2.801| 3.888 | 
20 0.127 | 0.257 | 0.891 | 0.588 | 0.687 | 0.860 | 1.064 | 1.825 | 1.725 | 2.086 | 2.528 | 2.845 | 3.850 | 
21 0.127 | 0.257 | 0.801 | 0.582 | 0.686 | 0.859 | 1.068 | 1.828 | 1.721 | 2.080 | 2.518 | 2.881| 3.819 | 
22 0.127 | 0.256 | 0.890 | 0.582 | 0.686 | 0.858 | 1.061 | 1.821 | 1.717 | 2.074 | 2.508 | 2.819| 9.792 | 
28 0.127 | 0.256 | 0.890 | 0.582 | 0.685 | 0.858 | 1.060 | 1.819 | 1.714 | 2.069 | 2.500| 2.807 | 3.767 | 
24  |0.127 | 0.256 | 0.890 | 0.581 | 0.685 | 0.857 | 1.059 | 1.818 | 1.711 | 2.004 | 2.492 | 2.707| 3.745 
26  |0.127 | 0.256 | 0.890 | 0.581 | 0.684 | 0.856 | 1.058 | 1.816 | 1.708 | 2.000 | 2.485 | 2.787| 3.725 
26 0.127 | 0.266 | 0.890 | 0.581 | 0.684 | 0.856 | 1.058 | 1.815 | 1.706 | 2.000 | 2479 | 2,779| 3.707 
27  |0.127 | 0.256 | 0.889 | 0.581 | 0.684 | 0.855 | 1.057 | 1.814 | 1.708 | 2.052 | 2.478 | 2.771| 3.690 
28 | 0.127 | 0.256 | 0.889 | 0.580 | 0.688 | 0.855 | 1.056 | 1.818 | 1.701 | 2.048 | 2.467 | 2.768| 3.074 
29 | 0.127 | 0.256 | 0.889 | 0.580 | 0.688 | 0.854 | 1.055 | 1.811 | 1.699 | 2.045 | 2.462 | 2.756 | 3.659 
80 0.127 | 0.256 | 0.889 | 0.580 | 0.688 | 0.854 | 1.055 | 1.810 | 1.697 | 2.042 | 2.457 | 2.750| 3.646 
40 | 0.126 | 0.255 | 0.888 | 0.529 | 0.681 | 0.851 | 1.050 | 1.808 | 1.684 | 2.021 | 2.428| 2.704| 3.551 
60 | 0.126 | 0.254 | 0.887 | 0.527 | 0.679 | 0.848 | 1.046 | 1.296 | 1.671 | 2.000| 2.890 | 2.660| 8.460 
120  |0.126 | 0.254 | 0.886 | 0.526 | 0.677 | 0.845 | 1.041 | 1.289 | 1.658 | 1.980| 2.858 | 2.617| 3.878 
co (0.126 | 0.258 | 0.885 | 0.524 | 0.674 | 0.842 | 1.086 | 1.282 | 1.645 | 1.960] 2.826 | 2.576| 3.291 
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Dependence, 282, 443 
Description, 145, 335 
Determinant, 108 

D. f., 166 

Dirichlet's integrals, 121 
Discrete mass point, 57, 81 
Diserete type, 168, 260, 291 
Dispersion, 179 
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Distance, 15 

Distribution, 56, 80, 153 
bimodal, 179 
conditional, 157, 164, 267, 292 
joint, 155, 164 
marginal, 82, 156, 260, 291 
multimodal, 179 
non-singular, 297 
of a sample, 325 
simultaneous, 155 
singular, 297 
truncated, 247 
unimodal, 179 

Distribution function, 57, 80, 154, 166, 

260, 291 
D. of fr., 381 


Edgeworths's series, 228 

Efficiency, 481, 487 
asymptotic, 489, 494 

Element of a matrix, 103 
of a set, 3 

Ellipse of concentration, 283, 493 
of inertia, 276 

Ellipsoid of concentration, 300, 495 

Equiprobability curves, 288 

Estimate, 329, 338, 473 
asymptotically efficient, 489, 494 
consistent, 351, 489 
efficient, 477, 481, 487, 498, 495, 497 
regular, 479, 486 
sufficient, 488, 492, 497 
unbiased, 351 

Estimation, 473 

Euler-MacLaurin’s sum formula, 123 

Euler's constant, 125 

Excess, 184, 230 

Expeetation, 170 

Extreme values, 370 


Factor analysis, 555 

Fisher's lemma, 379 
z-distribution, 241 

Form, bilinear, 107 
definite positive, 114 
non-negative, 114 
quadratie, 107 
reciprocal, 111 
semi-definite, 114 


Fourier integrals, 88 

Frequency curve, 170 
funetion, 57, 82, 167, 292 
interpretation, 149, 332 
ratio, 142 

Fr. f., 167 

Function, B-measurable, 37, 85 
characteristic, 89, 100, 185, 266, 296 
complex-valued, 65 
generating, 257 : 
integrable, 35, 37, 43, 46, 65 


Gamma function, 126 
Generating function, 257 
Gram-Charlier's series, 222, 258 
Grouping, 328, 359 


Hair colours, 445 
Hellinger's integral, 487 
Hermite's polynomials, 133, 222 
Histogram, 329 
Hyperplane, 16 
Hypersurface, 16 
Hypothesis, admissible, 528 
composite, 528, 534 
simple, 528 


Income distributions, 220, 248, 444, 448: 
Independent events, 160 

repetitions, 161 

trials, 206 

variables, 159, 164, 187, 188, 285, 316- 
Inner point, 12, 16 
Interval, 10, 11, 15 


Khintchine's theorem, 253 


Laguerres polynomials, 133 
Laplace's distribution, 247, 373 
Latin squares, 546 
Least squares, 182, 564 
Lebesgue's measure, 19, 22, 29, 32, 48, 76- 
integral, 33, 47, 48, 85 
Lebesgue-Stieltjes' integral, 49, 62, 66, 70,85- 
Length, 19, 76 
Liapounoffs theorem, 215 
inequality, 255 
Likelihood equation, 499 
function, 478, 498 
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Lindeberg-Lévy’s theorem, 215, 286, 316 
Linear equations, 111 

Location, 177 

Logarithmico-normal distribution, 220, 258 


Main diagonal, 105 
Matrix, 103 
adjugate, 110 
correlation, 295 
diagonal, 105 
moment, 264, 295 
non-singular, 109 
orthogonal, 112 
reciprocal,, 110 
singular, 109 
square, 105 
symmetric, 105 
transformation, 107 
unit, 105 
zero, 106 
Maximum likelihood estimate, 499, 500 
» » method, 426, 498 
Mean, 178 
» deviation, 181 
» square contingency, 282, 443 
» » regression, 272, 302 
» value, 170, 262, 294 
» » conditional, 267, 269, 302 
Measurable sets, 29, 30, 32 
Measure, 19, 22 
inner, 26 
outer, 26 
Median, 178, 369 
Mendel's experiments, 422 
Method of moments, 497 
Minor, 109 
principal, 109 
Mode, 179 
Moment, 71, 86, 174, 294, 346, 364 
absolute, 174 
central, 175, 263, 295, 849, 365 
factorial, 257 
inertial, 71, 180 
mixed, 263 
product, 263 
raw, 360 
Multinomial distribution, 318, 418 


Negative binomial distribution, 259, 437 

Neighbourhood, 12, 16 

Normal distribution, 100, 208, 287, 310, 
378, 437, 488, 490, 504, 514, 518, 520, 
533, 535 

Normal distribution, conditional, 314 
» » non-singular, 311 
» » 

Null hypothesis, 337 

Number of children, 444 


singular, 312 


Operations with matrices, 104 
with sets, 4 

Orthogonal polynomials, 131, 276 
transformations, 113 


Parametric space, 516 
Pareto's distribution, 248 
Partial integration, 74 
Pearson's system, 248 
P-measure, 54, 56, 77 
Point function, 49 
Poisson's distribution, 203, 260, 319, 434, 
487 
Population, 144, 324 
Postmultiplication, 104 
Prediction, 146, 338 
Premultiplication, 104 
Pr. f., 166 
Prices, 466 
Principal diagonal, 105 
Product space, 17, 83 
Probability, 148, 164 
a posteriori, 508 
a priori, 608 
conditional, 158, 164 
fiducial, 507 
inverse, 838, 507, 514 
Probability density, 57, 82, 107, 292 
distribution, 164, 164, 166 
element, 167, 292 
function, 57, 80, 154, 166, 260, 291 


Quantile, 181, 367 
Quartile, 181 


Rainfall, 468 
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Random experiment, 137 critical, 529 


process, 437, 472 cylinder, 17 

sampling, 323 empty, 4 

sampling numbers, 330 enumerable, 3, 25 

variable, 151, 164 linear, 10, 16 
Randomized blocks, 548 rectangle, 18 
Range, 181, 370 Set function, 22, 47, 48, 49, 56, 76, 78, 152 
Rank, 109, 297 Sex distribution, 447, 457 
Rectangular distribution, 244, 372 Sheppard's corrections, 361 
Reduction of data, 335 Significance level, 334, 420 
Regression, 270, 301, 548, 555 limit, 334 

coefficient, 273, 302, 315, 402, 410 Significant deviations, 420, 421 

eurve, 270, 272 Skewness, 183, 230 

linear, 271, 272, 302, 315, 549, 551 Space, 4 

orthogonal, 275, 309 Standard deviation, 180 

parabolic, 276, 554 error, 453 

plane, 302, 315 Standardized variable, 180, 185 

surface, 301 Statistical hypotheses, 333, 525 
Repeated integrals, 87 regularity, 141, 155 
Representative method, 331, 515, 523 Statures, 461 
Residual, 305 Step-function, 53, 55 
Riemann's integral, 36, 88 Stirling's formula, 128 
Riemann-Stieltjes' integral, 71, 88 Student's distribution, 237, 251 

ratio, 387 

Sample, 144, 324 » generalized, 407 

characteristics, 341 Submatrix, 105 

grouped, 328, 359 Subscript, primary, 303 

mean, 346 secondary, 803 

point, 383, 496 Subset, 4 

space, 388, 478, 496, 516 Subspace, 17 

values, 324 Sum polygon, 328 
Sampling, 144 

biased, 330 Tchebycheff's theorem, 182, 268 

distribution, 327 t distribution, 239 

with replacement, 331 non-central, 318 

without replacement, 331, 515, 523 Temperatures, 328, 489, 465, 468 


Scatter coefficient, 301, 411 Test, most powerful, 529 
Schwarz’ inequality, 88 unbiased, 531, 535 
S. d., 180 uniformly most powerful, 530, 535 


Secular equation, 113 Test of goodness of fit, 384, 416, 450 
Semi-interquartile range, 181 of homogeneity, 445 


Semi-invariant, 185, 192, 296, 349 of significance, 334, 336, 416, 452, 526 


Sequence of distributions, 58, 82 Tetrad relation, 556 
of functions, 40, 45 Time series, 472 
of sets, 7, 9, 33 Transformation, contragredient, 111 
Set, 3 linear, 107, 279, 298, 312 
bounded, 12, 16 orthogonal, 113 
complementary, 7 Transpose, 105 
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Triangular distribution, 246, 372 
inequality, 15 


Uncorrelated variables, 278, 296 
Uniqueness theorem, 93, 101 


Variance, 180, 263, 295, 347 
conditional, 207, 269 
generalized, 301, 406 


515 


ratio, 539 

residual, 278, 805 
Vector, 106 
Volume, 76 


Water levels, 463 
Wheat yields, 468 


Yates’ correction, 445 
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